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Abstract 

Let A R denote the linear space over R spanned by z k , keZ. Define the real inner product (with 
varying exponential weig hts) <■, •>£ : A R x A R — > R, (/, g)^ f R f(s)g(s) exp(-K V(s)) ds, NeN, where 
the external field V satisfies: (i) V is real analytic onR\ {0}; (ii) lim| v |_ J(x) (y(x)/ ln(x 2 +l)) = +00; and (iii) 
lirri| I |_»o(^W/ ln(x" 2 +l)) = +00. Orthogonalisation of the (ordered) base {l,z _1 / z,z~ 2 ,z 2 , . . . ,z~ k ,z k , . . .} 
with respect to (•, yields the even degree and odd degree orthonormal Laurent polynomials 
{<#-„,(z)C =0 : <p2,,(z) = g*z-«+ ■ +£ n) z\ e ,] > 0, and cj> 2n+1 (z) = ■ ^" +1) z", ^ > 0. Define 

the even degree and odd degree monic orthogonal Laurent polynomials: 7i2n(z) := (£!, 2 " > )~ 1< /'2«(z) 
and 7i 2 n+i(z) := (^?,"^ 1 1) )~ 1< | , 2n+i(z)- Asymptotics in the double-scaling limit as X,n -> 00 such that 
3sf/n = l+o(l) of n 2 „+i(z) (in the entire complex plane), , <p2n+i( z ) ( m f ne entire complex plane), 
and Hankel determinant ratios associated with the real-valued, bi-infinite, strong moment sequence 

\ Ck = Ib. s * ex p( - ^ ^( s )) d s } tez are obtained by formulating the odd degree monic orthogonal Laurent 
polynomial problem as a matrix Riemann-Hilbert problem on R, and then extracting the large- 
n behaviour by applying the non-linear steepest-descent method introduced in [1] and further 
developed in [2, 3]. 
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1 Introduction 

Consider the strong Stieltjes (resp., strong Hamburger) moment problem (SSMP) (resp., SHMP): given a 
doubly- or bi-infinite (moment) sequence {c„}„ eZ of real numbers: 

(i) find necessary and sufficient conditions for the existence of a non-negative Borel measure ^?? p 
(resp., ft^p) on [0, +oo) (resp., (— oo, +oo)), and with infinite support, such that c„ = Jj f dp.^ p (t), 

n e Z (resp., c„ = t" d l L/^ P (f), n e Z), where the — improper — integral is to be understood in 
the Riemann-Stieltjes sense; 

(ii) when there is a solution, in which case the SSMP (resp., SHMP) is determinate, find conditions 
for the uniqueness of the solution; and 

(hi) when there is more than one solution, in which case the SSMP (resp., SHMP) is indeterminate, 
describe the family of all solutions. 

The SSMP (resp., SHMP) was introduced in 1980 (resp., 1981) by Jones et al. [4] (resp., Jones et 
ah [5]), and studied further in [6-10] (see, also, the review article [11]). Unlike the moment theory 
for the classical Stieltjes (resp., classical Hamburger) moment problem (SMP) [12] (resp., (HMP) [13]), 
wherein the theory of orthogonal polynomials [14] (and the analytic theory of continued fractions; 
in particular, S- and real /-fractions) enjoyed a prominent role (see, for example, [15]), the extension 
of the moment theory to the SSMP and the SHMP introduced a 'rational generalisation' of the 
orthogonal polynomials, namely, the orthogonal Laurent (or L-) polynomials (as well as the introduction 
of special kinds of continued fractions commonly referred to as positive-T fractions), which are now 
introduced [6-11,16-21]. The SHMP can also be solved using the spectral theory of unbounded 
self -adjoint operators in Hilbert space [22] (see, also, [23]). 

For any pair (p, (j)eZxZ, with p < q, let A* : = if : C* -> C; f(z) = £' =p A, c z' c , A* e R, k = p, . . . , q 

where C* := C \ {0}. For any m eZJ- {0} U N, set A R :=A\„„ A R +1 ~A R m _ l m/ and A R := U,„ eZ + (A* U 
A R !+1 ). (Note: the sets A^ and A R form linear spaces over the field R with respect to the operations 
of addition and multiplication by a scalar.) The ordered base for A R is {1, z -1 , z, z~ 2 , z 2 , . . . , z~' c , z k , . . . }, 
corresponding to the cyclically-repeated pole sequence {no pole, 0, oo, 0, oo, . . . , 0, oo, . . . }. For each I e ZJ 
and OffeAf, the L-degree of/, symbolically LD(f), is defined as 

LD(f):=l, 

and the leading coefficient of /, symbolically LC(f), and the trailing coefficient of /, symbolically TC(f), 
are defined as follows: 




and 

l = 2m, 
l = 2m + l. 

Consider the positive measure on R (oriented throughout this work, unless stated otherwise, 
from -oo to +oo) given by 

df/(z) = w(z)dz, 
with varying exponential weight function of the form 

w(z):=exp(-NV(z)), NeN, 

where the external field V : R \ {0} — >R satisfies the following conditions: 

V is real analytic on R \ {0}; (VI) 
lim(y(x)/ln(x 2 + l)) = +co; (V2) 

\x\— >oo V > ' 

lim(V(x)/ln(x- 2 + l)) = +co. (V3) 

|.vH0 v > 
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(For example, a rational function of the form V(z) = £?=* 2 &kZ k , with 6 K, k = —2m\, . . . , 2wt2, 
wzi /2 e N, and g-2m x ,&2m z > would suffice.) Define (uniquely) the strong moment linear functional £ 
by its action on the basis elements of A E : £,: A E — > A R , / = Efez^/t^ 1-4 £(/) := ZfoEZ^fcQa where 
d = L(z k ) = J K s* exp(-K V(s)) ds, (it, N)eZxN. (Note that (c* = £ s* exp(-N V(s)) ds, We Nj fez is a 
bi-infinite, real-valued, strong moment sequence: c; c is called the kth strong moment o/X.) Associated with 
the above-defined bi-infinite, real-valued, strong moment sequence {cjjitez are the Hankel determinants 
H[ m) , (m,fc)eZxN [6,7,11,17]: 



Hi m) :=l 



and 



(»') . 



Cm+2 Cm+3 
Cm+k-1 c m+k 



Cm+k-2 c m+k-l 

Cm+k-1 Cm+k 

c m+k c m+k+l 

C m +2k-3 C m+ 2k-2 



(1.1) 



Define the real bilinear form <-,->£ as follows: ( v ) t : A r xA r ^R,(/,j)h </, g> £ := &(f(z)g(z)) = 
L f(s)g(s) exp(-W V(s)) ds, N e N. It is a fact [6, 7, 11,17] that the bilinear form <•,->£ thus defined is 



an inner product if and only if H ~ m ' > and Yv~ ; > for each m e Z+ (see Equations (1.8) below, 
and Subsection 2.2, the proof of Lemma 2.2.2); and this fact is used, with little or no further reference, 
throughout this work (see, also, [24]). 

Remark 1.1. These latter two (Hankel determinant) inequalities also appear when the question of the 
solvability of the SHMP is posed (in this case, the C/t, ke Z, which appear in Equations (1.1) should 
be replaced by c^ HMP , k e Z): indeed, if these two inequalities are true Vrae Z+ , then there is a non- 
negative measure u^, (on R) with the given (real) moments. For the case of the SSMP, there are four 
(Hankel determinant) inequalities (in this latter case, the Ck, ke Z, which appear in Equations (1.1) 
should be replaced by c s ^ MF , ft: e Z) which guarantee the existence of a non-negative measure y, s ^ P (on 

[0, +oo)) with the given moments, namely [4] (see, also, [6, 7]): for each m e Z+, H<~ 2m) > 0, H { ~^ > 0, 

H 2 ~£ m > 0, and H 2 m+i < ^' ^ * s interesting to note that the former solvability conditions do not 
automatically imply that the positive (real) moments {c^ HMP }^ e z+ determine a measure via the HMP: a 
similar statement holds true for the SMP (see the latter four solvability conditions). ■ 

If /eA R ,then 

\\f(-)\\L:=((f,f)z) 1/2 

is called the norm of f with respect to £: note that ||/(-)lk >0V/eA E , and ||/(-)lk > if £ / e A K . 
{(p„(z)} ne z* is called a (real) orthonormal Laurent (or L-) polynomial sequence (ONLPS) with respect 
to£if,V m,neZ+: 

(i) <p b n eA^-, that is, LD(<p b n ) :=n; 

(ii) =0,m*n', or, alternatively </,^> £l =0V /eA^; 



(iii) «,Ofi=:|K(-; 

Orthonormalisation of {1, z -1 , z, z~ 2 , z 2 , . . . , z~", z", . . . }, corresponding to the cyclically-repeated pole 
sequence {no pole, 0, oo, 0, oo, . . . , 0, oo, . . . }, with respect to (•,-)c via the Gram-Schmidt orthogonal- 
isation method, leads to the ONLPS, or, simply, orthonormal Laurent (or L-) polynomials (OLPs), 
{<pm{z)}m€Z*> which, by suitable normalisation, may be written as, for m = 2n, 



nnV-)-K-n Z H ^Cn Z 



and, for m = 2n + l, 



(2n+l) -„-l 



02n+l(z) = 4;_ n _i Z 



+ • 



•+^ 2 " +1) z» 



« Cta+ 1 l) >0. 



(1.2) 



(1.3) 



The (p n 's are normalised so that they all have real coefficients; in particular, the leading coefficients, 



LC((p2n) '■= £n 2n) and LC((p2n+i) '■= Q"n-\ > n e ' are b° m positive, Cq' = 1/ and <po(z) = 1- Even though 
the leading coefficients and n £ ZJ, are non-zero (in particular, they are positive), no 

such restriction applies to the trailing coefficients, TC((p2n) '■- £_„ and TC((/>2 n +i) := £i 2 " +1 ', n e ZJ . 
Furthermore, note that, by construction: 



(0) _■ 
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(1) ((p2n,z>)c=0,i=-n,...,n-l; 

(2) ((p2„+i,zi)c=0, j=-n,...,n; 

(3) (cpj, (pk)c = Ojk, j,keZ+, where 5^ is the Kronecker delta. 

It is convenient to introduce the monic orthogonal Laurent (or L-) polynomials, Tlj(z), jeZJ: (i) 
for = In, n e ZJ , with Uq(z) = 1, 



7I 2 „(z):=c/)2„(z)(4 2n) )- 1 =V^ ) 2-" + - • -+Z", 



(2n)._ r(2«),r(2»). 



and (ii) for j=2n+l,neZi, 



(1.4) 



_ M — A, rfV\f.r( 2 " +1 h-l _~-n-l , , ,,(20+1) n 

i2n+i(z:;.-(p2n+iw(4_ n _ 1 J -z H t-v„ z , 



1; (2«+1)._ r(2«+l),r(2n+l) 
v n • s»« / ''-n-i • 



The monic orthogonal L-polynomials, 7iy(z), /eZj, possess the following properties: 

(1) (n 2nr z!)c=O r j=-n,...,n-l; 

(2) <7i 2 „ + i,z0£=0,; = -n,...,n; 

(3) <7i 2 „, 7i 2 „> £ =: ||7i 2n (-)ll 2 £ = (£ n) r 2 , whence £< 2n) =l/||7i 2n (-)|k (> 0); 



(4) (n 2n+ i, n 2n+1 )c =: I|7i2n + i(-)l£ = whence £^7 = Vll^i+iOlk (> 0). 

Furthermore, in terms of the Hankel determinants, {pi, k) e ZxN, associated with the real-valued, 
bi-infinite, strong moment sequence = J R s* : exp(-^V(s))ds, NeN} tez , the monic orthogonal L- 
polynomials, 7iy(z), j'eZJ, are represented via the following determinantal formulae [6, 7, 11, 17]: for 

meZ+, 



r(2n+l) . 



(1.5) 



7l2m(z) = 



H (- 2m) 
2m 



C-2m C_2m+1 
C-2m+l C_2m+2 



C-l 
CO 



CO 
Cl 



C-l 
Co 



C2m-2 Z 
C2m-1 Z 



m— 1 



(1.6) 



and 



7l2m+l(z) = - 



h: 



(-2m) 
2m+l 



C-2m-l C_2m 
C-2m C_2m+1 



C-l 
CO 



CO 
Cl 



C-l 
CO 

Clm-l 



-m-1 



(1.7) 



moreover, it can be shown that (see, for example, [11,17]), for n e ZJ , 

x \ I rj(-2») 



,(2n) 



n 2 n(-)lk 

t-(2n)\ 
- " 
= r(2»l) 



2n 



> H 2rc+1 
(-2n+l) 
2n 



(2h+1) 
-n-1 



(2n+l) 



1 



H 



(-In) ' 
In 



[T2n+l(- 

r(2«+l) ^ 
^n 



(-In) 
2n+l 



(2«+l) 
-n-1 > 



H 



A tt(-2«-2)' 
> H 2„+2 
<-2n-l) 
2n+l 



(-2«) 
2n+l 



(1.8) 



(1.9) 



For each m e ZJ , the monic orthogonal L-polynomial 7i„,(z) and the index m are called non-singular 

Iv^ n ^ m — 2.n 
Tjnlv) ' otherwise, n,„(z) and m are singular. From Equations (1.9), it can 

v„ ', m = 2n + \; 

be seen that, for each m e Z+ : 



(i) 7i2m (z) is non-singular (resp., singular) if Hi 2™ + (resp., H^'"^ 1 ' = 0); 
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(ii) 7I 2m +i(z) is non-singular (resp., singular) if LL^ 2 ™ 1] ^0 (resp., H^f™ X) = 0). 

For each meZJ, let /.12m :=card{z; 7i2m(z) = 0}, and \ii m+ \ :=card{z; 7i2 m +i(z) = 0). It is an established fact 
[6, 7, 17] that, for me Z+: 

(1) the zeros of 7i2 m (z) are real, simple, and non-zero, and U2 m = 2m (resp., 1m — X) if 7i2 m (z) is 
non-singular (resp., singular); 

(2) the zeros of 7i2,„+i(z) are real, simple, and non-zero, and l U2«;+i = 2m + l (resp., 2m) if 7i2 m +i(z) is 
non-singular (resp., singular). 

For each m e it can be shown that, via a straightforward factorisation argument and using 
Equations (1.6) and (1.7): 

(i) if 7i 2m (z) is non-singular, upon setting {«f m) , k- 1, . . ., 2m} := {z; 7l2m(z) = 0), 

2m 

ri4 2m) =« 

k=l 



(ii) if 7i2 m +i(z) is non-singular, upon setting {ajj 2 "'^, k=l, . . .,2m + lJ:={z; 7i2 m +i(z) = 0}, 

2m+l 

n«f m+i) =-H 2M+i) r- 



Remark 1.2. It is important to note [10] that the classical and strong moment problems (SMP, HMP, 
SSMP, and SHMP) are special cases of a more general theory, where moments corresponding to an 
arbitrary, countable sequence of (fixed) points are involved (in the classical and strong moment cases, 
respectively, the points are oo repeated and 0, oo cyclically repeated), and where orthogonal rational 
functions [25] play the role of orthogonal polynomials and orthogonal Laurent (or L-) polynomials; 
furthermore, since L-polynomials are rational functions with (fixed) poles at the origin and at the 
point at infinity, the step towards a more general theory where poles are at arbitrary, but fixed, 
positions/locations in C U {oo} is natural. ■ 

Unlike orthogonal polynomials, which satisfy a system of three-term recurrence relations, monic 
orthogonal, and orthonormal, L-polynomials may satisfy recurrence relations consisting of a pair of 
four-term recurrence relations [11], a pair of systems of three- or five- term recurrence relations (which 
is guaranteed in the case when the corresponding monic orthogonal, and orthonormal, L-polynomials 
are non-singular) [11, 16, 17], or a system consisting of four five-term recurrence relations [23]. 

Remark 1.3. The non-vanishing of the leading and trailing coefficients of the OLPs {<^m(z)}^ =0 , that 
is, 



and 



LC(<(> m ): 



TC(<p m ):-- 




\£ n+1 \ 



m = 2n, 
m = 2n+l, 

m = 2n, 
m = 2n+l, 



respectively, is of paramount importance: if both these conditions are not satisfied, then the 'length' 
of the recurrence relations may be greater than three [16] (see, also, [24]). ■ 

It can be shown that (see, for example, [17]; see, also, Chapter 11 of [25]), if {n,„(z)} m€Z +, as defined 
above, is a non-singular, monic orthogonal L-polynomial sequence, that is, Hi" 2 " + (m = 2n) and 



^4n+i X) ^ ( wz ~2n + 1), then {n m (z)} meZ + satisfy the pair of three-term recurrence relations 



7l2„i+l(z) = 



\rirn 



2m+l 



7I 2m (z) + A\ m+1 Tl2m-l (z), 
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7t2m+2(z) = 



2m+2 



Vf2m+1 



Tt2m+1 (z) + ^2m +2 7I 2m(z), 



where 7r_i (z) = 0, 



p 



J 2m 
r(-2» 
L 2m+1 ±1 2m-l 



$ = (2» + l) 



rj(-2m-l)rr(-2m+2) 



2m +1 



r(-2m) r r(-2m+l) 



2m 2m 



2m+l K « 

\ _ ii 2m+2 ii 2m 



rj(-2m-l) H (-2m) 



'2m+2 



rr(-2m) H (-2m-l) 
2m+l n 2m+l 



(*0), 



and Ajpj-i/f}j > 0, e N, with Ai := -c_i, leading to a tri-diagonal-type Laurent-] acobi matrix T for the 
'mixed' mapping 

J: A R — > A R , /(z)^(z- 1 (©: =0 diag(l / 0))+z(©- diag(0 / l)))/(z) / 
where diag(l, 0) := diag(l, 0, . . . , 1, 0, . . . ) and © f 7 =0 diag(0, 1) := diag(0, 1, . . . , 0, 1, . . 

-fi i 

A i 
-4 i 



-Aj-ffi 1 



2m+l f 2/ii+l 



2»;+2 r2m+2 



if 1 
f ) 2m+2 1 



with zeros outside the indicated diagonals (in terms of {</>m(z)} m ezj/ the pair of three-term recurrence 
relations reads [16]: 

§2m+\ (z) = (Z _1 + g 2 m+l )^2m (z) + f 2m+102m-l (z), 
</j2 m +2(z) = (l + 92Hj+2Z)(/)2m+l(z) + f2 m +2^2 m (z), 

where f2m+i,f2m+2 *0,me Z+, <£-i(z) = 0, and c/) (z) = 1); otherwise, (7Z m (z)} meZ + satisfy the following 
pair of five-term recurrence relations [17], with 7i_y(z) = 0, /= 1, 2, 

7I 2m+2 (z) =y^ m+2i2 ,„_ 2 7l2 m -2(z) + y^ i+22m _ 1 7l2 ffl -l(z) + (z + }4„ + 2,2 m ) n 2 m (z) 

+ ) / 2m+2,2m+l 7I 2m+l(z), 
7l 2m+3 (z) = 7L + 3,2 ffl -l 7I 2 m -l(z) + y^ + 3 j 2,,,n2 m (z) + (z- 1 + ^ m+32m+1 )7I 2m+ l(z) 

+ y2m + 3,2 m+ 2 7l 2m + 2(z), 

where yyt = 0, fc < 0, / > 2, leading to a penta-diagonal-type Laurent-] acobi matrix Q for the 'mixed' 
mapping 

9: A R — » A E , g(z)^(z(© f 7 =0 diag(l,0))+z- 1 (©: =0 diag(0,l)))g(z), 



9 = 



( -Y 

> 2,0 


->'2,! 


i 






-y b 

^ 3,0 




-X3.2 


1 




-y b 

1 4,0 




<2 


-y b 

1 4,3 


1 






">'5,2 




-y b 

'5,4 










-y b 

' 6,4 



^2m+2,2m-2 ^2m+2^m-l ^2m+2,2«i ?'2m+2,2w+l 

_ ^2un-3,2m-l - ^2w/+3,2«i _ ^2m+3,2m+l _ ?''2iih-3,2iih-2 



v 
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with zeros outside the indicated diagonals. The general form of these (system of) recurrence relations 
is a pair of three- and five-term recurrence relations [23]: for neZJ, 

Z^tn+i (z) = bl n+1 (p2„ (z) + a\ n+l (p ln+1 (Z) + b\ n+2 $2n + 2 (z), 
Z(j> 2 » (Z) = c\j)2 n -2 (z) + b\j)2n-\ (z) + fl^2„ (z) + b{ n+i qb 2n+l (z) + 4„ +2 < / ) 2« + 2 (z), 

where all the coefficients are real, = b' Q = 0, and cL > 0, A; e N, and 

Z">2» (Z) = fi\j>2n-\ (Z) + aij„</>2„ (z) +^ 2n+1 4>2n+l (z), 
Z" 1 02n+l (Z) = y\ n ^2n-\ (z) + jS^tfcn (z) + a^+i^n+l (z) +^„ +2 ( / ) 2„ + 2(z) + Y 2n ^2n+3 (z), 

where all the coefficients are real, /3q = = 0, > 0, and y\ M > 0, Z e N, leading, respectively, to the 
real-symmetric, tri-penta-diagonal-type Laurent-) 'acobi matrices, J" and "K, for the mappings 

3: A R — > A E , j(z) h> z/(z) and 0C : A R -» A R , /c(z) i-> z" 1 ^), 
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/T a* b* 

u 2k+l 2k+l 2k+2 

r h" (IF 

2k+2 2k+2 2k+2 



2k+3 



2k+i 



and 



A A A y\ 
A A A 
y\ A A 



I 

A 



n 
1 



p i r 7 

4 A 

A 4 

A A 



A 

2k+l 



y\ 



2k+l 



2k+2 



a* jS h 

^2ic+2 a 2fc+2 ^2fc+3 



with zeros outside the indicated diagonals; moreover, as shown in [23], J and 7C are formal inverses, 
that is, JK = KJ = diag(l, ...,!,■■•) (see, also, [26-30]). (Note: J (resp., 7C) is the matrix represen- 
tation of the multiplication (resp., inversion) operator in the real linear space of rational functions 
]R[z, z" 1 ] when L-polynomials are chosen as basis.) 
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It is worth mentioning that a subset of the multitudinous applications L-polynomials and their 
associated Laurent-Jacobi matrices find in numerical analysis (quadrature formulae) and trigono- 
metric moment problems [31], the spectral theory of self-adjoint operators in infinite-dimensional 
(necessarily separable) Hilbert spaces [22,23], complex approximation theory (two-point Pade ap- 
proximants) [32-34], the direct/inverse scattering theory for the (finite) relativistic Toda lattice [35] 
(see, also, [36]), and the (classical) Pick-Nevanlinna problem [37] are discussed in Section 1 of [38] 
(see, also, [25], and the references therein). It turns out that, as a recurring theme, n — > oo asymptotics 
of L-polynomials are an essential calculational ingredient in analyses related to the above-mentioned, 
seemingly disparate, topics. 

Now that the principal objects have been defined, namely, the monic OLPs, {n m (z)) m€ %+, and OLPs, 
[<pm(z)}mez + / it's time to state that the purpose of the present (three-fold) series of works, of which the 
present article constitutes Part II, is to analyse the behaviour in the double-scaling limit as N, n — > oo 
such that z := N/n = l+o(l) (the simplified 'notation' n—>oo will be adopted) of the L-polynomials n„(z) 
and <p n (z) in C, orthogonal with respect to the varying exponential measure 1 d/.<(z) = exp(-M V(z)) dz, 
where V(z) := z V(z), and the 'scaled' external field 2 V : M. \ {0} — » 1R satisfies conditions (2.3)-(2.5) 
(see Subsection 2.2), as well as of the associated norming constants and coefficients of the (system of) 
recurrence relations; more precisely, then: 

(i) in this work (Part II), asymptotics (as n — > oo) of 7i2„+i(z) (in the entire complex plane) and 

thus 02h+i (z) (cf. Equation (1.5)) and the Hankel determinant ratio Hjn+i '^L+2 ^ 
Equations (1.8)), are obtained; 

(ii) in the previous work [38] (Part I), asymptotics (as n — > oo) of 7i2 n (z) (in the entire complex plane) 
and £f n \ thus 2 „(z) (cf. Equation (1.4)) and the Hankel determinant ratio H^/H^ (cf. 
Equations (1.8)), were obtained; 

(iii) inPartIII[40Lasymptotics(asn^oo)ofv (2 n " ) (=H^ n+1) /H^ n) )and^\v^ +1) (—H^/H^) 

and £< 2n+1) , ni"i «f n) (= v^ !) ), and lit? «f (= -(vj^V), as well as of the (elements of 
the) Laurent-Jacobi matrices, ?J and 7C, and other, related, quantities constructed from the 
coefficients of the three- and five-term recurrence relations, are obtained. 

The above-mentioned asymptotics (as n — > oo) are obtained by reformulating, a la Fokas-Its-Kitaev 
[41,42], the corresponding 'even degree' and 'odd degree' monic L-polynomial problems as (matrix) 
Riemann-Hilbert problems (RHPs) on R, and then studying the large-n behaviour of the correspond- 
ing solutions. The paradigm for the asymptotic (as n—>co) analysis of the respective (matrix) RHPs 
is a union of the Deift-Zhou (DZ) non-linear steepest-descent method [1,2], used for the asymptotic 
analysis of undulatory RHPs, and the extension of Deift-Venakides-Zhou [3], incorporating into the 
DZ method a non-linear analogue of the WKB method, making the asymptotic analysis of fully 
non-linear problems tractable (it should be mentioned that, in this context, the equilibrium measure 
[43] plays an absolutely crucial role in the analysis [44]); see, also, the multitudinous extensions and 
applications of the DZ method [45-69]. It is worth mentioning that asymptotics for Laurent-type 
polynomials and their zeros have been obtained in [33,70] (see, also, [71-73]). 

Unlike the large-n asymptotic analysis for the orthogonal polynomials case, which is related to one 
(matrix) RHP normalised at the point at infinity, the large-« asymptotic analysis for the OLPs requires 
the consideration of two different families of (matrix) RHPs, one for even degree (see Subsection 2.2, 
RHP1 and Lemma 2.2.1), and one for odd degree (see Subsection 2.2, RHP2 and Lemma 2.2.2): RHP1 
is normalised at the point at infinity, whereas RHP2 is normalised at z = 0. The technical details, 
therefore, related to the large-n asymptotic analyses of RHP1 and RHP2 are different, and must be 
carried through independently. Further, important, albeit technical, distinctions are: 

• the associated ^-functions are different (see [38], Equation (2.12), for the even degree case, and 
Equation (2.13) of the present article for the odd degree case); 



i Hi — CVC1L, 

Note that LD(n,„) = LDU>,„) = < coincides with the parameter in the measure of orthogonality: the 

I2n + 1, m = odd, 

large parameter, n, enters simultaneously into the L-degree of the L-polynomials and the (varying exponential) weight; thus, 
asymptotics of the L-polynomials are studied along a 'diagonal strip' of a doubly-indexed sequence. 

2 For real non-analytic external fields, see the recent work [39]. 
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• the respective variational problems are different, which means that the supports of the associated 
equilibrium measures are different (see [38], Lemmas 3.1-3.3, for the even degree case, and 
Lemmas 3.1-3.3 of the present article for the odd degree case); 

• even though the supports consist of the union of a finite number of compact real intervals, the 
systems of transcendental equations (finite in number) which characterise the end-points of the 
supports of the respective equilibrium measures are different (see [38], Lemmas 3.5 and 3.6, for 
the even degree case, and Lemmas 3.5 and 3.6 of the present article for the odd degree case); 

• the associated 'small-norm' RHPs, due to the difference in normalisations, are different, which 
gives rise to the appearance of several new — residue — terms in the solution of the odd degree 
small-norm RHP, which do not arise in the solution of the even degree small-norm RHP (see, 
in particular, [38], Lemmas 4.8 and 5.2, for the even degree case, and Lemmas 4.8 and 5.2 of the 
present article for the odd degree case); and 

• certain error analyses are more complicated for the odd degree case, because the difference 
in normalisations requires that twice as many matrix-operator norms be estimated for the odd 
degree case, which makes the asymptotic analysis more tedious and involved (see, in particular, 
[38], Proposition 5.2 and Lemma 5.2, for the even degree case, and Proposition 5.2 and Lemma 5.2 
of the present article for the odd degree case). 

For these reasons, as well other, technical ones, attempting to meld together the even degree and odd 
degree cases into one article would hamper the readability of an already lengthy analysis. So, despite 
the repeated, over-arching scheme of analysis, the large-n asymptotic behaviour for the even degree 
OLPs (and related quantities) is studied in [38], and the large-n asymptotic behaviour for the odd 
degree OLPs (and related quantities) is the subject of the present article. 

This article is organised as follows. In Section 2, necessary facts from the theory of (compact) 
Riemann surfaces are given, the respective 'even degree' and 'odd degree' RHPs on 1R are stated and 
the corresponding variational problems for the associated equilibrium measures are discussed, and 
the main results of this work, namely, asymptotics (as n — > oo) of Ti2n+\ (z) (in C), and £ i^V and <p2n+i (z) 
(in C) are stated in Theorems 2.3.1 and 2.3.2, respectively. In Section 3, the detailed analysis of the 
'odd degree' variational problem and the associated equilibrium measure is undertaken, including 
the construction of the so-called ^-function, and the RHP formulated in Section 2 is reformulated as 
an equivalent, auxiliary RHP, which, in Sections 4 and 5, is augmented, by means of a sequence of 
contour deformations and transformations a la Deift-Venakides-Zhou, into simpler, 'model' (matrix) 
RHPs which, as «—> oo, and in conjunction with the Beals-Coifman construction [74] (see, also, the 
extension of Zhou [75]) for the integral representation of the solution of a matrix RHP on an oriented 
contour, are solved explicitly (in closed form) in terms of Riemann theta functions (associated with 
the underlying finite-genus hyperelliptic Riemann surface) and Airy functions, from which the final 
asymptotic (as n — » oo) results stated in Theorems 2.3.1 and 2.3.2 are proved. The paper concludes 
with an Appendix. 

Remark 1.4. The even degree OLPs, <p2n ( z )/ n e Z[+ , are related, in a way, to the polynomials orthogonal 
with respect to the varying weight w(z) := z~ 2 " exp(-N V(z)), N e N: this follows directly from the 
orthogonality relation satisfied by <p2n(z)- This does not help with any of the algebraic relations, 
such as the system of three- and five-term recurrence relations; however, this does provide for an 
alternative approach to computing large-ft asymptotics for (p2n(z)- The connection is not so clear for 
the odd degree OLPs, </>2n+i(z), n e Z+. Indeed, in this latter case, the associated (density of the) 
measure for the orthogonal polynomials would take the form d/T(z) := z~ 2 " -1 exp(-N V(z)) dz, and this 
measure changes signs, which causes a number of difficulties in the large-n asymptotic analysis. In 
this paper, these connections are not used, and a complete asymptotic analysis of the odd degree 
OLPs is carried out, directly. ■ 

2 Hyperelliptic Riemann Surfaces, The Riemann-Hilbert Proble- 
ms, and Summary of Results 

In this section, necessary facts from the theory of hyperelliptic Riemann surfaces are given (see Sub- 
section 2.1), the respective RHPs on ]R for the even degree and the odd degree monic orthogonal 
L-polynomials are formulated and the corresponding variational problems for the associated equi- 
librium measures are discussed (see Subsection 2.2), and the asymptotics (as n — > oo) for 7i2 H+ i(z) 
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(in the entire complex plane), and and (p2n+i(z) (in the entire complex plane) are given in 

Theorems 2.3.1 and 2.3.2, respectively (see Subsection 2.3). 

Before proceeding, however, the notation/nomenclature used throughout this work is sum- 
marised. 



(Notational Conventions) 

(1) I = ( I J ) is the 2 x 2 identity matrix, o\ = (? j), o 2 = ( • "j) and o 3 = ( J ^ ) are the Pauli matrices, 
ff+ = (oo) anc ^ ff - = ( l o ) are ' respectively, the raising and lowering matrices, = ( [j § ), R± := {x e 
R; ±x>0},C±:={zeC; ±Im(z) > 0}, and sgn(x):=0 if x = and x|x| _1 if x + Q; 

(2) for a scalar co and a 2x2 matrix T, co aA(a3) T:= co^T co~° 3 ; 

(3) a contour D which is the finite union of piecewise-smooth, simple curves (as closed sets) is said 
to be orientable if its complement C \ D can always be divided into two, possibly disconnected, 
disjoint open sets D + and O - , either of which has finitely many components, such that T) admits 
an orientation so that it can either be viewed as a positively oriented boundary D + for U + or as 
a negatively oriented boundary D~ for 13~ [75], that is, the (possibly disconnected) components 
of C \ D can be coloured by + or - in such a way that the + regions do not share boundary with 
the - regions, except, possibly, at finitely many points [76]; 

(4) for each segment of an oriented contour D, according to the given orientation, the "+" side 
is to the left and the "-" side is to the right as one traverses the contour in the direction of 
orientation, that is, for a matrix ^I,y(z), i,j = 1,2, (3iij(z)) ± denote the non-tangential limits 
(^(z)) ± :=lim ^ Jlijiz'); 

z' e± side of 2) 

(5) for 1 <p < oo and D some point set, 



where, for J{(z) e M 2 (C), \Jl(z)\ := (£ ? ;=1 ^{z) .7l;;(z)) 1/2 is the Hilbert-Schmidt norm, with 
denoting complex conjugation of •, for p = oo, 



^m 2 (q(^) : = |S : D^M 2 (C); llg(-)li£~ 2(C) («):=max sup |^( Z )|< ooj , 
and, for /eI+X^ (q (£>):= (l+/z; /zeX 2 ^, (£>)(, 

(6) for a matrix J{^(z), i, j = 1,2, to have boundary values in the Xj^ ^(£>) sense on an oriented 
contour D, it is meant that lim ,> L |J?l(z') - (^I(z)) ± | 2 |dz| = (e.g., if T> = R is oriented 
from +oo to -oo, then J?l(z) has -Cj^q^) boundary values on D means that lim^o \Ji(x+ie)- 
(^l(x)) ± | 2 dx = 0); 

(7) for a 2 X 2 matrix-valued function f)(z), the notation s 2)(z) = 2 ^ Zo means 9),y(z) = z ^ Zo O (*,/), 
i, /=1,2 (mutatis mutandis for o(l)); 

(8) ll?Olln^ (C)W : = TOII^M* with card (« < ^ 

(9) Ali(R) denotes the set of all non-negative, bounded, unit Borel measures on 1R for which all 
moments exist, 

A<i(R):=j/i; J dp(s) = l, j s"'d i u(s)<co, meZ\ {0}J; 

(10) for (u, vjeRxR, denote the function (•-/.i)"' : C \ (-oo, /i) — > C, • i-> exp(ivln(» - /.()), where In 
denotes the principal branch of the logarithm; 

(11) f or y a nullhomologous path in a region D c C, int(y):= |CeD \ y; mdy(Q:= j£ jzj ^ #o|; 

(12) for some point set DcX, with ,Y = C or R, D :=D U <?£), and D c :=X \ D. 
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2.1 Riemann Surfaces: Preliminaries 

In this subsection, the basic elements associated with the construction of hyperelliptic and finite genus 
(compact) Riemann surfaces are presented (for further details and proofs, see, for example, [77, 78]). 

Remark 2.1.1. The superscripts ± , and sometimes the subscripts ±, in this subsection should not be 
confused with the subscripts ± appearing in the various RHPs (this is a general comment which 
applies, unless stated otherwise, throughout the entire text). Although C (or CP 1 ) := C U joo} (resp., 
]R:=Pv U {-°o| U {+oo}) is the standard definition for the (closed) Riemann sphere (resp., closed real 
line), the simplified, and somewhat abusive, notation C (resp., Pv) is used to denote both the (closed) 
Riemann sphere, C (resp., closed real line, M), and the (open) complex field, C (resp., open real line, 
Pv), and the context(s) should make clear which object(s) the notation C (resp., P) represents. ■ 

Let NeN (with N < oo assumed throughout) and aeR \ {0, ±oo}, k = 1,. . .,2N + 2, be such 
that Qi + Qj V i + j = 1, .. .,2N + 2, and enumerated/ordered according to Q\ < c 2 < • • • < C2N+2- Let 
R(z) := Ylf = i(z-(;2j-i)(z-c;2j) £ P[z] (the algebra of polynomials in z with coefficients in P) be the (unital) 
polynomial of even degree deg(R) = 2N+2 (deg(R) = (mod2)) whose (simple) zeros/roots are {cy} 2 ^" 1 " 2 . 

Denote by 31 the hyperelliptic Riemann surface of genus N defined by the equation y 2 = R(z) and 
realised as a two-sheeted branched (ramified) covering of the Riemann sphere such that its two sheets 
are two identical copies of C with branch cuts along the intervals (ci, q 2 ), (^3, Qi), ■ ■ ■ , (Qw+1, Qin+i), and 
glued/pasted to each other 'crosswise' along the opposite banks of the corresponding cuts (C2/-I/ Qij), 
; = 1,.. .,N + 1. Denote the two sheets of 31 by 3V~ (the first/upper sheet) and 5l~ (the second/lower 
sheet): to indicate that z lies on the first (resp., second) sheet, one writes z + (resp., z~); of course, as 
points in the plane C, z + =z~ =z. For points z on the first (resp., second) sheet 5l + (resp., 3i~), one has 
that z + = (z, +(R(z)) J / 2 ) (resp., z~ = (z, -(R(z)) 1/2 )), where the single-valued branch of the square root is 
chosen such that z"( N+1 >(R(z)) 1/2 ±1. 

Let £y := (c. 2 j-i, Q2j), / = 1,...,N + 1, and set £ = U^Sy (note that £; n £ y = 0, i + j = \, . . . ,N + \). 
Denote by £t (c 3L + ) (resp., £t (c 3l~)) the upper (resp., lower) bank of the interval £y, /= 1, . . . ,N+1, 
forming £, and oriented in accordance with the orientation of £ as the boundary of C \ £, namely, 
the domain C \ £ is on the left as one proceeds along the upper bank of the y'th interval from C2/-1 to 
the point g 2 j and back along the lower bank from g 2 j to £27-1; thus, £* := {c 2 j-i, Q 2 ]f, j = l,...,N+l, 
are two (identical) copies of (52/-1, Q 2 j) c P 'lifted' to H ± . Set T := U^Ty (c H), where Tj := £t U £", 

j = 1, . . . ,N+1 (T - £ + U £"): note that T, as a curve on 3v (defined by the equation y 1 = R(z)), consists 
of a finitely denumerable number of disjoint analytic closed Jordan curves, Tj, j — 1, . . ., N+l, which 
are cycles on 31, and that correspond to the intervals £y. From the above construction, it is clear that 
51 = 3v + U 3v" U T; furthermore, the canonical projection of T onto C (71 : 3? — > C) is £, that is, 7i(r) = £ 
(also, 7i(3v + ) = 7i(3?~) = C \ £, or, alternately, n(z + ) = n(z~) = z). One moves in the 'positive (+)' (resp., 
'negative (-)') direction along the (closed) contour r C H if the domain H + is on the left (resp., right) 
and the domain H~ is on the right (resp., left): the corresponding notation is (see above) T + (resp., 
r~). For a function f defined on the two-sheeted hyperelliptic Riemann surface % one defines the 
non- tangential boundary values, provided they exist, of f(z) as z e 5i + (resp., z e 3i~ ) approaches A e T, 
denoted A+ (resp., A-), by /(A±):=/±(A):=lim z ^A/(z). 

One takes the first N contours among the (closed) contours Tj for basis <*-cycles {(Xj, j — 1, . . . , N] 
and then completes/supplements this in the standard way with jS-cycles {/Sy, j -1, . . . ,N] so that the 
intersection matrix has the (canonical) form otk o otj = f} k °f}j = V k + j=l,.. . ,N, and au°fij = &kf the cycles 
[cLj, j-l,...,N, form the canonical 1-homology basis on % namely, any cycle y c 31 is homologous 
to an integral linear combination of jay,/3y}, that is, y = Jl!jLi( n j^j + m jPj), where (nj,nij) eZxZ, 
;' = 1, . . . , N. The a-cycles {ay, ;' = 1, . . . , N], in the present case, are the intervals (c2y-i/ Qi]), j—l,--.,N, 
'going twice', that is, along the upper (from <;2/-i to g 2 j) and lower (from c. 2 j to c, 2 j-i) banks (ay = £J U £~, 
/ = 1, . . . , N), and the |3-cycles {/3 ■, j = l,...,N) are as follows: the /th /S-cycle consists of the «-cycles ttt, 
k = j + 1, . . . , N, and the cycles 'linked' with them and consisting of (the gaps) (q^, q^+i), k=l, . . . ,N, 
'going twice', that is, from ^ to c 2 k+i on the first sheet and in the reverse direction on the second sheet. 
For an arbitrary holomorphic Abelian differential (one-form) 0) on 31, the function J co is defined 
uniquely modulo its a- and jS-periods, <£ 0) and j> a>, j = 1,. . .,N, respectively. It is well known 
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that the canonical 1-homology basis {<Xy,/3-}, j = 1, . . .,N, constructed above 'generates', on ft, the 
corresponding tf-normalised basis of holomorphic Abelian differentials (one-forms) \co\, CO2, ■ ■ ■ , WnI, 
where coj :=Ljt=i dz, c^eC, j = l, . . .,N, and coj = 5kj,k, j=l,...,N: the associated NxN matrix 

of jS-periods, t = {iij)i,j=\,...,N '■= 1 4 I / is a Niemann matrix, that is, it is symmetric (x;y = Ty,), pure 

V "/ 'i,j=l,...,N 

imaginary, and — iz is positive definite (Im(T;;) > 0); moreover, t is non-degenerate (det(r) + 0). From 
the condition that the basis of the differentials oj\, \— 1, . . .,N, is canonical, with respect to the given 
basis cycles {<*y,jSy}, it is seen that this implies that each oji is real valued on £ = U^J^faj-irGij) and 
has exactly one (real) root/zero in any interval (band) (C2/-I/ Q2j), } ' = 1/ • ■ • / N+ 1, j + 1; moreover, in the 
'gaps' (c,zj, C2/+1)/ /= 1, . . . , N, these differentials take non-zero, purely imaginary values. 

Fix the 'standard basis' e\,e2, -..,Cn m that is, (ey)/ c = <5y/c, j,k = 1, ...,N (these standard 
basis vectors should be viewed as column vectors): the vectors t\, e 2 , . . . , e-^, ie\, xe 2 , ■ . . , zeN are lin- 
early independent over the real field R, and form a 'basis' in C N . The quotient space C n /(N + tM}, 
(N,M) e Z N x Z N , where Z N := {(mi,m 2 , . ..,m N ); my e Z, = 1,. . is a 2N-dimensional real 
torus T 2N , and is referred to as the Jacobi variety, symbolically Jac(ft), of the two-sheeted (hyper- 
elliptic) Riemann surface ft of genus N. Let Zq be a fixed point in ft. A vector-valued function 

A(z) = (Ai(z),A 2 (z), . . .,An(z)) e Jac(ft) with co-ordinates Ak(z) = f a>k, k = 1, . . . ,N, where, here- 
JZo 

after, unless stated otherwise and/or where confusion may arise, = denotes 'congruence modulo 
the period lattice', defines the Abel map A: ft — > Jac(ft). The unordered set of points Z\,Z2, . ■ . ,z-^, 
with Zjt e ft, form the Nth symmetric power of ft, symbolically ft^ mm (or S N ft). The vector function 

U = (Ui, H 2 , . . . , U N ) with co-ordinates Uy = Uj(zi,z 2 , ...,z N ) = Y£ =1 Aj(z k ) = £f =1 J^* coj, j = 1, . . . , N, 

that is, (zi, z 2 , ... , ziv) — > (E/0L1 J[ * ^1/ LjtLi / * ^2, YX=\ X * Wn )' * s a ^ so reierre d to as the Abe/ map, 
M : ft^, mm -> Jac(ft) (or U : S N ft -> Jac(ft)). It is known that the Abel map « : ft^ mm -> Jac(ft) is surjective 

and locally biholomorphic, but not injective globally. The dissected Riemann surface, symbolically ft, 
is obtained from ft by 'cutting' (canonical dissection) along the cycles of the canonical 1-homology 
basis a k , fi k , k = 1, . . . , N, of the original surface, namely, ft = ft \ (U^ (ay U jSy)); the surface ft is not only 
connected, as one can 'pass' from one sheet to the other 'across' Tjv+i, but also simply connected (a 4N- 
sided polygon (4N-gon) of a canonical dissection of ft associated with the given canonical 1-homology 
basis for ft). For a given vector V = (v\, l> 2 , . . . , un) £ Jac(ft), the problem of finding an unordered col- 
lection of points z\, Z2, ■ ■ ■ , Zn, zy e ft, = 1, . . . , N, for which U k (z\, z 2 , . . . , Zn) = Vk, k = l, . . . ,N, is called 
the Jacobi inversion problem for Abelian integrals: as is well known, the Jacobi inversion problem is 
always solvable; but not, in general, uniquely. 

By a divisor on the Riemann surface ft is meant a formal 'symbol' d - z "^ 2l ' z "^ Z2 ) . . . z^ z '"', where 
zy e ft and «/(zy) e Z, j = 1, . . . , m: the number \d\ := YIj=i n f( z j) is called the degree of the divisor d: if 
Zi + zy V i + j = 1, . . . , m, and if n f(zj) > 0, j = 1, . . . , m, then the divisor d is said to be integral. Let g be a 
meromorphic function defined on ft: for an arbitrary point a e ft, one denotes by « ? (fl) (resp., p^{a)) the 
multiplicity of the zero (resp., pole) of the function g at this point if a is a zero (resp., pole), and sets 
n g (a) = (resp., p g (a) = 0) otherwise; thus, n g (a), p g (a) > 0. To a meromorphic function g on ft, one assigns 

the divisor (g) of zeros and poles of this function as (g) = z l f A ^ zlf 1 ^ ■ ■ ■ z"^ 2 ' 1 ' ^A 1 Ps<Al) 'A 2 Ps<A2) ■ ■ ■ A^^, 
where z,-, Ay e ft, i = 1, . . . , l\, j = 1, . . ., I2, are the zeros and poles of g on ft, and n g (zj), p^(Ay) > are 
their multiplicities (one can also write {(a, n g (a), -p g {a)); a eft, n g (a), p g (a) >0] for the divisor (g) of g): 
these divisors are said to be principal. 

Associated with the Riemann matrix of jS-periods, t, is the Riemann theta function, defined by 



0(Z;T)=:0(Z)= e 2m(m,z) + ni(m,rm) ^ zgC N 



where (•, •) denotes the — real — Euclidean inner/scalar product (for A = (A\, A2, ■ ■ ■ , An) e E N and 
B = (Bi, B 2 , . . . , B N ) e E N , (A, B) := £f=i A k B k ), with the following evenness and (quasi-) periodicity 
properties, 

0(-z) = 0(z), 0(z+ey) = 0(z), and 0(z+T y ) = e T27liz '- i7IT »0(z), 

where ey is the standard (basis) column vector in C N with 1 in the ;'th entry and elsewhere (see 
above), and Ty := xey (e C N ), j=l,...,N. 

It turns out that, for the analysis of this work, the following multi-valued functions are essential: 
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(R e (z)) 1/2 := (nfc=o( z_ kp( z-fl fc+i)) 1/2 ' where, with the identification a e N+1 = a e Q (as points on 

the complex sphere, C) and with the point at infinity lying on the (open) interval (a e Q , b e Q ), 
-oo<a e Q <b e <a e 1 <V X <■ ■ -<a e N <b e N <+oo, a e Q (=a e N+1 ) i=-oo, 0, and V N ^0, +00 (see Figure 1); 



1x1 

O Xr- 

«5 



If 



N+l 



Figure 1: Union of (open) intervals in the complex z-plane 

(R (z)) 1/2 := (Ylk=o( z - bo k )( z - a0 k+1 )) 1/2 ' where, with the identification a^ +1 = a° Q (as points on 
the complex sphere, C) and with the point at infinity lying on the (open) interval {a° Q , b° ), 
-00 <a° Q < b° Q <a\ < b\ < ■ ■ ■ <a° N < b° N < +00, a ° (= a° N+1 ) + -00, 0, and b° N + 0, +00 (see Figure 2). 



o- 

a° 



If 



o- 



o- 

a 



b°. 
1 



"N+l 



Figure 2: Union of (open) intervals in the complex z-plane 



The functions R e (z) and R (z), respectively are unital polynomials (e R[z]) of even degree 

" N+1 (fl^^andii^,^ 1 



(deg(R e (z)) = deg(R (z)) = 2(JV+1)) whose (simple) roots/zeros are {fc e ._ 1 ,fl'. J . 



N+i _ **o' ' y— 1' y J ;=i 

= fl°). The basic ingredients associated with the construction of the hyperelliptic Riemann sur- 
faces of genus N corresponding, respectively, to the multi-valued functions y 2 = R e (z) and y 2 = R (z) 
was given above. One now uses the above construction; but particularised to the cases of the poly- 
nomials R e {z) and R (z), to arrive at the following: 



VR^zj 



Let J/ ( , denote the two-sheeted Riemann surface of genus N associated with y 2 = R e (z), 
with R P (z) as characterised above: the first/upper (resp., second/lower) sheet of J/ c is denoted 
by J/+ (resp., J/jT), points on the first/upper (resp., second/lower) sheet are represented as 
z + := (z, +(R e (z)) 1/2 ) (resp.,z~ := (z, -(R t ,(z)) 1/2 )), where, as points on the plane C,z + =z~ =z, and the 
single-valued branch for the square root of the (multi-valued) function (R e (z)) 1 ^ 2 is chosen such 
that z~^ N+1 '(R e (z)) 1 ^ 2 ~ z ^oo ±1- J/f is realised as a (two-sheeted) branched/ramified covering of 

the Riemann sphere such that its two sheets are two identical copies of C with branch cuts (slits) 
along the intervals (a e Q , ¥ Q ), {a e v V x ), (a e N , lf N ) and pasted/glued together along U^ 1 (fl^_ 1 , V._ r ) 

(a e = a e N+1 ) in such a way that the cycles a e Q and {a e , (£), j — 1, . . . ,N, where the latter forms the 
canonical 1-homology basis for J/ e , are characterised by the fact that (the closed contours) ofy 
j - 0, . . .,N, lie on J/+, and (the closed contours) fc, j - 1, . . ., N, pass from J/+ (starting from 
the slit (fly, b 6 )), through the slit (a e Q/ b e Q ) to J/7, and back again to J/+ through the slit {a e ., b e ) (see 
Figure 3). 

The canonical 1-homology basis / = 1, . . . , N, generates, on J/ e , the (corresponding) 

a e -normalised basis of holomorphic Abelian differentials (one-forms) \of v co e 2 , . . . , co e N ], where 

Zti |= dz, c e jk e C, / = 1, . . . , N, and £, of. = 5 kj , k, j = 1, . . . , N: oj\,\ = 1, . . . , N, is real valued 

N+l/ 



of 



1 ^' c=1 VR f (z 

onU* 1 ^^,!)^), and has exactly one (real) root in any (open) interval («y_ 1 ,fr f L 1 ),/ = l, ■ • ./N+l; 
furthermore, in the intervals (b e _ ir a e ), j=l,...,N, of, 1 = 1,..., N, take non-zero, pure imaginary 
values. Let of := {of v af v . . - ,oj e N ) denote the basis of holomorphic one-forms on J/ e as normalised 
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Figure 3: The Riemann surface J/ e of y 2 - Yl k=0 (z-b e k )(z-a e k+1 ), a e N+l =a e Q . The solid (resp., dashed) lines 
are on the first/upper (resp., second/lower) sheet of J/ e , denoted J/+ (resp., J/ t 7). 

above with the associated NxN Riemann matrix of j3 e -periods, x e = (T e ),j=i / ... / N := (4e <uPy=i,..,N: 
the Riemann matrix, t c , is symmetric (t?. = t^) and pure imaginary, -rr c is positive definite 
(Im(T^) > 0), and det(x e ) + (non-degenerate). For the holomorphic Abelian differential (one- 
form) a> e defined above, choose a e N+1 as the base point, and set u e : }J e — » Jac(J/ e ) (:=C N /{N+T f 'M}, 
(N,M)eZ N xZ N ), zh« c (z):= f e <y e , where the integration from to z (e J/ e ) is taken along 
any path on J/ ( t. 

Remark 2.1.2. From the representation of. = Lj.=i — dz, j = 1, . . . ,N, and the normalisation 
condition <£„ cj^ = <5jy, k, ]- 1, . . . , N, one shows that c^, k,j = l,...,N, are obtained from 



(El) 



where 



S e := 



C ll C 12 
L 21 L 22 


IN 
L 2N 




^ L N1 L N2 


■ ■ ■ C P 

NN^ 






ds 2 


■ <f , dsN 1 


V-R,.(si) 


< 2 VR f (s 2 ) 
s 2 ds 2 


J«N VR«(SN) 

X s /vds N 


VR«(si) 


' 2 VR e (s 2 ) 


J«n VR f (s N ) 






. <£ s f ldsN 


VR«(si) ■« 


1 VR e (s 2 ) 


y «N VR e (s N )J 



(E2) 



For a (representation- independent) proof of the fact that det( <S e ) + 0, see, for example, Chapter 1 0, 
Section 10-2, of [77]. ■ 

Set (see [38]), for ze C + , f{z) := (nSV^Xz-flp" 1 ) 1 ' 4 , and, for ze C_, f(z) := -iOI&V 
bf Jiz-al)- 1 ) 1 ^. It is shown in [38] that y e (z)= z ^ M (-i)( m > /2 (l+0(z -1 )), and 



( z /f = rl z±6 ^ ; / (z)+(/(z))" 1 )iz= 2± =o 

with z e : ± e (a^, bp* (c J/J), j-l,...,N, where, as points on the plane, z e j + = z e :~ :- z 6 ., j - 1, . . . , N 
(of course, on the plane, z e . e (a 6 ., If.), j= 1, . . . , N). 

Corresponding to J/ e , define d e : = — K e — £ y =1 J a J of (e C N ), where K e is the associated ('even') 
vector of Riemann constants, and the integration from a c N+l to z e j~ , j '= 1, . . . , N, is taken along a 
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fixed path in J/;. It is shown in Chapter VII of [78] that K e = J^ +1 a/; furthermore, is a 

point of order 2, that is, 2K e = and sK e + for < s < 2. Recalling the definition of of and that 
z~* N+1) (R e (z)) 1/2 ~ 2 ^co ±1, using the fact that K e is a point of order 2, one arrives at 



Xzv N pzv pz~r Iv /"* zv 

;=1 N+l ;=1 ^ fl N+l j=l ^«N+1 ;'=1 ^ fl N+l 

--e/>-e/ 



Associated with the Riemann matrix of jS f -periods, T e , is the ('even') Riemann theta function 
d(z;x e )=:ff{z) = e 27Il(m ' z)+7li(m ' Tfm) , zeC N ; 

meZ N 

e (z) has the following evenness and (quasi-) periodicity properties, 

6\-z) = ff(z), d e (z+ ej ) = d e (z), and [ '(z±Tp = e T2ni2 '- i7IT »0"(z), 
where z e . : = x e ej (e C N ), j = 1, . . . , N. This entire latter apparatus is used extensively in [38] . 



Vr7(z] 



Let J/ denote the two-sheeted Riemann surface of genus N associated with y 2 = R (z), 
with R (z) as characterised above: the first/upper (resp., second/lower) sheet of J/ is denoted 
by J/+ (resp., J/~ ), points on the first/upper (resp., second/lower) sheet are represented as 
z + := (z, +(R (z)) 1/2 ) (resp., z~ := (z, -(R (z)) 1/2 )), where, as points on the plane C, z + = z~ = z, 
and the single-valued branch for the square root of the (multi-valued) function (R (z)) 1 ^ 2 is 
chosen such that z~' N+1) (R (z)) 1/2 ~ z ^ co +1. J/ is realised as a (two-sheeted) branched/ramified 

covering of the Riemann sphere such that its two sheets are two identical copies of C with 
branch cuts (slits) along the intervals {a° Q , b° ), {a° v . . . , (a° N , b° N ) and pasted/glued together along 

u f=i( a °-v b °j-i) ( a °o = a N+d in such a wa y that tne c y cles a ° and t a y' j = !/ • • • ' N > where the 
latter forms the canonical 1-homology basis for J/„, are characterised by the fact that (the closed 
contours) a°, j = 0, . . . , N, lie on and (the closed contours) jS°, j = 1, . . . , N, pass from J/+ 
(starting from the slit (a ., b .)), through the slit (a° , b° ) to J/~, and back again to J/+ through the 
slit (a°, b") (see Figure 4). 




Figure 4: The Riemann surface J/ of y 2 = YI^=q (z-b k )(z-a° k+1 ), a° N+1 =a° . The solid (resp., dashed) lines 
are on the first/upper (resp., second/lower) sheet of J/ , denoted J/+ (resp., J/~). 
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The canonical 1-homology basis {a°, jS°}, j = 1, . . . ,N, generates, on J/„, the (corresponding) 
a: -normalised basis of holomorphic Abelian differentials (one-forms) {co^a)^, ■ • •/ £U w}/ where 

co° :=Zti 4^ dz ' c° jk e<C,i = \,...,N, and § of. = 6 kjr k,j=l,...,N:ctf,l = l,...,N, is real valued 
onU^ 1 ^^, and has exactly one (real) root in any (open) interval (a°_ t ,b°_ 1 ),j = l, . . .,N+1; 
furthermore, in the intervals (b°_ v a"), j = 1, . . . , N, co°, 1 = 1, ... ,N, take non-zero, pure imaginary 
values. Let a>° := (co°, of, co° N ) denote the basis of holomorphic one-forms on J/ as normalised 

above with the associated NxN Riemann matrix of jS° -periods, x° = (t ), //= i n := oj°)i,j=i,...,N'- 

the Riemann matrix, x°, is symmetric (x° = t° ) and pure imaginary, -ix° is positive definite 
(Im(x°) > 0), and det(x°) + (non-degenerate). For the holomorphic Abelian differential (one- 
form) of defined above, choose a° N+1 as the base point, and set u° : J/ — >Jac(J/ ) (:=C N /(N+x°M}, 
(N, M) e Z N xZ N ), z m> u°(z) := C a; , where the integration from a° N+l to z (e J/ ) is taken along 
any path on 



dz, = 1, . . . ,N, and the normalisation 



<f Z N ~ k 

Remark 2.1.3. From the representation of, = Y^=i 'nm 
condition <£„ of. = 6/ c/ , k,j=l,...,N, one shows that c° k , k,j=l,...,N, are obtained from 



where 



i r° r° 
11 12 
r o r o 
L 21 L 22 


r° > 
IN 

L 2N 


= 6^, 


V L N1 L N2 






i!L_ <£ 


ds 2 




VR (si) 


«j VR (s 2 ) 
s 2 ds 2 


VR D (SN) 


V-R ( Sl ) Ji 


«2 V« (S 2 ) 


VR D (SN) 


V dSl <f> 


s^ds, 


r s^dsn 


VR,,(si) -H 


«2 VR (S 2 ) 


Ja° N VR D (s N )J 



(Ol) 



(02) 



For a (representation-independent) proof of the fact that det( S ) + 0, see, for example, Chapter 10, 
Section 10-2, of [77]. ■ 

Set (see Section 4), for z e C+, y°(z) := {X^=r {z-V> k _ r ){z- tf^ 1 ) 1 ^ , and, for z e C_, y°(z) := 
~KUk=i( z ~ K-N z - <) _1 ) 1/4 - Tt is shown in Section 4 that y°(z) = z ^ (-i) (m)/2 y°(0) 

■ (1 +0(z)), where y°(0) := (nS 1 ^(a^ 1 ) 174 (> °)> and a set of N upper-edge and lower-edge 
finite-length-gap roots/zeros are 

[zf f. =i = jz ± e ((7 (0))- 1 y°(z)+/(0)(/(z))- 1 )U ± =0} , 

with z '* e b") 11 (c J/J), j = l,...,N, where, as points on the plane, z°' + = z°j~ := z°, j = 1, . . . , N 
(of course, on the plane, z°. e (a ., V), j = 1, . . . ,N). 

Corresponding to J/ , define d := -Kq—J^ ,- =1 L' 0)° (e C N ), where K is the associated ('odd') 
vector of Riemann constants, and the integration from a^ +1 to z°.'~, j = l,...,N,is taken along a 
fixed path in J/~. It is shown in Chapter VII of [78] that K = Z%i furthermore, K is a 

point of order 2. Recalling the definition of 00° and that z~ < - N+1 \R (z)) 1/2 ~n„ ±1, using the fact 

2eC± 

that K is a point of order 2, one arrives at 
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N rZ °:- N „z».+ 

Ef ■■• Ef ■■• 

Associated with the Riemann matrix of jS° -periods, T°, is the ('odd') Riemann theta function 
d(z;T°)=:d\z)=Y j e 2ni(m ' z)+ni(m ' T ° m \ zeC N ; (2.1) 

meZ N 

6°(z) has the following evenness and (quasi-) periodicity properties, 

e°{-z) = e°{z), e°{z+e,) = e {z), and 0°(z±Tp = e T2ni2 '- iTIT »e o (2) / 
where z° := x°ej (e C N ), j = 1, . . . ,N. Extensive use of this apparatus will be made in Section 4. 

2.2 The Riemann-Hilbert Problems for the Monic OLPs 

In this subsection, the RHPs corresponding to the even degree and odd degree monic OLPs 7Z 2 „(z) 
and 7i2n+i(z) defined, respectively, in Equations (1.4) and (1.5), are formulated a la Fokas-Its-Kitaev 
[41,42]. Furthermore, integral representations for the even degree and odd degree monic OLPs are 
also obtained. 

Consider the varying exponential measure u (eA1i(R)) given by du(z) = e ^ dz, NeN, where 
(the external field) V: R \ (0} — » R satisfies conditions (V1)-(V3). The RHPs which characterise the 
even degree and odd degree monic OLPs are now stated. 

RHP1. Let V: R \ {0} R satisfy conditions (V1)-(V3). Find Y: C \ R — > SL 2 (C) solving: (i) Y(z) is 

e e 

holomorphic for zeC \ IR; (ii) the boundary values Y ± (z) :=lim z ^ z Y(z') satisfy the jump condition 

±lm(z')>0 

Y+(z) = Y_(z)(l+e- NV(z) cr + ), zeR; 
(iii) Y(z)z-"° 3 = 2 ^ 0O I+0(z- 1 ); and (iv) Y(z)z na * = z ^ O(l). 

ze<C\R zeC\K 

RHP2. Let V: R \ {0} R satisfy conditions (V1)-(V3). Find Y: C \ R SL 2 (C) solving: (i) Y(z) is 



holomorphic for zeC \ R; (ii) the boundary values Y ± (z) :=lim z >^ z Y(z') satisfy the jump condition 

±lm(z')>0 



Y+(z) = Y_(z)(l+e _>rv(z) cx + ), zeR; 



(iii) Y{z)z m * = Z ^ Q l+0(z); and (iv) Y(z) Z -(" +1 ^ =^0(1). 

2EC\K I€C\K 



Lemma 2.2.1. Let Y : C \ R— > SL 2 (C) solve RHP1. RHP1 possesses a unique solution given by: (i)for n = 0, 

^ J exp(->fV(s)) ds_' 



Y(z) = r Jtr s-z 2m| 7 zeC\R, 



where 7io(z):= Yn(z) = 1, with Yn(z) the (1 V)-element o/Y(z); and (ii)/orneN, 

/ M r n 2 „(s)exp(-NV(s)) ds 
V f Y2i(s)exp(-MV( S )) ds 



Y(z) = 



JlR s— 2 27zi/ 



, zeC\R, 



where Y 2 j: C* — > C denotes the (21)-element of Y(z), and 7i 2 „(z) is f/ze ez?e« degree monic OLP defined in 
Equation (1.4). 

Proof. See [38], the proof of Lemma 2.2.1. □ 
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Lemma 2.2.2. LetY: C \ R— >SL 2 (C) solve RHP2. RHP2 possesses a unique solution given by: (i)forn = 0, 



Y(z) = 



z7n(z) z^ 



(sn 1 (s))exp(-^V(s)) ds \ 



2raz 



1+z 



s(s-z 



exp(-jf V(s)) 



2ni 

ds 



, zeC\R, 



where 7ii(z) = l + -^, roz'f/i = - s _1 exp(-J\f V(s)) ds, 3\feN; and (ii) /or neN, 



Y(z) = 



zn 2n+1 (z) zj^. 



Y 21 (z) 



; Jr 



(s7i 2 „ +1 ( S ))exp(-^V( S )) ds_^ 
s(s-z) 2 
Y 21 (s)exp(-NV(s)) ^ 



s(s-z) 



2m 



zeC\R, 



(2.2) 



where Y21 : C* — » C denotes the (2 l)-element of Y(z), and 712,1+1 (z) *s f/ze odd degree monic OLP defined in 
Equation (1.5). 

Proo/. Set ro(z) := exp(-:N V(z)), NeN, where V : R \ {0} -» E satisfies conditions (V1)-(V3). Since 
L s'w(s) ds <oo, j e Z, and (Tli, 7lo)£ = (Tli, 1)^ =0, it follows via an application of the Sokhotski- 
Plemelj formula (with the Cauchy kernel normalised at zero) that, for n = 0, RHP2 has the (unique) 
solution 

Z7ll(z) ZJ E L 



Y(Z): 



2raz 



JR s(s-z) 2ra 
1+Z 



r ^ds 

Jr s-z Ub 



zeC \R, 



where 7Ii(z) = j + with = - J^s 1 w(s) ds. Hereafter, neN will be considered. 

If Y: C \ R^ SL 2 (C) solves RHP2, then it follows from the jump condition (ii) of RHP2 that, for 



the elements of the first column of Y(z) / 

(Y / i(z)) + = (Y /1 (z))_:=Y /1 (z) / 7 = 1,2, 

and, for the elements of the second row, 

(\>(z)) + - (\>(z))_ = Y ;1 (z)w(z), ; = 1, 2. 

From condition (i), the normalisation condition (iii), and the boundedness condition (iv) of RHP2, in 
particular, Y u (z)z" = 2 ^ 1 + 0{z), Y n (z) Z -^ = z ^ x 0(1), Y 2 i(z)z" = 2 ^ 0(z), and z-(" +1 >Y 2 i 

z€C\E zeC\K zeC\R 



(z) = z ^oo 0(1), and the fact that Yn(z) and Y2i(z) have no jumps throughout the z-plane, it fol- 

zeC\R 



lows that Yn(z) is a monic rational function with a pole at the origin and at the point at infinity, 


with representation z _1 Yn(z) = L"=- n -i v i z '' where v_„_i = 1, and Y2i(z) is a rational function with a 



pole at the origin and at the point at infinity, with representation z _1 Y2i(z) = YJi=- n v ] z> ■ Application 



of the Sokhotski-Plemelj formula to the jump relations for Yi 2 (z), 7 = 1,2, gives rise to the following 
Cauchy- type integral representations (the Cauchy kernel is normalised at z = 0): 



Y y2 (z)=z f 
Jk 



Yji (s)w(s) ds 
K s(s-z) 2m 



, 7=1,2, zeC\R. 



(CA1) 



One now studies Y71 (z), 7 = 1, 2, in more detail. From the normalisation condition (iii) of RHP2, in 
00 r ~ 

particular, Yi 2 (z)z "= z ^ <5(z)andY 2 2(z)z " = z ^ l+<9(z), the formulae (CA1), the fact that Ls'w(s)ds< 

00, jeZ, and the expansion (for |z/s|<sc 1) ^ = LLo sE* T + s' + 'fe-z) / ' e ^o' ^ follows that 



(V'Y 

Jr 



Yn (s))s~ k w(s) ds = 0, k= 1, 2, . . . , n, 



and 



Jr 



(s))s- ( " +1) w(s) ds = -27iip°, 
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for some (pure imaginary) p° of the form p" = iq°, with q° > (see below), and 

| (s _1 Y 2 i(s))s"^(s)ds = 0, i = l,2,...,n-l, and J (s- 1 Y 2 i(s))s~ n ro(s)ds=27ti; 
Jr Jr 

and, from the boundedness condition (iv) of RHP2, in particular, Yi2(z)z" +1 = 2 ^o<, 0(1) and Y 2 2(z) 



0(1), the formulae (CA1), the fact that J^s'o;(s) ds < <x>, j e Z, and the expansion (for 
|s/z| « 1) ^ = - ELo + Z e Z o + ' [t f ollows that 

f(s" 1 Y u (s))s ,: S;(s)ds = 0, fc = 0,l,...,n, and r(s" 1 Y 2 i(s))s^(s)ds = 0, ;' = 0,l,...,n: 
Jr Jr 

O 

these give rise to 2n+2 conditions for z _1 Yu(z), and 2n+l conditions for z _1 Y 2 i(z). Consider, first, the 

2n+l conditions for z -1 Y21 (z). Recalling that the strong moments are defined by Cj ■:= siw(s) ds, e Z, 



it follows from the representation (established above) z _1 Y2i(z) = L" = _„ vj'z' and the 2« + l conditions 



for z _1 Y 2 i(z) that 



^v ; b c/+fc = 0, k=-(n-l),-(n-2), . . .,n, and ^ v\c\- n =2ni, 



l=-n 



l=-n 



that is, 



C-2n C-2,,+1 
C-2n+l C-2n+2 



Co 



C2 
Cl 



C-i c 
C Cl 



C2«-2 C2„-l 
C2«-l C2„ J 



/ 1> \ 



n-1 
V 



2m 





1 J 



This linear system of 2n+l equations for the 2n+l unknowns v ], I = -n, -(n-1), . . . , n, admits a unique 
solution if, and only if, the determinant of the coefficient matrix, in this case H ( ~f"l (cf. Equations (1.1)), 
is non-zero; in fact, it will be shown that H 2 ~n+i > ®- ^ n integral representation for the Hankel 



determinants H^™\ (m, k) e Z x N, is now obtained; then the substitutions m = -2n and k = 2n + l are 
made. In the calculations that follow, Sjt denotes the k\ permutations a of {1,2, . . .,k). Recalling that 
Cj := s> d/i(s), j e Z, where d/i(z) = w (z) dz = exp(-N V(z)) dz, and using the multi-linearity property 



of the determinant, via Equations (1.1), one proceeds thus (recall that Hq := 1) 



H< m) := 



C)H 

Cm+1 



Cm+1 
Cm+2 



Ctn+k-2 Cm+k-1 
Cm+k—1 Cjn+k 



L 

Jr 



c m+k-l 
Cm+k 

C m +2k-3 
C m +2k-2 
m+1 ATti 



S 

R S 2 



2 d f( s 2) 

m+2 dp(s 2 ) 



jT s ^- 2 d^( Sl ) JLs^d/Tfe) 

f^- 1 dJI( Sl ) } u s>» +k dTi(s 2 ) 



n-- J d/i(si)dfi(s 2 ) ■•• d^i(s fc ) 
Jr 



„m+k-\ J~, 



Jr : 



m+k 



dji(s k ) 
dji(s k ) 



f 
Jr 



,m+k-2 
'1 

,m+k-l 



„m+\ 
'2 

„m+2 



„m+k—\ 
'2 
m+k 



Q m+k-l 
b k , 



c m+2fc-3 
c .m+2J:-2 
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n-- J d/i(s!) d//(s 2 ) ■•• dfi(s k )s1 
Jr 



777^ \ ~tn„m+\ ^m+k-1 



1 


1 ■•• 


1 


Si 


s 2 ••• 


Sjfc 


c k-2 
I 

c fc-l 


c k-2 
b 2 
Q k-\ 
b 2 


c k-2 
b k 

Q k-1 
b k 


=:V(si,s 2 ,...,s t ) 



= T\Yj \ \ \ M s o(i)) d/i(s a(2) ) • • ■ dn(s a{k) ) TT s'"s'l V(s lj(1)/ s a( 2), s a{k) ) 



= f f " I d/i(si)d//(s 2 )---d/i(sjt)^ 



b 2 • • • b k 



k N 
Sgn(£T)[] S ^ 



xV(s 1/ s 2/ ...,s it ) 

= n r r ■ " r ■ ■ • ^ ■ ■ • s r v^, s 2 , . . . ^ 

Jr Jr Jr 



x ]T sgn(ff)s° (1)S i (2) •■■sf j - 1 ) 



aeS* 



=V(si,s 2 ,...,Sfc) 



H l" !) = A f [■ ■ f d M( s i) d?(s 2 ) ■ ■ ■ d£(s fc ) s™s 2 m ■ ■ • s™(V( Sl , 82, . . . , s,)) 2 ; 
K - Jr Jr Jr 



using the well-known determinantal formula V(si,s 2 , . . . ,s k ) = Yli r j = \(si—Sj), one arrives at 



H k l) = 77 f f- f s '" s 2 ■ ■ ■ s k T\( s > - s i) 2 d ?( g i) d M(«2) • ■ • d£(s /c ), (m, k) e Z x N. (HA1) 
Jr Jr Jr f { \J[ 



Letting m = -2n and k = 2n+l,it follows from the formula (HA1) that 



H (-2n) _ 
2n+l (2n + 



r r r 2n+l 

— ... s^^-s^rife-s^d^ 

+ Jr Jr Jr ^ 



2n+l 



whence the existence (and uniqueness) of z : Y 2 i(z) (thus Y 2 i(z)). 



Similarly, it follows, from the representation (established above) z _1 Yn(z) = E"=-„-i v ; z '/ with 



i'_„_i = 1, and the 2n+2 conditions for z _1 Yn(z), that 



^ v/c/+)c = 0, k=-n,-{n-l),...,n, and ^ v ; c '-"-i = -2rap°, 



i=-B-l 



Z=-n-l 
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that is, 



'2ni 


C_2h-1 


C- n -\ 








f — C-2(n+\) 





C-2n 


C-n ■ 


■ c 






-C-2n-l 





C-n 


C 




v 




-C-n-1 


, o 


Co 


Cn 


■ c 2n , 


,Vn) 




, " c -l > 



« ' * * L 2)i/\ v n J \ L -l / 

lor trie 2n+2 unknowns v\, I = — n, —{n — 1), and p° admits 

ny ii, me determinant of the coefficient matrix, in this case IniH^ 2 "^ , is 
zero; but, it was shown above that H[ 2n } > 0. Furthermore, via Cramer's Rule: 

' ' 2h+1 ' 



a unique solution if, and only if, the 
non 



-C-2n-2 


C-2H-1 ■ 


• C- n -\ ■ 


■ C-i 


-C-2n-l 


C-2n 


C-n ■ 


■ c 


-C-n-1 


C-n 


c 


■ c„ 


-C-l 


CO 


Cn 


■ c 2n 



i h: 



(-2n-2) 
2ii+2 



2mH 



(-2n) 
2n+l 



2m W (-2») ' 
2«+l 



Using the Hankel determinant formula (HA1) with the substitutions m = -2(n+l) and k = 2(n+l), one 
arrives at 



H ^ 2) -(2n + 2)!XX"-X S i 



2n+2 



2n-2„-2)i-2 



c -2n-2 
s 2n+2 



7( S '- S /) 2 



i,l=l 



2n+2 



xdfi(si)dfi(s 2 ) ••■ df/(s2,i+2)>0; 

hence, H^~ 2 "~ 2 ^ /H^~ 2 _^>0. Using, now, the fact that ^(s^Yn^s^s) ds = 0, k=-n, -(n-1), ...,«, and 
the relation J R (s _1 Yn(s))s~(" +1 'zf;(s) ds = -2mp°, one notes, via the above formula for p", that 

f (s- 1 Y 11 ( S )) S -(" +1 ^(s)ds= f (s- 1 Y 11 (s))(s 
Jr Jr 0. 



| S - ( " +1) +7_„s-" + -- -+v„s") w(s)ds 



Jr 



->Yii(s) 



= | ( S - 1 Y 11 (s)) 2 iy( S )d S =-27iip°=H(; 2 ; 2 - 2) /H(; 2 ; 1 ) (>o) ; 

but the right-hand side of the latter expression is equal to {^^)~ 2 = ll* _1 Yii(*)||^. (> 0) (cf. Equations 



(1.8)): the existence and uniqueness of z _1 Yn(z) =: 7i2n+i(z), the odd degree monic OLP with respect 
to the inner product (•, is thus established. □ 

Corollary 2.2.1. Let V: R\{0} — >R satisfy conditions (V1)-(V3). Let 7i2n(z) and 7t2)i+i(z) be the even degree 
and odd degree monic OLPs with respect to the inner product (-,•}£ defined, respectively, in Equations (1.4) 
and (1.5), and Zet E,^ and fee f^e corresponding 'even' and 'odd' norming constants, respectively. Then, 

E} 2 ^ and have the following representations: 



r(2n) 
^ii 

V2n + 1 



f f • • • f S l 2 " S 2 _2 " • • • S 2 _ , 2 " ft( S ' - S ') 2 • • • <#(S2«) 

Jr Jr Jr -, = j 



2n 



Jr Jr Jr 



2))+l 



2)1 i -2n i -2n 
A 2 " ' /l 2ii+l 



'\{A i -A l fdp{A l )dp{A 2 ) ■■■ dp(A 2 „ + i) 



i,l=l 



2)1+1 
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(2n+l) 
-n-l 



V2(n + 1) 



nr 2«+i 
■ ■ ■ I a)" 2 " CD" 2 " • • • cD" 2 ^ TT (cD,-cD,) 2 d/J(CDi) dfT(a) 2 ) ■ ■ ■ d/7(cD 2 „ + i) 
Jr j^Jj 



2n+l 



.17-/. 

Jr Jr Jr 



2»+2 



2n-2,-2n-2 



c 2 -„ 2 ^ 2 nfe-Q) 2 dM(ci)d/I(<;2) ••• dfT( C2n+2 ) 



2//+2 



rofere df/(z) := exp(-N V(z)) dz, NeN. 



Proof. Consider, without loss of generality, the representation for . Recall that (cf . Equations 

(1.8)) ) 2 = ^2n+\l^2n+2 2 ' } ( > ^) : usm g me integral representations for H 2 ~ 2 'j and HT^tT derived 

in (the course of) the proof of Lemma 2.2.2, and taking positive square roots of both sides of the 
resulting equality, one arrives at the representation for See [38], Corollary 2.2.1, for the proof 

of the representation for 



(Zn) 



Proposition 2.2.1. Let V: R\ {0} — > R satisfy conditions (V1)-(V3). Let 7l 2n (z) and 7i 2 „+i (z) be the even degree 
and odd degree monic OLPs with respect to the inner product (v),c defined, respectively, in Equations (1.4) 
and (1.5). Then, 7l 2n (z) and 7l 2n +i(z) have, respectively, the following integral representations: 



7i 2 „(z) = 



(2„)!H™ 



xx-x 

Jr Jr Jr 



2n-l 



2»i-l 



c -2» -2h 
s s l 



j=0 



i,l=0 



2n 



x d/i(s ) d J u(si) ■ • • d(U(s 2n _i), 



-n-l 



7t 2 „+i(z) 



t(-2«) 
x 2n+l 



(2n+i)\H\.:r: jkjk jr 



2 ". 2« 

Jr j = q 

'i<i 



2n+l 

x d/J(s ) d/7(s!) ■ ■ • dp(s 2 „), 



where 



In 

H 2n n) = TTT\ f f-f Ai 2 'U- 2 ".--A 2 t , fT(A i -A ( ) 2 d^(A 1 )d^(A 2 )-..d^(A 2 „), 
\ Ln )- Jr Jr Jr fjj: 



in 



i,l=l 

i<i 



2n+l 



v z " +1 J-JrJr Jr 



2n+l 



with dfi(z) := exp(-N V(z)) dz, NeN. 

Proof. Consider, without loss of generality, the integral representation for the odd degree monic 
OLP 7i2„+i(z). Let Sjt denote thefc! permutations a of {0, 1, . . .,k— 1}. Recalling that •:= Jj^s^ d]T(s), jeZ, 
where dfT(z) := a?(z) dz = exp(-N V(z)) dz, NeN, with V : R \ {0} -> R satisfying conditons (V1)-(V3), 
and using the multi-linearity property of the determinant, via the determinantal representation for 
7l2n+i(z) given in Equation (1.7), one proceeds thus: 



7l2n+l(z) = - 



(-2),) 



H 



2ii+l 



C-2))-l C-2n 
C-2n C-2n+l 



C-i Z 
Co z 



n-l 



C-l 
CO 



C(l 
Cl 



c 2n -i z 
c 2)I z 



n-l 
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-n-l 



H 



(-In) 
2ii+l 



C-2H-1 C-2n 
C-2n C-2n+\ 



C-l 



,1 



C-l 
CO 



CO 
Cl 



C211-I C2„ 



(-2n) 



H 



2n+l 



L So 2 "' 1 M s o) / R s- 2 "d fi (s ) ••■ Lsgd/x(s ) 



Jln+1 



-n-l 



H 



(-2n) 
2n+l 



n - l d l u(so)d l i((si) • • • d/j(s 2 „) 
Jr 



211+1 



H 



{-In) 
2n+l 



n - l d l i((so)df;(s 1 ) • ■ ■ dfj(s 2 „)s ( 



-2n-l 
l-2n 



"In 
2° 



2n-l„-2n 



-2n 
2n+l 



-2h 



2n-l c 2n 



J 2n 



J2n -.2)1+1 



2)/+l 



s° s 1 

35' <r 



c 2n c 2))+l 
b l b l 



2n 2n 
z 2n z 2n+l 



-n-l 



H ( ; 2n h2n + 1)\ a £t - 

2)1+1 v ' "€e 2 „ + i ^ 



Y \ I ■ ■ I dfi(s o(0) )dfi(s am ) ■ ■ ■ du(s a{2n ) 
t& Jr Jr Jr 



2n+l 



Y c -2n-l c -2n-l c -2n-l„0 c 1 c 2n 
Ai <j(0) b a(l) b a(2n) b a(0) b a(l) b a(2n) 



S° S 1 
o(0) o(0) 

S° S 1 



S° S 1 
u(2)i) °a(2n) 



e 2n 


s 2d+1 


b a(0) 


b a(0) 


c 2)i 


s 2))+l 


b a(l) 


b a(\) 


,,2)1 


o2)i+l 




o(2») 


z 2 " 


2 2n+l 



-n-l 



- f [■■■[ djl(s )d]l(s 1 )---djl(s 2n )s- 2n - 1 s- 2n - 1 -- 
! Jr Jr Jr 



-2h-1 



"2« 



2)1+1 



s° si 



s° s 1 

3 2n 3 2)i 



g 2)j g2)i+l 



"1 "1 



„2)i „2)i+l 
b 2n b 2n 
z 2n z 2))+l 



-«-l 



f4;+i ) (2n+D! 



r f... r d^d^so-.-d^^s- 2 "-^- 2 " -1 -- 

Jr Jr Jr 



-2))-l 



D 2n 



2»+l 
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s° s 1 

°2n °2n 



„2n+l 



Z° Z 1 



s 2« ,,2h+1 
s 2n s 2n 
z 2n 2 2n+1 



but a straightforward calculation shows that 



s° si 



s l s l 



s° s 1 

B 2n 5 2n 



g 2n g 2n+l 



H+l 



s 2n „2«+l 
s 2n s 2« 



s 2n s 2n 



2/! 



;=0 



whence 



"2»( z ) = t^-, f [■[ d J u(s )d/i(si) ••• d/i(s 2 „)S[ 

H^(2n+1)! JrJr Jr 



2h-1„-2ii-1 



-2ii-l 



3 2« 



2n+l 



2h 

x J|(z-s y ) 

j=0 



s° sl 



s° s 1 

S 2ii S 2n 



2n 



n- • • f d l u(s )d,u(s 1 ) ■ • • d^s^s,; 
Jr 



2n-l„-2n-l 



a -2n-l 
b 2n 



2n+l 



2n 

x JJ(z-s y ) 

/=0 



-2n q 2n 



= ny = „fe-S,) 2 

l<i 

hence the integral representation for H2 H +i (z) stated in the Proposition, with the integral representation 
for H\?$ derived in the proof of Lemma 2.2.2. See [38], Proposition 2.2.1, for the proof of the integral 
representation for the even degree monic OLP 7i2»(z). □ 

Remark 2.2.1. For the purposes of the ensuing asymptotic analysis, it is convenient to re-write 
d(U(z) = exp(-N V(z)) dz = exp(-n V(z)) dz = : d/i(z), n e N, where 

V(z)=z V(z), 

with 

z : NxN->R+, (N,h)hz := N/n, 
and where the 'scaled' external field V: R \ {0} — » R satisfies the following conditions: 

V is real analytic on R \ {0}; (2.3) 
lim(v(x)/ln(;t 2 + l)) = +oo; (2.4) 

lim(y(x)/ln(x- 2 + l)) = +co. (2.5) 

(For example, a rational function of the form V(z) = Lt=- 2 > with Qk e R/ = _ 2mi, . . . , 2wt2, 
mi,2 6 N, and ~Q-zm x , ^2m 2 > would satisfy conditions (2.3)-(2.5).) 

Hereafter, the double-scaling limit as Ji,n —> oo such that z = 1 +o(l) is studied (the simplified 
'notation' « — » oo will be adopted). ■ 
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It is, by now, a well-known, if not established, mathematical fact that variational conditions 
for minimisation problems in logarithmic potential theory, via the equilibrium measure [43,44,79-81], 
play a crucial role in the asymptotic analysis of (matrix) RHPs associated with (continuous and 
discrete) orthogonal polynomials, their roots, and corresponding recurrence relation coefficients (see, 
for example, [46,47,49,53,62]). The situation with respect to the large-M asymptotic analysis for the 
monic OLPs, 7i„(z), is analogous; but, unlike the asymptotic analysis for the orthogonal polynomials 
case, the asymptotic analysis for n„(z) requires the consideration of two different families of RHPs, 
one for even degree (RHP1) and one for odd degree (RHP2). Thus, one must consider two sets of 
variational conditions for two (suitably posed) minimisation problems. 

The following discussion is decomposed into two parts: one part corresponding to the RHP for 

e 

Y: C \ M— >SL2(C) formulated as RHP1, denoted by Pi, and the other part corresponding to the RHP 
for Y : C \ R-> SL 2 (C) formulated as RHP2, denoted by P 2 . 
[3 ~ 

l hJ Let V : R \ {0} R satisfy conditions (2.3)-(2.5). Let l e v [u c ] : Mi(M) -> R denote the functional 



in 



rUi e \ = f£ 2 d f ' ( s ) <W)+2 Jf V(s) d^(s), 

and consider the associated minimisation problem, 

E y = inf|l y [^] ; ifeMiQEL)}. 

The infimum is finite, and there exists a unique measure // y , referred to as the 'even' equilibrium 
measure, achieving the infimum (that is, A1i(R)9f( y = inf{I y [ ( i/]; //eyV(i(R)}). Furthermore, u e v 
has the following 'regularity' properties (see [38] for complete details and proofs): 

• the 'even' equilibrium measure has compact support which consists of the disjoint union 
of a finite number of bounded real intervals; in fact, as shown in [38], supp(/j y ) =: ]/ 



- UN+I^flp ( C R \ {0}), where {V^cf^, with fcg := minjsupp^)} £ {-oo,0j, a> 



N+l 



max{supp(f/ y )} i {0, +oo), and -oo < b e < a\ < V 1 < a e 2 < ■ ■ ■ < b e N < a e N+1 < +oo, constitute the 
end-points of the support of u e v ; 

the end-points {by j,^}^ 1 are not arbitrary; rather, they satisfy an n-dependent and (lo- 
cally) solvable system of 2(N+1) moment conditions (transcendental equations; see [38], 
Lemma 3.5); 

the 'even' equilibrium measure is absolutely continuous with respect to Lebesgue measure. 
The density is given by 

du e v (x) := f v (x) dx=±(R e ( X ))]!%(x)l ]r (x) dx, 



where 

(R e (z)) V2 := 

U=i j 

with (R e (x))]! 2 :=lim t i (R e (x±i£)) 1/2 and the branch of the square root is chosen, as per the 
discussion in Subsection 2.1, such that 2,-( N+l \R e {z)) 112 ±1, h e v (z) := \ <L (R e (s))" 1/2 (^ + 

zeC± V JL R 

-jp-'Xs— Z) ds (real analytic for z e R \ {0}), where ' denotes differentiation with respect 
to the argument, C e R (c <C*) is the union of two circular contours, one outer one of large 
radius Rr traversed clockwise and one inner one of small radius r^ traversed counter- 
clockwise, with the numbers < r^ < R^ < +oo chosen such that, for (any) non-real z in the 
domain of analyticity of V (that is, C), int(Cy 3 ] e U {z}, and lj e (x) denotes the indicator 



3 It would be more usual, from the outset, for the bounded (and closed) set ] e :- ujlij 1 W^_ v fl yl to denote the support of 
however, the open (and bounded) set ] e provides an effective description of (the interior of) the support of \i e v : for this reason, 

- El 

J e (and at other times ] e ) is used to denote supp(p y ); mutatis mutandis for /„ and /„ (see ^^fl below). This should not cause 
confusion for the reader. 
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(characteristic) function of the set } e . (Note that ip e v (x)^0 V xe Je^U^ 1 ^^, if.]: it vanishes 
like a square root at the end-points of the support of the 'even' equilibrium measure, that 
is, </> e v (s)= 4 K 0{{s-¥ hl ) l l z ) and ^^O^-s) 1 / 2 ), ; = 1,. . .,N+1.); 

• the 'even' equilibrium measure and its (compact) support are uniquely characterised by 
the following Euler-Lagrange variational equations: there exists £ e e R, the 'even' Lagrange 
multiplier, and u e e Mi(R) such that 

4 J^ln(|x-s|)df/ f '(s)-21nM- : i7(x)-^ = 0, xej e , (P< 8) ) 
4 | ln(|x-s|)d//(s)-2m|x|-V(x)-4<0, xeR\]T; (Pf) 

• the Euler-Lagrange variational equations can be conveniently recast in terms of the complex 
potential g e (z) of \f y : 

g e {z):= f ln^z-s^zs)" 1 ) d// y (s), zeC \ (-oo,max{0,^ +1 }). 

J It 

The function gf : C \ (— oo, max{0, a c N+1 }) —* C so defined satisfies: 
(P] 1 ') ^( z ) i s analytic for ze C \ (-oo, max{0, «^ +1 }); 
(Pf) g«(z)= M( »ln(z)+0(l); 

(Pf) ^ + (z) + ^_(z)-y(z)-4 + 2Q e = 0, z e where £(z) := lim^o f(z ± ie), and Q e := 
JT ln(s)d// y (s) = jj ln(|s|)d^(s)+m jJ nR d^(s); 

( p i 4) ) § e + {z) + g-(z)-V{z)-{ e + 2Q e <0,zeR\)e, where equality holds for at most a finite 
number of points; 

(Pf >) ^ + (z)-g t l(z) = i/*(z), z e R, where : R-^ R, and, in particular, g%{z)-g e _{z) = i const., 

z e R \ / e , with const, e R; 
(Pf) i(g^(z)— gi(z))'>0, ze / e , where equality holds for at most a finite number of points. 

Let V: R \ {0}— >R satisfy conditions (2.3)-(2.5). Let l^[u°] : Mi(R) -> R denote the functional 

i° v tf/°]= rr in(^i- r )d fi °( S )d M o (f)+2 r v^d^®, » 6 n, 

JJk 2 \|s-f|»/ Jr 



and consider the associated minimisation problem, 

E^infjl^ ]; tfeMiiK)}. 

The infimum is finite, and there exists a unique measure f.i° v , referred to as the 'odd' equilibrium 
measure, achieving the infimum (that is, Aii (R) 3 ji° v = inf {1^ [fi ]; [i° e A4\ (R)}). Furthermore, u° v 
has the following 'regularity' properties (all of these properties are proven in this work): 

• the 'odd' equilibrium measure has compact support which consists of the disjoint union of 
a finite number of bounded real intervals; in fact, as shown in Section 3 (see Lemma 3.5), 
supp(^) =: /„ = uN+i(&P_ 1/fl p (c R \ {0}), where {W^cf^, with b° Q := minjsupp^)} g 
{-oo, 0}, := max{supp(^)} <£ {0, +oo}, and -oo < b° < «° < b\ < a° 2 < ■ ■ ■ < b° N < a° N+1 < +oo, 
constitute the end-points of the support of j.i° v ; (The number of intervals, N+l, is the same in 
the 'odd' case as in the 'even' case, which can be established by a lengthy analysis similar 
to that contained in [81].) 

• the end-points {b°_ v a°}^^ are not arbitrary; rather, they satisfy the n-dependent and (lo- 
cally) solvable system of 2(N+1) moment conditions (transcendental equations) given in 
Lemma 3.5; 

• the 'odd' equilibrium measure is absolutely continuous with respect to Lebesgue measure. 
The density is given by 

dix° v {x) := r v (x) dx=^-{R {x)) l l 2 }f v {x)\ h {x) dx, 
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where 

(R (z)) 1/2 := 



with (R (x))]! 2 := \im t io(R (x ± ie)) 1 ^ 2 and the branch of the square root is chosen, as 
per the discussion in Subsection 2.1, such that z _(N+1) (R (z)) 1/2 ~ z ^ m +1, h°(z) := (2 + 

zeC± 

i)- 1 ^ q (R (s))- 1 / 2 ( 7 ij + i^)(s-z)- 1 ds (real analytic for z e R \ {0}), where C° R (c C) is 

the union of two circular contours, one outer one of large radius R b traversed clock- 
wise and one inner one of small radius r° traversed counter-clockwise, with the numbers 
< r° < R" < +oo chosen such that, for (any) non-real z in the domain of analyticity of V (that 
is, C*), int(Cy 3 } U {z}, and lj (x) denotes the indicator (characteristic) function of the set } . 
(Note that ipy(x)>0 V xeJ :=U ! p l L [b°_ 1 ,a°]: it vanishes like a square root at the end-points 
of the support of the 'odd' equilibrium measure, that is, ipy(s) = B iv>. 1 (^((s-b .^) 1 ^ 2 ) and 
r v (s)=s V 0((a -s) 1 / 2 ), j=l,...,N+l.); 

• the 'odd' equilibrium measure and its (compact) support are uniquely characterised by 
the following Euler-Lagrange variational equations: there exists £ e ]R, the 'odd' Lagrange 
multiplier, and yP e M\ (R) such that 

2(2+^) fMx-s\)dp%s)-2]n\x\-V(x)-{ o -2(2+^Q o =0, xej , (P< fl) ) 
2^2+iJJ^In(|ac-s])d/i o (s)-2]nW-y(*)-^-2(2+ijQ o <0 / xeM\To, (Pf) 

where Q := ^ ln(|s|) d/z°(s); 

• the Euler-Lagrange variational equations can be conveniently recast in terms of the complex 
potential g°(z) of u° v : 



g°(z):= f )n((z-s) z+1 Hzs)- 1 )dii' v (s), zeC \ (-(», m ax|0/ N+1 

The function g° : C \ (-00, max{0, fl^ +1 }) -» C so defined satisfies: 
(P^) g°(z) is analytic for zeC \ (-co, max{0,a^ +1 }); 



(P^) ^(z)= z ^o-ln(z)+6)(l); 

zeC\K 

(Pf ) g° + (z) + g°_(z)- V(z) -OH, = 0, z e fa, where g° ± (z) := ]im Elo g°(z±i £ ), and 



^ : = d + ^) £ W WH* d^( S ) ± in(2 + I) d^(s); 



( p 2 4) ) g° + (z)+g°_(z)- V(z)-4-C!+ -CI" <0, zeR\ / , where equality holds for at most a finite 
number of points; 

(Pf ) g° + (z) - g°_(z) - + Q" = i/*(z), z e R, where /* : R -> R, and, in particular, g° + {z) - 

g°_ (z) -.Q+ +.Q" =i const., z e R \ /„, with const. e R; 

(Pj ) i(g+(z)-,g-°(z)-£l^ l + Cl~ )' >0, ze J , where equality holds for at most a finite number 
of points. 

In this three-fold series of works on asymptotics of OLPs and related quantities, the so-called 
'regular case' is studied, namely: 

• du L v , or V: R \ {0} — > R satisfying conditions (2.3)-(2.5), is regular if: (i) h e v (x) S on J e ; (ii) 
4 f ln(|x-s|)d l Li e v (s)-21n|x|-y(x)-4<0,xeR\ J e ; and (iii) inequalities (P^ 4) ) and (Pf } ) in Pi are 
strict, that is, < (resp., >) is replaced by < (resp., >); 

• d^, or V: R \ {0} -» R satisfying conditions (2.3)-(2.5), is regular if: (i) h° v (x) ^Oonfc (ii) 
2(2+1) ^ ln(|x-s|) Ay°y{s)-2]n\x\-V{x)-t -2{2+\)Q <0, xeR \ J , where Q := _£ ln(|s|) d i u F (s); 
and (iii) inequalities (P~ ) and (P^) in P2 are strict, that is, < (resp., >) is replaced by < (resp., 
>) 4 - 

4 There are three distinct situations in which these conditions may fail: (i) for at least one x e e K \ } e (resp., x £ R \ /„), 



Asymptotics of Odd Degree Orthogonal Laurent Polynomials 



29 



The (density of the) 'even' and 'odd' equilibrium measures dy. e v and djj° v , respectively, together with 
the corresponding variational problems, emerge naturally in the asymptotic analyses of RHP1 and 
RHP2. 

Remark 2.2.2. The following correspondences should also be noted: 

• g e -C \ (-oo,max{0,a^ +1 }) — > C solves the phase conditions (P' 1) )-(P l j 6) ) <=> A1i(K) 3 p. e v solves the 
variational conditions (P^) and (Pf); 

• g° : C \ (-<», max{0, a° N+1 }) C solves the phase conditions (P ( ^)-(Pf ] ) <=> Mi (1R) 3 y.° y solves the 
variational conditions (P? ) and (Pi^). ■ 

Since the main results of this paper are asymptotics (as n — > oo) for 7i2, !+ i(2) (z e C), and 
(p2n+i(z) (z e C), which are, via Lemma 2.2.2, Equation (2.2), and Equations (1.3) and (1.5), related 



to RHP2 for Y: C \ 1R -» SL 2 (C), no further reference, henceforth, to RHP1 (and Lemma 2.2.1) for 

e 

Y: C \ K — > SL2(C) will be made (see [38] for the complete details of the asymptotic analysis of 
RHP1). In the ensuing analysis, the large-n behaviour of the solution of RHP2 (see Lemma 2.2.2, 

Equation (2.2)), hence asymptotics for n, 
the entire complex plane), are extracted. 



Equation (2.2)), hence asymptotics for 7i2 f! +i(z) (in the entire complex plane), £,_'**l and (pi n +i{z) (in 



2.3 Summary of Results 

In this subsection, the final results of this work are presented (see Sections 3-5 for the detailed analyses 
and proofs). Before doing so, however, some notational preamble is necessary. For /=!,..., N+ 1, let 



2/3 



and 

,2/3 



where (R (z)) 1/2 and h° v (z) are defined in Theorem 2.3.1, Equations (2.8) and (2.9). Define the 'small', 
mutually disjoint open discs about the end-points of the support of the 'odd' equilibrium measure, 
{b°._ v a } 1 ^, as follows: for /=1 7 . ..,N+1, 

:=jzeC; |z-a°|<S;j and :={ze<C; Iz-^^S^}, 

where (0, 1)35^. (resp., (0, V)3b° h ) are chosen 'sufficiently small' so that 0°.(z) (resp., O" (z)), which 

are bi-holomorphic, conformal, and orientation preserving (resp., bi-holomorphic, conformal, and 
non-orientation preserving), map U° (resp., HJ^ ), as well as the oriented skeletons (see Figure 5) 



U^E^' (resp., U^ jE"'' (see Figure 6)), injectively onto open (and convex), n-dependent neighbour- 
hoods of such that: 



(i) o;( fl °) = o(resp.,o;; ( i (w_ 1 ) = o); 

(ii) <K.: U° s ->IJ° :=0" (U° s ) (resp., O" : U° ^U" :=$? (U° )); 

4 J h ln(K-s|)d^ v (s)- 2\n\J e \-V<J e ) -C e = (resp., 2(2+ \) ^ In(R-s|)d^(s)-21n[5 |-y(5 )-/ -2(2+l)Q (J = 0), that is, for 
)3 even (resp., ;? odd) equality is attained for at least one point lc e (resp., x ) in the complement of the closure of the support 
of the 'even' (resp., 'odd') equilibrium measure f.iy (resp., y° v ), which corresponds to the situation in which a 'band' has just 
closed, or is about to open, about ~x e (resp., x ); (ii) for at least one ~x e (resp., Tc ), li e v (x e ) = (resp., h° y (x ) = 0), that is, for n even 
(resp., n odd) the function h" v (resp., h° y ) vanishes for at least one point ~x e (resp., x" ) within the support of the 'even' (resp., 
'odd') equilibrium measure j.i e v (resp., f.t' v ), which corresponds to the situation in which a 'gap' is about to open, or close, about 
Tc e (resp., Tc ); and (iii) there exists at least one /e {1,.. .,N+1], denoted j e (resp., ;'„), such that h e v (b''. _ l ) = and/or hy(a e . ) = 
(resp., h° v (b° j) = and/or h" v (a . ) = 0). Each of these three cases can occur only a finite number of times due to the fact that 
V: R\ (0|^R satisfies conditions (2.3)-(2.5) [46,81]. 
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Figure 5: The conformal mapping Q = 0>°.(z) := (§(n+|) £ (R (s)Y /2 h° v (s)) 2/3 , ] = !,..., N+l, where (0° ; ) _1 
denotes the inverse mapping 

(iii) ^(U^ nz^o^u^ny:;' {tesp.,V> n^)=«g (U» )n^); 



(iv) O^^nQ^^/UynQ:;' (resp., O fcM (U» Vi n ) = 0^(0^)0 0^), with (and 
Qf ) = {C e C; arg(C) e (0,271/3)}, Q°f (and Q ' 2 ) = {C e C; arg(C) e (2n/3, n)}, Q° a f (and Of ) 
= {Qe€; arg(Qe(-n, -2tt/3)}, and C^; 4 (and a£) = {QeC; arg(Qe(-27i/3,0)} 5 . 

Introduce, now, the Airy function, Ai(-), which appears in several of the final results of this 
work: Ai(-) is determined (uniquely) as the solution of the second-order, non-constant coefficient, 
homogeneous ODE (see, for example, Chapter 10 of [82]) 

Ai"(z)-zAi(z) = 0, 

with asymptotics (at infinity) 



Mz) ~ J- z -y^e-^y(-i) k s k (C(z)r k , m-=\ z 



|aig2|<7t - V " k=0 



-1 ^ 

Ai'(z) ~ - z ^ e <^Y(-i)\ m) -\ 



(2.6) 



where so = to = 1, 



T(3fc+l/2) (2fc+l)(2fc+3)---(6fc-l) /6fc+l\ 

Sfc = ; = ; , ft- = — — St, fceJN, 

54%r(fc+l/2) 216% \6fc-l/ 

and T(-) is the gamma (factorial) function. 

In order to present the final asymptotic (as n — » oo) results, and for arbitrary N+l, consider 

the following decomposition (see Figure 7), into bounded and unbounded regions, of C and the 
neighbourhoods of the end-points V^_ v a°, i ' = 1, . . . , N+l (as per the discussion above, n = 0, 

5 The precise angles between the sectors are not absolutely important; one could, for example, replace 2n/3 by any angle 
strictly between and n [2, 46, 47, 49, 79]. 
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Figure 6: The conformal mapping C = % fe) := (-§(n+|) ^ 1 (K (s)) 1/2 ft^(s)) 2/3 / /=1,. . .,N+1, where 
(O" ) _1 denotes the inverse mapping 

k = l,...,N + l). Asymptotics (as ti-^oo) for tz 2 „ + i(z), with z e U* =1 (Y° U (Uj^Q^ U Q°; j ))), are 
now presented. These asymptotic expansions are obtained via a union of the DZ non-linear steepest- 
descent method [1, 2] and the extension of Deift-Venakides-Zhou [3] (see, also, [45-63, 66-69], and the 
pedagogical exposition [79]). 




Figure 7: Region-by-region decomposition of C and the neighbourhoods surrounding the end-points 
of the support of the 'odd' equilibrium measure, [b _ v a°\ N ^ 



Remark 2.3.1. In order to eschew a flood of superfluous notation, the simplified 'notation' 0{{n+\ /2)~ 2 ) 
is maintained throughout Theorem 2.3.1 (see below), and is to be understood in the following, normal 
sense: for a compact subset, 35, say, of C, and uniformly with respect to z e 35, 0((n + l/2)~ 2 ) := 
0(c\z,n)(n + l/2)- 2 ), where ||c"(vn)||xp(35) =n^°° 0(1), p e {1, 2, oo}, and 3 K? >0 (and finite) such that, 
V ze 35, \c\z,n)\ <„^ooK E . ■ 
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Theorem 2.3.1. Let the external field V: R \ {0} ->R satisfy conditions (2.3)-(2.5). Set 



&pL° v {x) :=f v (x) dx=—(R (x)) 1 J 2 h° v (x)l h (x) dx, 



where 



(N+l 



(R (z)) 1/2 := llliz-blJiz-al) 



Jc=l 



1/2 



(2.7) 



(2.8) 



with (K (*))± 2 := ]mx el0 (R o {x±ie)) 1 ' 2 , xej := supp(u° v ) = \J*£(V> a °) (c R \ {0}), JVeN (and finite), 
b° Q := min{supp(ii y )} {-co, 0}, a° N+1 := max{supp(u y )} £ {0, +oo}, and -oo <&g<fl^<&J<a£<---<&^< 
fl N+i < +00/ an ^ branch of the square root is chosen so that z~^ N+1 '(R (z)) 1/2 ~ z ^«> ±1, 



K,(z):=- 2+ 



1)" 



21 , iV(s)\ 

7TS n J 



c° VR (s) (s-z) 



ds 



(2.9) 



(reaZ analytic for z e R \ {0}), (c C*) is fize boundary of any open doubly-connected annular region of the type 
jz' eC; < r b < \z'\ < R b < +oo}, where the simple outer (resp., inner) boundary jz' = R b e l9 , < $ «S 2n] (resp., 
jz' = r b e l9 , < 5 < 27i}) is traversed clockwise (resp., counter-clockwise), with the numbers 0<r b <R b < +oo 
chosen such that, for (any) non-real z in the domain of analyticity ofV (that is, C*), int(C£,)D } U jz}, l/ (x) 
denotes the indicator (characteristic) function of the set ] , and [b°_ v a°}^jf^ satisfy the following n-dependent 
and (locally) solvable system of2(N+l) moment conditions: 



§^ds = 0, j=0,...,N, 



r (2s- 1 +v 
J;„ (Ro(s)) 

'^(s)) 1 / 2 r (i^+v'iQ) 



(2s- 1 + y , (s))s N+1 ds 



CMs))f 



2ra V nl 



f"'f i(Ro(s)) 1/2 f_(2, 

J«» [ 271 J, o (R 



(tf (£))f(£-s) 



d«£ 



ds = ln 



--(y (fl p-y(fop), ;=i m 



(2.10) 



Suppose, furthermore, that V: R \ {0} — >R is regular, namely: 

(i) fe°,(x)*0 on ]„ :=/„ u(uN+i{6g_ 1/fl »}) ; 

(ii) 



•km 



lnflx - s|) dp° v (s) -2 In \x\ - V(x) -£ -2\2+ 



-~)Qo=o, 

nl 



xej 



(2.11) 



which defines the 'odd' variational constant l 6 M (t/ze sazne on eac/z — compact — interval \ff_ v tfX 
;'=!,.. . ,N + 1), ifizere 



and 



(iii) 



where 



and 



Q := f ln(|s|)du y (s), 
^2 + i) f ln(|x-s|)dn° y (s)-21n|x|-y(x)-4-2(2+i)Q o <0 / ieE\fc; 

*^/o 

g° + (z) +g°_(z) - V(z) -€ o -(£L + A +£r A )<0, zeR\To, 
g°(z):= f ln((z-s) 2 ^(zs)- 1 )dn y (s), zeC \ (-oo,max{0,< +1 }), 

rin(|s|)^ F (s)ds-i7i f ^ y (s)ds±i7i(2+-) f t/> y (s)ds, 



(2.12) 



(2.13) 
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with 



r 



J„nR- 



r v (s)ds 



J 

J/„nR + 



^y(s)ds = 



0, /.CK+, 

1, / clR_, 

j^(s)ds, (flpp90, j=l,...,N, 

0, / cK_, 

1, /.cK + , 
^ +1 ^(s)ds, (8^)30, ] = !,..., N; 



(iv) 



Set 

where (det(m°°(z)) = 1) 

CO 

m ( Z )= 

y°(z):= 



i(g° + (z)-^(z)-ai+ai)'>0, z6/ . 

f ° CO 

an (z), 



m°°(z) = . 



zeC, 



-i9jr(z)ff 2 , zeC_, 



f (()/°(0))- 1 y°(z)+y°(Q)( J /°(z))- 1 ) m o / > urwi -,-w-rwu-v» > m o ^ 

(( J /'(0))- 1 y°(z)-y-(Q)(j'"(z))- 1 ) mO / v ((;-°(Q))-V(2)+;'°(0)0-°(2))- 1 ) _o 
2i ru 2lV z / 2 



Z-(l u /J- J-\Z-(!" 



((v°(0))- 1 )-°(z)-y°(0)( r "(z))-') mO 

m° 2 (z) , 

(>o), 



k=l k 



m° n (z):= 
m° 2 (z):= 



1 d o (u° + (0)+d o )d o (u°(z)-±(n + l)Cl o +d o ) 
E0 o ( U »(O)-^(n+i)Q o +d o )0°(«»(z)+d o )' 
1 e o (u°(0)+d o )e°(-« o (z)-^(n+|)Q o +d o ) 
E 0°(m° + (O) - i(n+ i)Q°+d o )0 o (-M"(z)+d o ) ' 



, , m 0°(« o + (O)+d o )0 o (« o (z)-^(« + I)Q o -d o ) 

1TU.. (z) := lb : , 

2lV 0°(-<(O)-i(n + I)Q o -d o )0 o (w"(z)-do) 

o o (M o + (O)+d o )0°(-« o (z)-i(« + i)Q o -d o ) 

m„(z):=E : , 

22V o (-«»(O)-^(n+i)Q o -d o )0 o (M°(z)+d o ) 



E = exp^i27z(n+-JJ i/>^(s)dsj, 
«°(z)= f oj", u° + (0)= f <u°, 



Q° = (Dj, Q^) T (e R N ), wfere 



Q?:=4tz 



V^(s)ds, j=l,...,N, 



and 



N+1 „z7 

y- 1 ; y 

ro/zere a sef ofN upper-edge and lower-edge finite-length-gap roots/zeros are 

jz^j^jz^C*; ((y°(0))-V(z)T/(0)(/(z))- 1 )U* = 0), 



(2.14) 



(2.15) 

(2.16) 
(2.17) 
(2.18) 
(2.19) 
(2.20) 
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with z '* e (a , V)*- (c C±), = 1, . . . , N. 



Let Y : C \ R — » SL2(C) f/ze unique solution o/RHP2 whose integral representations are given in Lemma 



2.2.2; in particular, z7t2 n +i(z):=(Y(z))ii. Then: 
(1) for zeiq (cC+), 

z7i 2n+1 (z) ^ E exp(n(/(z)-G+ ))[ (m-(z))ii( 1 +^(W) U 



+ O 



(n + i)2 



+ (m°°(z)) 2 i 



2' vv 



/ -i f i Yfi 



and 



J 



(sn 2n+ i(s))e-" v ^ ds 



s(s-z) 



^expf-^Cz)-^)) 

X (W"(z))i2 l + ^-rte(z)) +0 V- 



(m-(z))22 



w4 



where 



^Y(S°(«pS D (a°)-yL°(flp(^(^)+(flp- 1 S D (flp)) 
3g(z) := Jj L^J 



+ 



+ 



+ 



K(«°)) 2 «y 

(S o (W_ 1 )2? (^_ 1 )-^(W_ 1 )(^(W_ 1 ) + (W_ 1 )- 1 2° (^_ 1 ))) 

K(^-i)) 2 ^-i 



1 




(z-W 


l) 





1 


' A°(ap 


(z-ap 


^ (ap(z-ap 



\0 I ryOX^P I n 0\ 



with, for ;' = !,.. .,N+1, 



0?o(«°)) 2 



Sl Q>p e i( " + ^ 

(y°(0)) 2 



-X°(flpX°(flp i(X»(^)) 2 \ 
i(x°(ap) 2 X°(flpX°(flpj' 



x{^(^ a )+t a (^_i)-Q?(^_ 1 ) 
x(QS(^_ 1 ))- 1 }-fi(y°(0)) 2 jQg(W_ 1 ) 
+ (QS(^_ 1 ))- 1 N|(^_ 1 )^ 1 (W_ 1 )j 
+ i(si + fi)jNi 1 (^_ 1 )-Nj(^_ 1 )}) 



Q?(^_ 1 )(QS(^_ 1 ))- 1 }+tfi{QS(^_ 1 ) 

x(y°(0))- 2 -(Q° (^_ 1 ))- 1 (y o (0)) 2 

x(Ni(^_ 1 )) 2 j+2(s 1 -f 1 )Ni(b»_ 1 )) 



-Q?(^_ 1 )(Qo(^_ 1 ))" 1 }+ifi{QS(^_i) 
x(y°(0))- 2 -(Qg(b°_ 1 ))- 1 (y o (0)) 2 

x(Nl 1 (W_ 1 )) 2 j-2(s 1 -f 1 )Nl 1 (W_ 1 )) 



x(Q (W_ 1 ))- 1 }+^0 /0 (°)) 2 {Qo^-i) 
+ (C3S(^i)r 1 «l(^i)Ki 1 (^i)) 

+ i(s 1+ t 1 ){Si(^_ 1 )-Ki 1 (^_ 1 )j) 



(2.21) 



(2.22) 



(2.23) 

(2.24) 
(2.25) 



(2.26) 
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i(«+l)0° 



«i(«/)^(«/)(-^w{C2!(«?) 
+ QS(«p[iJ(«p+T 1 («p])-fi 
x{(y o (0))- 2 Qg(aJ)Kj(«?)Ki 1 (B?) 

+ (r°(o)) 2 (QS(«p)- 1 } 

+ i( Sl +i 1 ){S 1 _ 1 (flp-N{(flp)) 



(^(«P) 2 (tfB)f{Q?(«P +2 QS("P 

x ^(^)}+iti{QS(«p(^(«y))' 
x(/(0))- 2 -(Qg(fl°))- 1 0/'(0)) 
-2(s 1 -ti)K}(«°)) 



K(«p) 2 ((^{Q?(«p+2Q°o(^) 

x(y°(0))- 2 -(Q° (fl°))- 1 (y o (0)) 2 

+ 2(s 1 -f 1 )Ki 1 (flp) 



^K(^)(^{o;(«p 

+ Q>p[l}(«p+t 1 («°)]}+fi 
xj(/(0))- 2 Q°( fl pSj( fl pNi 1 ( fl ») 

+ (y°(0)) 2 (Q° (^))- 1 ) 
+ i(si+ti){N}(«J)-Ki 1 (8j))) 



51 -72' 



7 



|a?, i=l,...,N, 
10, i=0,N+l, 



Q°o(^) = -i 



N /h°-h \\ 



k=l v * 



1/2 



Vi:=l \ k Ok 

( N la' 

QlK + i)=\K + i-K)U(a> 



b°-a° 
u o U N+1 



N 'a -b°\\ 
"n+i u k 1 



1/2 



Q?(«N + l)- 2 Qo( fl N + l) \Y\ a o _ b o _ a o)+ o _ b o 
y k=1 \ u N+l u k N+l u k> N+l u O 



(b°-b°) 



(b -b°\ 



^ N+l ;/v ; /' fc=l 



-a ) II K-fl? n 



-,a"-ir. 



1/2 



N ( l 



v j u o °j "n+i u j u j 



1/2 



((a°-b°)(b°.-a ) r± 

K 1 OA ; j'TT 




N 

n 

/=/+! 






a -a? 


a°,-a° 



Q?(«P = 2 Q ° (fl / } 



N f 1 1 1 

fc=l V ; k ] k) 



1 1 
■ + ■ 



U j u o u j "n+i "/ U j 



(2.27) 



(2.28) 
(2.29) 
(2.30) 
(2.31) 
(2.32) 

(2.33) 
(2.34) 

(2.35) 
(2.36) 



where iQg(£^_ 1 ), Qg(«p > 0, ; = 1, . . . , N+ 1, 

1 e o «(O)+d o )0°«(5)-i(n+i)Q"+d o ) 



E0 o «(O)-^(« + i)Q o +d o )0°«(£)+d o )' 
e\-ul{0)-d o )d\ul{t)-±{n + \)Q°-d o ) 



2 ^ e»°(- M o(o)-i(n+i)Q o -d o )0 o (tt o + (a-d o )' 



u ( ei ,e 2/ Q ;4) 



u°(gi,£ 2 ,0;fl 

o (£ 1 « o + (^) + £2 d o ) + 0''( £l u«(£)-i(« + I)Q o + e2 d o )' 



£l,£'2 = ±l, 



(2.37) 
(2.38) 
(2.39) 
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t> (£ a , £2 ,0;£) , o°(e lr e 2 ,Q ;Z) [ u°(ei,£ 2 ,0;£) 



o ( ei M o + (a+£ 2 do) o (£ 1 H o + (£)-^(n+±)Q o +£ 2 d o ) ^"(^m^+^o); 
u o ( £l/ £ 2/ 0;5)u o (£ 1/ e 2/ Q o ;5) 



o (e 1 M o + (^)+£ 2 d o )e o ( £l M o + (5)-i(n+I)Q o + £ 2 d o ) 



(2.40) 



u°( £l , £2/ Q", f) :=2tiAJ(ei / £2, Q°, £), d"( £i , £ 2 , Q°, £) := ^Afci, £ 2 , Q°, 4), (2.41) 
A^(e 1 ,£ 2 /Q /5)= £ (^(^jj/e^^^^tO-s^+DQ'+^^+m^m)^ y = 1;2 , (2.42) 



r (£):= 



meZ N 

2(m, 4(C)) 



4(3 =(/<;(£), x°(£) x^)), 



,H N+1 



1/2 



X°(£) ' 

N 

X»(0:=£^ N -* f = l,...,N, 

x°(6g)=i(-i)V , x°(^ +1 )= fK+i , x (b ; )=i(-i) N -^, x°(«p=(-D N - /+1 ^, 

v ifc=l J 

N 

K + i-^)ri (fl N + i-^)(«N + i-4) 

k=l I 

H N 



1/2 



)t=l 



!=/+l 
N 



1/2 



1=7+1 



fc=l 



1/2 



(2.43) 

(2.44) 
(2.45) 

(2.46) 
(2.47) 
(2.48) 
(2.49) 



wtere c° /Jt „ j',k' = 1, ...,N,are obtained from Equations (Ol) and (02), r/&» 1 , ry^ >0, /=1, ■ ■ .,N+1, and 



^b° )=-i(-l) N h o v (b° )n K , 



^(^)=i(-D N ^ iy^ + W^fYw^r- 



+ 5Wb° ))V 



2 ( N i 1 i \ 1 

= E ? — + + ? — IF 

Vt!i \ N+i °/ "n+i "n+i 



25(BJ) = i(-l) 



N-7 



E 

^=1 



1 1 

; + ■ 



v ; fc } kj 



1 1 1 

+ 7— - + — ; + 



^o(«P=o(-l) N ~ ;+1 fcv(«P^ 



a?(«P = (-l) 



N-y+i 



E 

k=l 



1 1 
■ + - 



a°-b° a -a" 
\ 7 fe / fc / 



7 "7 "n+1 "o 



111 
+ — — — + — ; + 



(2.50) 
(2.51) 
(2.52) 
(2.53) 
(2.54) 

, (2.55) 
(2.56) 



a°.-b°. a°-a° , 
77 7 N+l 7 



(2.57) 
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(5)forzeCl° b 'l i (cC + nU° ( ),; = 1,...,N+1, 

Z 7i 2 „ +1 (z) n = M Eexp(n(g°(z)-Q+))(mW(z)) 11 fl+^ I (^(z)-^( Z )) 



+ O 



v("4) 2 y 



+ (m f f ;' 1 (z)) 21 (^ T (^(z)-^(z)) i2 +0 



y n+ 2 



and 



(S7i 2 „ +1 (s))e-" y ( s > ds 
s(s-z) 2m 



I I exp(-n(^(z)-^-^))((m;'; 1 (z)) 12 
l+J^{X(z)-X(z)) +0 



\\\ 



+ K' 1 (Z))22 



(" + |) 2 J 



where 



{mf{z)) n := - i V^e |( " 4) ^ (2) (i(Ai(p fc )(p i 1/4 -Ai'(p fc )(p i O- 1/4 )( W >(z)) 1 
-(Ai(p fc )(p fc ) 1 / 4 + Ai'(p fc )(p fc )- 1 / 4 )(^(z)) 12 e- l( "^ )D H) / 



l(n+i){°. ,(z)/. 



v . i(n+i)D° , 

x e 2 



(i(- Ai(a> 2 p ; ,)(p 6 ) 1/4 + a, 2 Ai'(a> 2 p b )(p b )- 1/A )(m°°(z)) 
+(Ai(a> 2 p fc )(p 6 ) 1/4 +a; 2 AiV^X^)" 174 )^^) , 



(mf (z)) 21 := -iV^e 



|(n+i)K. »/. 



(i(Ai(p fc )(p b ) 1/4 -Ai'(p fc )(p b )- 1/4 )(m K '(z)) 21 



(Ai(p fc )(p fc ) 1 /4 + Ai'(p fc )(p fc )- 1 / 4 )(^-(z)) 22 e- i( "^ )D °-) / 

ie" i( " 4)£ V 1 (2) (i(-Ai(^)(p i ) 1/4 +a ) 2 AiV 2 p* t )- 1,4 )(™ m W)2i 
x e^i^ +(Ai(a, 2 p ; ,)(p b ) 1/4 + a; 2 Ai'^)^)- 1 / 4 )^-^), 

wz'tft cu = exp(27ii/3), 

N+1 / \ 
XS(z) := (z)lu^ i (z)+^(z)lu^ (z) j , 

S Az) = -2 r\Ro(s)) V2 K(s)ds, 



-(si + fi) -i(si - fi)e 



i(«+i)0° \ 



-i(si - fi)e 



(si + h) 



(m°°(z))-\ 



&(z) li(sj - fi)e 



-(si + fi) i(si - h)e 



i(n+i)Un 



(Si + h) ) 



(m°°(z))-\ 



e a Xz)=2 f(R ( S )) 1/2 / J ° y ( S )ds / 

Ja° 



aniliu» (z) (resp., lu° (z)) the indicator (characteristic) function of the set U° 6 (resp.,U° d ); 
(6) for z e Q°' 2 (c C + n U° ),j=l,...,N+ 1, 

Z7r 2n+ i( Z ) n = M Eexp(n(g ( Z )-a^ 
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(m p ' (z))i2 := Vne 'e 



K' 3 (z)) 2 i : 



+ (a, 2 Ai(a, 2 p b )(p b ) 1 / 4 + a^^^ 

Xe- i ^5 ) ^-(^Ai(a;p fc )(p fc )V 4 + Ai'(a;p 6 )(p fc )- 1 / 4 )(^( Z )) 12 )^ 

'(i(-( i ; 2 Ai(w 2 p b )(p fc ) 1 / 4 +^Ai'(« 2 p b )(p i ,)- 1 / 4 )(m 00 (z)) 21 
+ (a, 2 Ai(a, 2 p b )(p b ) 1 / 4 + a,AiV^^ 

^ 4(n+|)f - (z) (i(^Ai(a;p 6 )(p b ) 1 / 4 -Ai'(a;p fc )(p 6 )- 1 / 4 )(m-( Z )b 
i (" + i^- 1 -(a^Ai(a;p b )(p fc )V 4 + Ai'(a;p i ,)(p fc r 1 / 4 )(m 00 ( Z )) 22 ); 



(m^ 3 (z)) 22 := V^e 4 ^ 



x e 



(8) for zeQf (cCnU° ), /'=!, . . .,N+1, 



6t, 



and 



where 



zn 2n+1 (z) ^ i exp(n(g (z)-Q-)) ( m W( 2 )) 11 fl + -l I (^(z)-^(z)) ii 



E 



(n+i)2 



2' // 



+ (mf(z)) 21 



L( SS( z)- W ) i2+ of-l 



^+2 



*1r 



(S7i 2n+1 (s))e-" v ( s ' ds 



s(s-z) 



2 - H = KJ EeX P(-"^( Z )-^-^))((<( Z ))l2 
( 1 ~ ( 1 

1 + — r fe(z)-^(z)) +0\ =— 



■(«p' 4 (z))22 



V"+2 



1 (T (z)-T (z)) n+ A-^ 



(n+i) 2 



2' /// 



(<(z)) ia := - i V^e 2( " +5H V 1 (z) (i(Ai(p b )(p fc ) 1 / 4 -Ai'(p b )(p b )- 1 / 4 )(>(z)) 11 
-(Ai(p b )(p b ) 1 / 4 + Ai'(p ;) )(p b )- 1 / 4 )( W V(z)) 12 e l( "^ )U H), 

(m^(z)) 12 := V^e-?e" |( " 4) V 2) (^^ 

xe-^'^-f^Ai^p^^^^+Ai'C^p^Cp^^^JCm-Cz))!,), 

(< 4 (z)) 21 := - i V^e |( " 4H V 1 (2) ( i (Ai(p b )(p b ) 1 / 4 -Ai'(p b )(p b )- 1 / 4 )(>(z)) 21 



-(Ai(p b )(p b ) 1 / 4 +Ai'(p b )(p b )- 1 / 4 )(^-(z)) 22 e l( "^ )U H), 

x e^+D^M -( w 2 Ai(a;p b )(p b ) 1 / 4 +Ai'(a;p b )(p b )- 1/4 )(>(z)) 22 ); 
(9) for z e Q"; 1 (c C + n U» 0j ), /= 1, . . . , N+l, 

ztz 2h+1 (z) n = m E exp(n(g"(z) - ))L^(z)) u (l + " W) u 

-i^|| + ( m f(z)) 2 /^te(z)-^(z)) 

/12 \(n+$) 2 ) 



(n + i) 2 



2^ y; 



«+ 
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and 



j 

Jr 



(sTt 2n+1 (s))e- nV ^ ds 



s(s-z) 



2ni 



+« 1 (z)) 22 



V"+2 



2' // 



_ 2 

2^ 



where 



ii 



(m;' x (z)) ai := -iV^e^^^^^^Ai^^Cp^^^Ai'^Cp^-^^m^Cz))!! 

+ (Ai( Pfl )(p fl ) 1 / 4 + Ai'(p 1I )(p fl )- 1 / 4 )(>( Z )) 12 e- i( "^ )0 °), 
(mf(z)) a2 :=V^e-V* (n+ ^^ 

Xe «»4)"'; + ( A i(a; 2 p fl )(p fl ) 1/4 +a ) 2 Ai'(a; 2 p fl )(p 17 )- 1 / 4 )(m-(z)) 12 ) / 
(mf(z)) 21 := - i V^e i( " +|H V z) (i(Ai(p fl )(p„) 1/4 -Ai'(p fl )(p fl )- 1/4 )(m 00 (z)) 21 

+ (Ai(p fl )(p fl ) 1 / 4 +Ai'(p fl )(p fl )- 1 / 4 )(>(z)) 22 e- i( "^ )u °), 
(<( Z )) 22 := VSe-*e- i( " +i ^ (2) (i(Ai(^p fl )(p fl ) 1 / 4 - W 2 Ai'(^pJ(p fl )- 1 / 4 )(m'»(z)) 21 



with 



1\ \ 2/3 

-2-r z) ) ; 

(10) /or z e Qjf (c C + n ), ;'= 1, . . . , N+l, 

zn 2n+1 (z) n = M Eexp(n(^^z)-^))|m;' 2 (z))n + (m;' 2 (z)) 12 e- 4 (" + ^ ni r~ +1 W ds ) 



l + ^(W {z)-W {z)) n+ O 



1_ 



x e 



-4(«+|)7tiJ[°N +1 



V s )4j(xj(z)-SS(z)) i2 - 



((mf(z)) 21 + (m;' 2 (z)) 



22 



2> ) ) J 



and 



j 

Jr 



(sn 2 „+i(s))e " v(s) ds 1 / o+xV,* «2, u 



2 

\\\ 



1 ~ f 1 1 

1 + r (3Kfa)-3K(z)) +0\ — 

n+ i_\ ov > ov ;; u ^ (n+ i )2 ^ 

x (_L( W -^( z) ) i2+ 6> 



v(» + 3) 2 yy 



where 



(m:(z)) n --Wne 21 - ' 



(i(-a;Ai(a,p fl )(p fl ) 1/4 +a; 2 Ai'(a;p fl )(p„)- 1/4 )(m 00 (z)) 
- (a Ai(ajp a )(pa) Vi +v 2 Ai\cop a )(p a )- 1/4 )(m™(z)) 12 e- i{n+ ^Y 
«(z)) 12 := V^e-V* (n+ ^ (z) (i(A^ 



(2.94) 



(2.95) 



(2.96) 



(2.97) 



(2.98) 



(2.99) 



(2.100) 



(2.101) 



(2.102) 
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{mf{z)) 21 := - i ^ei { " + ^> {z \i(-cvAi(up a )(p a ) 1 / i +cv 2 Ai'(cvp a )(p a T V4 )(m°»(z)) 21 



K 2 (z)) 22 := V^e^^f^ 



xe^^^UfA^VJCp^^'+^Ai'l^pJCpJ-^^m-Cz))^); 
(11) for zeQ°; 3 (cC_ n U ^ ), ;'= 1, . . . , N+l, 

zn 2n+l {z) I exp(n(^(z)-C- ))|(mf ( Z )) u -(mf (z)) 12 e 4 (" + i)™^ +1 W*) 



l+^-to-^z)) +0 



-((mf(z)) 21 -(mf(z)) 22 



l\n+ 1 - y oV ; oV y;i2 l(n+i) 



_ 2 

2 / yy 



and 



(S7i 2 „+i(s))e " v(s) ds / w 3 

S^i) 2^i ^oo 156 ^-"^ (Z))l2 



1+ ^ ( z)-*s(4 1+ ^ 



+ (mf(z)) 22 



\ n+ 2 



2> II 
\\\ 



2' III 



where 



{mf{z)) n := - i V^e l( " +l)£ "/ (2) (i(-w 2 Ai(a; 2 p ( ,)(p„) 1/4 + a; Ai'(a; 2 p«)(p«)" 1/4 )(>(z))n 

- (a, 2 Ai(co 2 p a )(p a )^ + ai Ai'(a; 2 p fl )(p fl )- 1 / 4 )(m-(z)) 12 e i( "^ )D °) , 

(mf (z)) 12 := V^e-* e^ ( "^ )f2 / (z) (i(-a; 2 Ai( (U p a ){p a ) 1 / 4 +Ai'( cy p fl )(p a )- 1 / 4 )(m 00 (z)) 11 

Xe - i (» + 5)°°-(a; 2 Ai(a;p fl )(p„) 1/4 +Ai'(a;p fl )(p fl )- 1/4 )(m 00 (z)) 12 ) / 
(mf (z)) 21 := - i V^ ( " + ^ (z) (i(-a; 2 Ai(a, 2 p a )(p a ) 1 / 4 + a; ^'(^^(p^^^J^Cz)),! 

- (a; 2 Ai^)^) 1 ' 4 + a, Ai'C^p^lpJ^^Jlm-Cz))^^*"^^) , 

(m;' 3 (z)) 22 := \^e- V |(n+ ^ (z) (i(-a, 2 Ai(a;p fl )(p fl ) 1/4 +Ai'(a;p„)(p fl )- 1/4 )(^ K, (z))2i 
Xe -i(H + i)o»_^ 2Ai( ^ )(pfl)1/ 4 +Ai , (wpfl)(pfl) -i/4j ( ^ 00(z)fe j. 

and (12) /or z e O^; 4 (c C_ nU^),/ = l,..., N+ 1, 



Z7i 2n+1 (z) ^ - exp(n(g°(z)-Q-)) 



E 
+ 01 



K' 4 (z))n 



(«+|) 2 J 



+K 4 (z)) 21 



l + _Lfe(z)-^(z)) 
U;F (z)-^(z)) i2+ <3 



' 1 



n+ ~ 

v 2 



and 



Jk 



(sn 2 „ +1 (s))e-» l/ ( s ) ds 



s(s-z) 



2ra 



H = ro Eexp(-n(/(z)-4-^))((<(z)) 12 
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-L (^ (Z) -^( Z) ) 12+ J-A 



(« + |) 2 J 



+ (<(Z))22 



(" + *) 2 J 



(2.113) 



where 



« 4 (z))„ := -i 



V^e l( " +lK % (2) (i(Ai(p fl )(p fl ) 1 / 4 -Ai'(p„)(p fl )- 1 / 4 )(^-(z)) 11 
+ (Ai(p fl )(p fl ) 1 / 4 +Ai'(p fl )(p, I )- 1 / 4 )(^(z)) 12 e i( "^ )0 °), 
(<(z)) 12 :=^e-?e^ ( "^ K "/ (2) (i(-a; 2 Ai(a;p I 0(p„) 1/4 +Ai'(a;p„)(p„)- 1/4 )(>(z)) 



^-(a; 2 Ai(a;p (l )(p 8 ) 1 / 4 + Ai'( (y p fl )(p 8 )- 1 / 4 )(^( Z )) 12 ), 



x e 

{mf (z)) 21 := - i V^e^ ( "^ K V 2) (i(Ai(p fl )(p fl ) 1 / 4 -Ai'(p„)(p fl )- 1/4 )(m-(z)) 21 



(2.114) 



(2.115) 



+ (Ai(p fl )(p fl ) 1 / 4 +Ai'(p„)(p fl )- 1 / 4 )(m 00 (z)) 22 e i( "^ )0 ') / (2.116) 

(m;- 4 (z)) 22 := V^e"* e" i( " 4) -"/ (z) (i(-a; 2 Ai(wp fl )(p fc ) 1/4 + Ai'(a;p fl )(p fl )- 1 / 4 )(m 00 (z)) 21 

Xe -(»4)o"_( a; 2Ai(a;p fl )(p fl )^ 4 +Ai'(a;p fl )(p fl )- 1/4 )(>(z)) 22 ). (2.117) 

Remark 2.3.2. Using limiting values, if necessary, all of the above (asymptotic) formulae for 7i 2 „ + i(z) 
and z J |R (s7l 2 „+i(s))e~" 1/ ^^(s(s-z))~ 1 ^ have a natural interpretation on the real and imaginary axes. ■ 



Theorem 2.3.2. Let all the conditions stated in Theorem 2.3.1 be valid, and let Y: C \ K. — » SL 2 (C) be 
the unique solution of RHP2. Let H; , (m,k) 6 Z x N, the Hankel determinants associated with the 
bi-infinite, real-valued, strong moment sequence = J ]R s k e~ nV ^' > ds, ne ^} keZ defined in Equations (1.1), 
and let 7i 2n+ i(z) fee f/ze odd degree monic orthogonal L-polynomial defined in Lemma 2.2.2, that is, zn 2n+ i(z) 



:= (Y(z))n, with n — > oo asymptotics (in the entire complex plane) given in Theorem 2.3.1. Then, 



<-2n) 
2n+l 



|7l 2 „+i(- 



(-2n-2) „_ 



1 + r s1(Q")i2+0 

n+j 



c\n) 



where 



(N+l 



,k=l 
N+l/ 

7=1 ' 



e°(« o + (0)-^(M+|)Q o +rf o )e o (-<(0)+rf o ) 

o (-M o + (O)-i(n+i)Q o +d o )0°K(O)+d o )' 

(ap 2 ^^)) 2 

1,0 "V-l^WkO 



(2.118) 



(2.119) 



(^(^_ 1 )(^(^_ 1 )+2(^_ 1 )-V (^_ 1 ))-a3«(^_ 1 )S D (^_ 1 ))^| 



(2.120) 



(W_ 1 )2(S D (^_ 1 )) 2 

(Q l ')i 2 denotes the (1 2)-element of£fi, c\n) =„^co 0(1), and all relevant parameters are defined in Theorem 2.3.1: 
asymptotics for are obtained by taking the positive square root of both sides of Equation (2.118). 

Furthermore, the n — > oo asymptotic expansion (in the entire complex plane) for the odd degree orthonormal 
L-polynomial, 

cp 2n+1 (z) = E,^l ) n 2n+1 (z), (2.121) 

to 0((n+l/2)- 2 ), is given by the (scalar) multiplication of the n — > oo asymptotics o/7i 2n+ i(z) and £,_ _' 
stated, respectively, in Theorem 2.3.1 and Equations (2.118)-(2.120). 

Remark 2.3.3. Since, from general theory (cf. Section 1), and, by construction (cf. Equations (1.3) 
and (1.8)), > 0, it follows, incidentally, from Theorem 2.3.2, Equations (2.118)-(2.120) that: (i) 

S">0;and(ii)Im((O l ')i2) = 0. ■ 
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3 The Equilibrium Measure, the Variational Problem, and the Tra- 
nsformed RHP 

In this section, the detailed analysis of the 'odd degree' variational problem, and the associated 'odd' 
equilibrium measure, is undertaken (see Lemmas 3.1-3.3 and Lemma 3.5), including the discussion 

of the corresponding g-function, denoted, herein, as g° , and RHP2, that is, (Y(z), I + exp(-nV(z))<j+, 
R), is reformulated as an equivalent 6 , auxiliary RHP (see Lemma 3.4). The proofs of Lemmas 3.1-3.3 
are modelled on the calculations of Saff-Totik ([43], Chapter 1), Deift ([79], Chapter 6), and Johansson 
[80]. 

One begins by establishing the existence of the 'odd' equilibrium measure, u° v (eAli(R)). 

Lemma 3.1. Let the external field V: R \ {0} — » R satisfy conditions (2.3)-(2.5), and set w"(z) := e~ y ' 2 '. For 
p° e Mi (R), define the weighted energy functional \° v [u°] : Mi (R) — » R, 

l v [p.°]:= jj ]n{\s-t\ 2+ ^\st\- 1 w (s)io°(t)y 1 dji°(s) dj.i°(t), neN, 
and consider the minimisation problem 

E° v = mf{r v [u ]; n'eMiO®}. 

Then: (1) E° v is finite; (2) 3 u° v e Ali(R) such that Iy[[iy] = E° v (the infimum is attained), and u° v has finite 
weighted logarithmic energy (— oo < Iy[jUy] < +°°); and (3) } := supp(/./^) is compact, J c {z; w°(z) > 0}, and 

Jo has positive logarithmic capacity, that is, cap(/ ) := exp(- inf{Iy[/i ]; /./" e All (/„)}) > 0. 

Proof. Let u° e Mi (R), and set 7 w°(z):=exp(-V(z)), where V: R\ {0}^R satisfies conditions (2.3)- 
(2.5). From the definition of Iy[fi°] given in the Lemma, one shows that, for ueN, 

Wl= ff ^J(l+^)m(|s-ir 1 )+m(|s- 1 -r 1 r 1 ))d/i o (s)d M o (0+2jry( s )d^(s) 

-Jj^K^^d^d^t), 

where (the n -dependent symmetric kernel) 

K v Js, t) = K Vn (t, s) := (l + ^)ln(|s - 1\~ *) +ln(| S - 1 - r 1 !" ') + V(s) + V(t ) 

(of course, the definition of Iy[fi°] only makes sense provided both integrals exist and are finite). 
Recall the following inequalities (see, for example, Chapter 6 of [79]): |s— f| < (l+s 2 ) 1/2 (l + t 2 ) 1/2 and 
Is-i-r 1 ! s: (l+s- 2 ) 1 / 2 (l+r 2 ) 1 / 2 , s, f6K, whence Infls-tr 1 ) >-\ ln(l+s 2 )-i ln(l+t 2 ) and lnds" 1 -^ 1 !" 1 ) > 
- \ In(l + s" 2 ) - \ ln(l + r 2 ); thus, 

K° Vin (s, f) > l - (l V(s) - (l + l)ln(s 2 + 1) - ln( S " 2 + 1)) + \ (2 V(t) - (l + i )ln(f 2 + l)-ln(r 2 + l)). 

Recalling conditions (2.3)-(2.5) for the external field V: R \ {0} -> R, in particular, 3 61 (= 5\(n)) > 
(resp., 3 6 2 (= b 2 {n)) > 0) such that V(x) > (l + <5i)(l + ±)ln(x 2 + l) (resp., V(x) > (l+<5 2 )ln(x- 2 + l)) for 
sufficiently large \x\ (resp., small \x\), it follows that 2V(x)— (1+^) ln(x 2 +l)-ln(x~ 2 +l) > C° v > -00, whence 
K° Vn (s, t) S= C° v (> -00), which shows that K° Vn (s, t) is bounded from below (on R 2 ); hence, 

l° v m> ff C v du°(s)dp°(t) = C v f dpj>(s) f du°(t)>C° v (>-oo). 
JJr 2 Jr Jr 

=1 =1 

6 If there are two RHPs, Qfi(z),v-i(z),Ti) and (3/ 2 (z),v 2 (z),r 2 ), say, withT 2 c r : and ^(zJlYj^H^ooI+tKl), then, within the 
BC framework [74], and modulo o(l) estimates, their solutions, J/i and J/ 2 , respectively, are (asymptotically) equal. 

7 A11 the introduced variables in the proof depend on n, which would necessitate the introduction of additional, superfluous 
notation to encode this n dependence; however, for simplicity of notation, such cumbersome ^-dependencies will not be 
introduced, and the reader should be cognizant of this fact: mutatis mutandis for the remainder of the paper. 
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It follows from the above inequality and the definition of E° y stated in the Lemma that, V //' 6 M\ (R), 
Ey ^ Cy > —oo, which shows that E° v is bounded from below. Let e be an arbitrarily fixed, sufficiently 
small positive real number, and set E 0/f := {z; w°(z) ^ e}; then E 0j£ is compact, and E Oj0 := U^E^i// = 

U^{z; w°{z) > T 1 } = {z; w°(z) > 0}. Since, for V: R \ {0} — > R satisfying conditions (2.3)-(2.5), w° is 
an admissible weight [43], in which case E n has positive logarithmic capacity, that is, cap(E n) = 
exp(- inf{I^ ]; u° e Mi(L ,o)}) > 0, it follows that 3I*eN such that cap(E o4/; .) = exp(- inf{I° y e 
A1i(E 0i i/;.)}) > 0, which, in turn, means that there exists a probability measure, [if,, say, with supp( ( u",) c 

E o4/ ,., such that J£ 2 ln(|s-t|-< 2+ ^|si|) d^°(s) d^°(f) < +co, where I? = E , 1/; . x £ 0/1// . (c R 2 ). For ze 

0,1/1* ' 

supp(^pcE 0/1/; ., it follows that w°(z)> 1/1* , whence J^ 2 ln^s)^)) -1 dju°(s) d/i° (f) <2 ln(P) < +co 



l v [^ = ff 2 Infls-fl^-lsfr'^Cs)^^ 1 d^,( S )d^,(0<+oo; 



thus, it follows that E° v := inf {I^[/.i ]; f/° e M (R)} is finite (see, also, below). 

Choose a sequence of probability measures {/i"„}^ =1 in A1i(R) such that l v [jj° m ]^E° v +^. From the 
analysis above, it follows that 

l " vWn] = 1L K ° V -" iS ' ° df ''" (S) d/4(0 * Hi5( 2 ^ (S) "( 1+ n) ln(s2 + 1) " ln(S " 2 + 1) ) 
+ 1(2 V(f ) - (l + l)ln(f 2 + 1) -ln(f" 2 + 1))) d/4(s) d/4(t). 



Set 



i/; y (z) := 2 V(z) - (l + l)ln(z 2 + 1) -ln(z" 2 + 1). 



Thenl^Cl > J R r v ( s ) d M™(s) => + ^ >J K V v ( s ) d f «(*)■ Recalling that 3 6j > (resp., 3 5 2 > 0) such 

that V(x) >(l+5i)(l + i)ln(x 2 + l) (resp., V(x) ^ (l+6 2 ) ln(x~ 2 + l)) for sufficiently large \x\ (resp., small 

|x|), it follows that, for any b > 0, 3 M > 1 such that j/T^(z) >fc„Vze {|z| >M } U (|z| ^M' 1 } =: £> , which 
implies that 



E° v + -> f ^(s)d f C(s)= f ^(s)d/4(s)+ f ^y(s)d f C 

>fc„ >-iq,| 

>& r d/4( S )-ic° v i r d/4( S »b r d^^-ic^; 

JX JR\D Js d 



e[0,l] 



thus, 



whence 



f d^sXb^+iq.i+i), 

limsup f d^CsXlimsupfc^^+IC^ + i)). 

By the Archimedean property, it follows that, V e > 0, 3 N e N such that, V m > N => m -1 < e ; 
thus, choosing b =e _1 (E y + |Cy|+e ), where e is some arbitrarily fixed, sufficiently small positive real 
number, it follows that limsup n! ^ co dfi°,(s) =£e => the sequence of probability measures [|U£J^ =1 in 
Ali(M) is tight [80] (that is, given e > 0, 3 M > 1 such that limsup )fMoo ^({|s| ^ M} U [|s| < M -1 }) := 
limsup nMoo J^ s]>Jvt}u{ | s|<A4 -i } dfi°,(s) < e)- Since the sequence of probabilty measures {/4}„=i m M(R) 
is tight, by a Helly Selection Theorem, there exists a (weak* convergent) subsequence of probability 
measures [f4jJSt=i m Mi(lR) converging (weakly) to a probability measure // e yVli(R), symbolically 
ju" mt A u° as fc -» co 8 . One now shows that, if u° m A jz , ^° e Ali(R), then lim inf,,,^^ > Iy[fi ]. 

8 A sequence of probability measures (f( m )™_j in M\(D) is said to converge weakly as m — » oo to f( 6 Mi(D), symbolically 
f(„, A fi, if f(„,(/) := J D f(s) dfi„,(s) — > J D f(s) df((s) =: f((/) as ni —> oo V / e C£(D), where C]^(D) denotes the set of all bounded, 
continuous functions on D with compact support. 
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Since w° is continuous, thus upper semi-continuous [43], there exists a sequence (iiij,)™^ (resp., 
{V m }™ =1 ) of continuous functions on R such that tv° , < w° m (resp., V m +i > V m ) 9 , me'N, and w° n (z) \ iv°(z) 
(resp., V m (z) y V{z)) as m— >oo for every zeR; in particular, 

l° v [u° k ]= ff K° Vn (s,t)du° k (s)du° k (t)> ff K° Vii n (s,t)du° k (s)du° k (t). 
JJr 2 ' JJr 2 

For arbitrary qeU, 1^] > ff R2 p°(s, t; n) d^(s) d/i»(t), where p°(s, f; n) := min {9, K^ n (s, f) j = p°(t, s; n) 
(bounded and continuous on R 2 ). Recall that {p° m )Z=i is tight in Ali(R)- For M > 1, let /x^(x) e C°(R) 
be such that: 

(i) h° M (x) = l,xe[-M , -M" 1 ] U [M-\M ] =: £ M „; 

(ii) h° M (x) = 0, x e R \ £ Mo+1 ; and 

(iii) 0<h° M (x)<l,xeR. 

Note the decomposition J^ 2 p°(f, s; n) du°(t) dp°(s) =I„+Ib+I c , where 



ff p°(f,s;n)(l-^( S ))d^(0d^( S ), 
JJr 2 

ft := J]^ fit, s; n)^(s)(l-^(0) d^(t) dp£(s), 



One shows that, for ueN, 



141 < ff \f(t,s;n)\(l-h^s))df k (t)df k (s) 
JJr 2 

sup |p (f,s;n)| f d^(f) f (l-^(s)) dp»+ f (l-h^s)) d^(s) 

(f,s)eR 2 Jr J^m,, -MtWi 



whence 



limsup|I„|^ sup |p°(f,s;n)|limsup I dp£(s)^e sup |p°(f, s; n)|; 

k^<x (t,s)€R 2 t^K) Jr\£ Mo+ i (f,s)€R 2 



similarly 



limsup |4| =£e sup \p°(t,s;n) 

k^cxy (t,s)€R 2 



Since, for n e N, p°(f,s;n) is continuous and bounded on R 2 , there exists, by a generalisation of 
the Stone- Weierstrass Theorem (for the single-variable case), a polynomial in two variables (with in- 
dependent coefficients), p(f, s; n), say, with p(t, s; n) = L;>;„ Yij( n )t' s ', such that \p°(t, s; n)-p(t, s; n)\ < 
e(n):=e; thus, 

|J&(f )J&(s)p°(t, s; n)-h° M (t)h° M (s)p(t, s; n)| < e, f, s e R. 

Rewrite / r as 



= ff ^(s)^(%a,s;n)d^(t)d^(s)+ ff ^(s)^(0(p o (f,s;n)-p(f, S ;n))d^(f)d^( S ) 
JJr 2 JJr 2 



One now shows that 

\f c \< ff hl(s)h%(t)\p°(t,s;n)-p(t,s;n)\dp° k (t)dp° k (s)^e f h° M (s)df k (s) f h° M (t)df k (t) 
JJr 2 „ ' Jr Jr 



9 Adding a suitable constant, if necessary, which does not change ff°,„ or the regularity of V : R \ |0| — » R, one may assume 
that V > and V,„ > 0, m e IN. 
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\2 



f h° M (s) dfi(s)+ f h° M (s) du° k (s) < e ( f d^(s)\ 



r ^ 

Jr 



and 



e = f f W'm« E E *A n ) fV d ^ (f) d ^ (s) 

= E E w< n >(X ^ (f)fi df '* (0 )(X ^ (s)s/ d ^ (s) 

E E y,7(n) (X ^ (f)fi dfi ° (0 )(X ^ (s)s/ dfl ° (s) 

= rrjEE^^ 

JJr 2 trtr 



(since p° k ~^ y° as A:— >oo) 



/^(0^( S )d f( °(f)df/°(s), 



whence, recalling that p(t, s; n) = Yji>i E;>/ yij( n )t l s', it follows that 



e= ff pas;R)^(t)^(s)d^(f)d^( S ). 

JJR 2 



Furthermore, for « e N, 



i?< rr p o (f, S ;n)^(o^(s)d f i o (od f( °( S )+ e r ^(wc*) r 

JJr 2 Jr Jr 



t°(s) 



I? < Xf /&s;n)|l+ (fc^(f)- 1)IU + (^(s)- 1)1 dp (t)dp (s)+e 

< rr p»(i, S ;n)d fl °(t)d fl »( S )+ rr p^^^^i^-nd^od^c^+e 

JJr 2 JJr 2 

+ ff p o (^s;n)|^(f)-l|d fi °(0d f / o (s)+ ff p°(i, S ;n)|^(t)-l||^(s)-l| d/(t)d F «( S ) 
JJr 2 JJr 2 

< ff p (f,s;n)d f / (f)d f /°(s)+2 sup |p°(f, s; n)| f |^(s)-l| dp°(s) f d fi °(f) 
JJr 2 (t, S )€R 2 J(r\^m )u^m Jr 



+ sup \p°(t,s;n) 

(t,s)6R 2 



\2 



f 

J (I 



(R\3D M „)U33 Mo 



- 1| d f( °(f) 



ff p°(t,s;n) 
JJr 2 



)d/i°(0 d/i°(s)+e 



1+2 sup |p°(f,s;n)| 

(f,s)eR 2 



+0(e 2 ), 



whereupon, neglecting the 0{e 2 ) term, and setting x\ := 1 +2 sup (( - gR2 \p°(t, s; n)\, one obtains 

Jj* p°(f,s;n)d J u°(0df( o (s) + x| , ,e. 
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Hence, assembling the above-derived bounds for I tt , If,, I c , and one arrives at, for n e N, upon 
setting e\ :=2x^e, 

ff p (t /S ;n)d^(t)du k (s)- ff p"(i,s;n)d^a)d^(s)<4; 
JJr 2 JJr 2 

thus, 

ff p°(f,s;n)d/i£(f)dfi£(s)-> ff p (t,s;n)du (t)du (s) asfc^co. 

JJr 2 JJr 2 

Recalling that p°(f, s;H):=min{i7,K y „(f/S)}/ (^/ m)eM. x N, it follows from the above analysis that, for 
tieN, 

liminfl>°]> ff mm\q r K° Vmn (t,s)}d^(t)d^(s): 
fc->°° JJr 2 1 "" ' 

letting q 1 oo and m — > oo, and using the Monotone Convergence Theorem, one arrives at, upon noting 
that min [q, K^Jt, s)}^K Vn (t, s), 

Uminfl° y [^]> ff K Vn (t,s)du (t)du (s) = l v Un ^^MfK). 
k- >oc JJr 2 

Since, from the analysis above, it was shown that there exists a weakly (weak*) convergent subse- 
quence (of probability measures) {y° mk }™ =l (c Mi (R)) of !fCC=i ( c M ( R )) wi th a weak limit /z° e Mi (R), 
namely, /./°, ( — » u° as fc — > oo, upon recalling that Iy[,u°„] ^ E y + ^, wi e N, it follows that, in the limit as 
m — > oo, < E v := inf{I y [^ ]; fi e Ali(R)}; from the latter two inequalities, it follows, thus, that 

3 := u° v eMi(K), the 'odd' equilibrium measure, such that l° v [[i° v ] =inf{I y [ l u ]; ^°eA1i(R)}, that is, 
the infimum is attained (the uniqueness of u° v e Ali(R) is proven in Lemma 3.3 below). 

The compactness of supp( J u y ) =: } is now established: actually the following proof is true for 
any u e Ali(R) achieving the above minimum; in particular, for u = fly. Without loss of generality, 
therefore, let u w e A1i(R) be such that = E y , and let D be any proper subset of R for which 

u w (D) := J D du w (s) > 0. As in [80], set 

l4,(z) := (1 +efi J „(D))" 1 (u w (z)+£(^i w l D )(z)), e e (-1, 1), 

where u w \d denotes the restriction of u w to D (note, also, that fi%>0 and bounded, and L du%(s) = 1). 
Using the fact that K° Vn (s, t) = K° Vn (t, s), one shows that, for n e N, 

WJ= ff ^„( S ,f)d f 4(s)d^(i) 
JJr 2 ' 

= (l + eu w (D))- 2 ff JC o yn (s,f)(d^ t ,(s) + ed( i u z „rD)(s))(d i u a) (f)+ed(f (lt ,rD)(0) 
JJr 2 

= (1 + eu w (D))- 2 {l l v hiu,]+2e jfjT K° Vn {s, t) d^(s) d(u w \ D )(t) 

+ e 2 J^jT K^ n (s, t) dfa \ D ){t) d(u m r D )(s)J . 

(Note that all the above integrals are finite due to the argument at the beginning of the proof.) By the 
minimal property of \i w e M\ (R), it follows that d e l° v [/i, £ (J ] = 0, which implies that, for iieN, 

ff (K° Vn (s, t)-r v [u w ]) d^(s) d0^b)(t) = 0; 
JJr 2 

but, recalling that, for ip° v (z) :=2V(z)-(l + i)ln(z 2 + l)-ln(z- 2 + l), K? Vn (t,s) > \^° v {s) + \^° v {t), it follows 
from the above that, 

ff l° v [^] d{i w (s) d(u w b)(f) > ffjffiv® + |?v(0)d^(s) d{u w fo)(f) => 
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whence 



Recalling that 



> ffjltvis) + |^ v (*)-Iy[^])d^(s) d(ii w fo)(f), 
£fe(f)+^^(s)d/i a ,(s)J-2I^^]Jd(^b)(0<0. 



> oo, 

>o, 



1/;° (x) := 2 V(x) - (l + -Mm(x 2 + 1) - ln(x" 2 + 1) = i + °°' W 
V n) +oo, \x\ 

it follows that, 3 T m := T,„(n) > 1 such that 

r v (t)+[ r v (s)d^ w (s)-2l° v [u u ,]>l for td{-T m ,-T-l)VJ{T-},T m )) C 

(note, also, that +oo > l° v [^ w ] = ff u2 K° Vn (t r s)du w (t)d^ w (s) = ip° v (E.) du l0 {E,) = a finite real number). 
Hence, if D (c 1R) is such that D c ({|x| > T m \ U {|x| < T" 1 }), T„, > 1, it follows from the above calculations 
that, for neN, 

o> ffe(f)+(f ^(s)d / i a ,( S ))-2i o F [^])d(/i a ,r D )a)>i, 



which is a contradiction; hence, supp(/i H) ) c [-T„„ -T" 1 ] U [T^,T m ], T m > 1; in particular, /„ := 
supp^ti^) c [-T,„, -T" 1 ] U [T" 1 , T m ], T„, > 1, which establishes the compactness of the support of the 
'odd' equilibrium measure j.i° v e Ati(lR). Furthermore, it is worth noting that, since } := supp(ji° v ) = 
compact (c 1R \ {0, +oo}), and V : ]R \ (0} — >R is real analytic on /„, for neN, 

+co>E v (=l° v [^ v ]) > ff ]n(\s-t\ 2+L n\st\- 1 nf(s)w°(t)y 1 d M ° y (s)d^(f) 

m{\s- t\ 2+ i [strhv (s)w° (t))' 1 dj.i° v (s) du° v (t)>-oa; 



moreover, a straightforward consequence of the fact just established is that J has positive logarithmic 
capacity, that is, cap(/„) = exp(-E^) > 0. □ 

Remark 3.1. It is important to note from the latter part of the proof of Lemma 3.1 that } ~£ {0, ±oo}. 
This can also be seen as follows. For £ some arbitrarily fixed, sufficiently small positive real number 
and L E := {z; w°(z) > e], if (s,f) <£ L E x L E , then, for neN, ln(\s - t\ 2+1 -\st\- l w°(s)iv°(t))- 1 =: K° Vji (s,t) 
(= Ky n (t, s)) > E° v + 1, which is a contradiction, since it was established above that the minimum 
is attained <=> (s, f) e E £ x E £ . Towards this end, it is enough to show that (see, for example, [43]), 
if l(s„„ t m )}°° l _ l is a sequence with limmin„,_> lx ,{w (s m ), w°(t m )} = 0, then, for n E N, lim,,,^ ln(|s m - 

U 2+ » |s m f m |- V^Kfe))" 1 = lim „,_>«> K° Vn {s m , t m ) — +oo. Without loss of generality, one can assume 
that s,„ — > s and t m — > t as m — > oo, where s, f, or both may be infinite; thus, there are several cases to 
consider: 

(i) if s and t are finite, then, from lim mh\ m ^ ca {w°{s m ), iv"(t m )} = min{ry°(s), zv°(t)} = 0, it is clear that 
limm^oo K° Vn (s m/ 1,„) = +oo; 

(ii) if |s| = oo (resp., |f| = oo) but t = finite (resp., s = finite), then, due to the fact that V : R \ {0} — > 1R 
satisfies (for neN) the conditions 



2 V(x) - ( 1 + - )ln(x 2 + 1 ) - ln(x" 2 + 1) = J + °°' 
\ n) +o°, 



|x| -> oo, 
IxHO, 



it follows that lim m ^c<, K° Vn (s m , t m ) = +oo; 

(iii) if |s| = (resp., \t\ = 0) but t = finite (resp., s = finite), then, as a result of the above conditions for 
V, it follows that lim m ^oo K° Vn (s m , t m ) = +oo; 

(iv) if |s| = oo and |f| = oo, then, again due to the above conditions for V, it follows that lim^cx, K Vn 
{s m ,t m ) = +oo; and 
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(v) if |s| = and |f| = 0, then, again, as above, it follows that lim^oo K° Vn (s m , t m ) = +<x>. 
Hence, for n e N, K° Vn (s, t) > E° y + 1 if (s, t) £ L £ x L Er that is, if s, t, or both e {0, +co} (which can not be 
the case, as the infimum E° v is attained <=> (s, f ) e E £ X E E , whence supp(/.(^) =: / ^ (0, +°o}). ■ 

In order to demonstrate the uniqueness of the 'odd' equilibrium measure, p° v (e A1i(]R)), the 
following lemma is requisite. 

Lemma 3.2. Let p := pi -pi, where u\, pi are non-negative, finite-moment (J[ ^ ^ s " 1 dpj(s) < 00, m e Z, 
;' = 1,2) measures on 1R supported on distinct sets (supp( l u 1 ) n supp( J u 2 ) = 0), foe f/ze (unique) Jordan 
decomposition of the finite-moment signed measure on R with mean zero, that is, f ^ d./i(s) = 0, and with 

supp(ju) = compact. Suppose that -co < Jj^ 2 ln(|s-t|~ (2+ " ) |sf|) dpj(s) dpj(t) < +00, neN, j = 1,2. Then, for 
neN, 

/IK^K (s)d '' <,)= /I ln ( fc Tr i '"° (sK(,) )' d '' (s)d '' (,)s0 ' 

ro/zere equality holds if, and only if, p = 0. 

Proof. Recall the following identity [79] 10 (see pg. 147, Equation (6.44)): for £e]R and any e>0, 



ln(£ 2 + e 2 ) = ln(£' 2 )+2Im( | 
thus, it follows that, for n e N, 



(l + ^)Jf ln((s-») 2 +E 2 ) W) d l' m "( 1 + ii)JL ln(f2) d f {s) d f {l) 



ff ln(s 2 + e 2 )dp(s)dp(t) = ff ln(e 2 )dp(s)dp(t) 

JJr 2 JJr 2 

XC 2 ( (X 



+°° / gisi) _ 1 ^ 

'e- tI 'dz;))d f i(s)dtz(0, 



rr in(f 2 +e 2 )d^( S )d^(o= rr ln^d^wo 

JJr 2 JJr 2 
but, since jj^ dp(s) dp(t) = d/j(s) j = 0, one obtains, after some rearrangement, 

( i+ ^)/i in((s - ,,2+£2)d ^ s) ^ (,) = 2 ( i+ ^Hr™ e ""(£/ e ' < '"' > "" 1 



x dp{s) dp(t))dv) , 

J£ ln(s 2 + e 2 ) dp(s) dp(t) = 2 Im e^l ffl ^^)d/*(s) d fl (f))dr) , 

Jj* ln(f 2 + £ 2 )df/(s)d^0 = 2Im|j^ e_W (j[jf* (^l^") d ^ (s) d M(o)di>J • 

Noting that 



=0 



10 One could also carry out the proof via the following identity: for s e K, n e N, and any e > 0, ln(s 2+1 /»+e 2 ) = ln(e 2 ) + 
2rm(j^ 00 (iw)- 1 (e iBsl+1/2 " - l)e- f " du). 
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= i f e iOT d^(s) f e^d^f), 
1C> Jr Jr 

and setting Ji(z) '=J R e liz dy.(E,), one gets that 

rr / e i(s-f)p_i\ 1 
Jl(^— ) d M(^M(0 = -|^)l 2 : 



also, 



rr (^Ws)^)^ r e-d^(s) r d^-i r d^ r d^)=o ; 

JJr 2 \ 1C> / 117 Jr Jr w Jr Jr 



similarly, 



Hence, 



rr ( e itv -i 

JJr 2 \ w 



' "d^(s)d^(f) = 0. 



i+ ^)/i in((s - f)2+ ^ 

ff ln(s 2 + e 2 )dfi(s)dfi(f)= ff ln^+f 2 ) d^(s) d^(f) = 0. 
JJr 2 JJr 2 

Noting that Ji(0) = f d/i(£) = 0, a Taylor expansion about v = shows that /1(c) = ZM o /?(O)i? + 0(c 2 ), 
where /?(0):=^ D ]i(?3)|i, = o; thus, v~ 1 \Ji(v)\ 2 = v ^o\'jI'(0)\ 2 v+0(v 2 ) r which means that there is no singularity 
in the integrand as v — > (in fact, t> _1 |]I(E>)| 2 is real analytic in a neighbourhood of the origin), whence 

(l + ^)£[ 2 ln((s-0 2 +£ 2 )d fl (s)d fl (f) = -2(l + ^)^ v-^ivfe^dv. 

Recalling that J^ 2 ln(* 2 + e 2 ) d/i(s) dju(f) = 0, * e {s, t), and adding, it follows that 

Now, using the fact that ln((s-t) 2 + £ 2 ) -1 (resp., ln(s 2 + e 2 ) 1 '' 2 and ln(f 2 + £ 2 ) 1/2 ) is (resp., are) bounded 
below (resp., above) uniformly with respect to £ and that the measures have compact support, letting 
£ J, and using the Monotone Convergence Theorem, one arrives at 



1 + 



^ 1 + 2^)X v ' 1 ^ 2dv>0 ' 



where, trivially, equality holds if, and only if, j.i = 0. Furthermore, noting that, since L dj.i(£,) = 0, 

J^ 2 ln(zi/'(*)) -1 dfi(s) d/j(f ) = 0, * e {s, f }, letting £ J, and using monotone convergence, one also arrives 
at 

ff J (f^fg^g \ Ms)Mt] . rr j * \ Ms)Mt} 

JJr 2 \((s-t) 2 +s 2 ) 1+ ^w°(s)w°(t)J 4oJJ R 2 \\s-t\ 2+ -iv (s)w°(t)) 

= 2 ( 1 + 7 k)f ^V^fd^O, 

where, again, and trivially, equality holds if, and only if, ji = 0. □ 
The uniqueness of u° v (e Ati(lR)) will now be established. 
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Lemma 3.3. Let the external field V:U\ {0} -h>R satisfy conditions (2.3)-(2.5). Set w°(z) := exp(- V(z)), and 
define, for neN, 



[u ]: Mi(R)-»R, f/ ^ jj ln(\s-t\ 2+1 -\st\- 1 w°(s)w°(t)) 1 da°(s) da°(t), 



and consider the minimisation problem E° v = inf{ly[^ ]; f/eyVl^lR)}. Then, 3! u° v e Ali(lR) such that 

Proof. It was shown in Lemma 3.1 that 3 u° v e M\(R), the 'odd' equilibrium measure, such 
that Iy[f(°] = E y ; therefore, it remains to establish the uniqueness of the 'odd' equilibrium measure. 
Let Jiy e Ali(lR) be a second probability measure for which Iy[/Iy] = E° V = l° v [u v \. the argument in 

Lemma 3.1 shows that / :=supp(/I y ) = compact cE\ (0, ±oo}, and that Iy[ju v ] <+°o. Define the finite- 
moment, signed measure y* := Jiy- fly, where Ji° v , n° v e M\{M), and J n /„ = 0, with (cf. Lemma 3.1), 
]o = supp(ju°y) = compact C 1R \ {0,±oo}; thus, from Lemma 3.2 (with /i namely, 

jj ln(|8-i|~ <?+ « ) |8t|)d/i'(s)dfi ll (t) = jj ln(|s-t| 2+ ^|sfr 1 z I ; o (sK(f))~ 1 d f / tt (s)d^(f)>0, 
it follows that 

or, via a straightforward symmetry argument, 



- 2 ff 



t\ 2 



W \\s-t\ Z+ f! 

The above shows that (since both Iy[fi y ] and Iy[fl y ] < +°°) ln(|sf||s-f|~( 2+ "') is integrable with respect 
to both djl° v (s) dy° v {t) and du° v {s) djx° v (t). From an argument on pg. 149 of [79], it follows that ln(|sf||s- 
f|-( 2- 4)) is integrable with respect to (the measure) du"(s) du° t {t'), where u°(z) := y.° v (z)+t(Ji v (z)- u° v (z)), 
(z,f)eRx[0,l].Set 

^(f) ■= ff ln(\st'\\s-tr (2+ " ) (w (s)w (t'))- 1 ) dy°(s) dy° t {t') 
(=Fy[^]). Noting that 

d/i?( S ) d^(f') = d H y( S ) d f ,y(t' ) + fd fi y(s)(dpy(f')-d f iy(f')) + M M y(f')(d^y(s)-d f /y( S )) 

+ t 2 (dfI K ( S )-d M y( S ))(d^y(i')-Cl^y(0), 

it follows that 

W = Wvl+2f ^ lnf^LK(sK(f'))" 1 )df/°y(s)(d^(*')-d^(f')) 



+ f 2 



ff ln(^l- r (^(s)i ( ;»(f'))- 1 )(d^y(s)-d f iy( S )) (d/? v (f )-d^° v (f / )). 
JJr 2 \|s-r| 2+ » / 



Since p e Ati (R) is finite-moment signed measure with mean zero, that is, 11 dp(£) = d(/.i y -/.(^)(<5) 
!*), and compact support, it follows from the analysis above and the result of Lemma 3.2 that 3^(f) is 
convex 11 ; thus, for te [0, 1], 

l°vW < ^ (t) = = Futf + (1 - 00) < f ?,,(!) + (1 - 



n If / is twice differentiable on (a, b), then /" (.r) > on (n, fc) is both a necessary and sufficient condition that / be convex on 
(a,b). 
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= tl° v [Ji° v ] + (1 - f) I°>y] = Wl + (1 - f )I°y[f< yl => 
whence I° v [u° t ] = l° v [u° v ] := E y (= const.). Since I^Lu"] = 3^(f) = E^, it follows, in particular, that 

j;;(0)=o^ 



"JJ 

JJr 2 



lnl 



Isf'l 



R 2 V S-f 



|sf| 



2+i 



r (^( s y(or (d^( S )-d H o y ( S )) (d^(t')-d^(f')) 



In 



|s-f 



2+i 



r (d£>)-d^(s)) (d^)-<W)) 







2 r y(r)d(^ y - fly )(f) r d(^-^)( S ) 

JR JR 

= 

JJ 

JJr 2 



r d(^-^)(s)d(^- f i° y )(f); 



O0), 



|s-tf + * 

but, in Lemma 3.2, it was shown that, 

^ 2 ln(^^)d(^-^)( S )d(^-^)(0 = (2 + J)^ + r'l^-^XQI 2 ^ 
whence jT + °° r^-^X^Pd^O => ^(0 = ^(0/ £>0. Noting that 

g(-£) = f e ls (-«d^ y (s)=g(5) and = f e fa <"« dtf,(s) = ^(£), 

Jr Jr 

it follows from Jt° v (£.) = y-° v {£,), £>0, via a complex-conjugation argument, that jLy(—£) = u° v (-£,), £>0; 

hence, = f^(<5), <5 e R. The latter relation shows that e is4 d(u y - u° v )(s) = => /I y = u° v ; thus the 
uniqueness of the 'odd' equilibrium measure. □ 
Before proceeding to Lemma 3.4, the following observations, which are interesting, non-trivial 
and important results in their own right, should be noted. Let V: R \ {0} — >R satisfy conditions (2.3)- 
(2.5). For each m e ZJ and any (2m + l)-tuple (x\,X2,- ■ ■,X2m+i) of distinct, finite and non-zero real 
numbers, let, for n e N, 



inf 



2m+l 



j,k=l 



Yj ln (\ x r x k 



1+ J 



X^-X' 1 



i 2w+l 

J +4m Y V( x >) 

!=1 



2m(2m + l) \x lr x 2 i m )cr\(0] 

For each m e Zg , a set |x!j, xij, . . . , x^ 2m+1 J which realizes the above infimum, that is, for n e INT, 

2m+l 



2m(2m + l) 



2m+l 

y,/c=i 



(^)- 1 -(xJ)- 1 



2m+l 

+4m 



will be called (with slight abuse of nomenclature) a generalised weighted (2m+l)-Fekete set, and the points 

X J/ *2' ' • * ' *2m+i W ^ ^ e ca H e d generalised weighted Fekete points. For {^/^'••■'^m+ij a generalised 
weighted (2m + l)-Fekete set, denote by 



2m+l 



1 " ^ 

^ := 2^ll^' 

7=1 



where 6 b, / = 1, . . . , 2m + 1, is the Dirac delta measure (atomic mass) concentrated at x., the normalised 

i i 

counting measure, that is, djti° b (s) = 1. Then, mimicking the calculations in Chapter 6 of [79] and the 
techniques used to prove Theorem 1.34 in [44] (see, in particular, Section 2 of [44]), one proves that, 
for neN (the details are left to the interested reader): 
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• lim„ M0O bg in (ri) exists, more precisely, 

Km bfjn) = E° v = inf{r v [^]; p° e M (R)} , 

where (the functional) Iyfyz ]: A1i(R) — > R is defined in Lemma 3.1, and lim„ M oo exp(-b^ m (n]) 
= exp(— Ey) is positive and finite; 

• /i° b converges weakly (in the weak-* topology of measures) to the 'odd' equilibrium measure 

H° v , that is, p.° b A u° v as m — > oo. 

RHP2, that is, (Y(z),I+exp(-«V(z))o~ + ,R), is now reformulated as an equivalent, auxiliary RHP 
normalised at zero. 

Notational Remark 3.1. For completeness, the integrand appearing in the definition of g°(z) (see 
Lemma 3.4 below) is defined as follows: ln((z-s) 2+ » (zs) _1 ):=(2+i)ln(z-s)-lnz-lns, where, for s<0, 
lns:=ln|s|+i7i. ■ 

Lemma 3.4. Let the external field V: R \ {0} — > R satisfy conditions (2.3)-(2.5). For the associated 'odd' 



equilibrium measure, yLe A1i(R), set / := supply), where } (= compact) cR\ {0, ±co\,and letY: C \ R— > 
SL 2 (C) be the (unique) solution o/RHP2. Let 

M(z)-e-^ ad(lT3) Y(z)e-"^ (2) - Q - te , 
where g°(z), the 'odd' g-function, is defined by,forne'N, 

g°(z):= f lnffz-s^fzsr^d^s), zeC\(-<x,,max{0,max{supp( fl ° l/ )}}), 

"J Jo 

t (eR), the 'odd' variational constant, is given in Lemma 3.6 below, and 



S^d^)|>(|s|)d^)-mt d^( S )+i7i(2+i)_( on)R+ d^( S ), zeC + , 
^ : = + D fj. M\s\) d^-in J Lr]R d^(s)-i7i(2 + i) d^(s), zeC_, 



zw'f/z (see Lemma 3.5, #em (1), below) 



and 



f d/I° v (s) = 

Jr„nR_ 



0, /„cR + , 

1, / cR_, 

£}di$(s), (a°,b°)30, j=l,..„ N, 



0, / cR_, 
f d^(s) = -l/ 7oCR + , 
J/ ° nR+ £} +1 dp v (s), (fl°,6»)90, /=!,..., N. 



Ffaen M : C \ R — > SL2 (C) soZi?es the following (normalised at zero) RHP: (i) M(z) z's holomorphic for z e C \ R; 


(ii) t/ze boundary values M±(z) :=lim 2 '_> 2 M(z') satisfy the jump condition 

±lm(z')>0 

M + ( Z ) = M_(z)[ e e -«( 2 )-^( Z )- Q > Q ,) \ ^ 

with g° ± (z) :=lim £i0 g"(z+is); (iii) M(z) = 2 ^ 1+0(z); and (iv) M(z) = z ^ 0O 0(l). 

zeC\R zeC\E 

Proof. For (arbitrary) Zi,Z2 e C ± , note that, from the definition of g°(z) stated in the Lemma, 

g°(z 2 )-g (z 1 ) = m £ 2 9°(s) ds, where 



^:C\(supp(^)U{0})^C, z ^-U- + (2+-\ f 

m\z \ n/j Jo 



dp° v (s) 



s-z 
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with T(z) = z ^ - (since u° v e Mi (R); in particular, s m d^(s) < oo, m 6 Z); thus, ^"fe^zO! < 

7T sup zeC |3 ro (z)||z2-Zi|, that is, g°(z) is uniformly Lipschitz continuous in C+. Thus, from the definition 
of g°(z) stated in the Lemma: 

(1) for s e Jo, z e C \ (-oo, max{0,max{supp(/i^,)}}), with \s/z\ «: 1, and p° v e Ali(R), in particular, 
J^d^s) (= Jj dp° v (s)) = 1 and J R s m d^(s) (= s'" d^(s)) < oo, m e N, it follows from the 

expansions ^ = - L[=o iirr + g^^i)' /eZ ^ andln(z-s)=| zhra ln(z)-^ =1 £(§)*, that 
= (l + ^W)- fln(|s|)d^(s)-i7i f d^+^z" 1 ), 

where J nR dpy(s) is given in the Lemma; 

(2) for s e J , z e C \ (-oo, max{0,max{supp(i(^)}}), with \z/s\ «: 1, and u° v e VMi(R), in particular, 
J K s~ m dffyis) (= JT s~ m d[i° v (s)) < oo, m e N, it follows from the expansions JL = - ^fi+^^L-, 

/eZ+, and m(s-z)=| zM ,ln(s)-ir=i that 

/(z) = -ln(z) + (l + i) f ln(|s|)d^(s)-i7t f dp° y (s) 
c ±3z ^o V n/J h J/ nE_ 

±i7l(2+-) f d^(s)+0(z), 
where JJ nR du° v (s) is given in the Lemma. 



Items (i)-(iv) now follow from the definitions of M(z) (in terms of Y(z)) and g°(z) stated in the Lemma, 
and the above two asymptotic expansions. □ 

Lemma 3.5. Let the external field V: R \ {0} -> R satisfy conditions (2.3)-(2.5). For ju° v e Mi(R), the 
associated 'odd' equilibrium measure, set J := supp( ( u^), where J (= compact) c R \ {0, ±oo}. Then: (1) 
Jo = Uj+H^j,^), with Ne-Nand finite, b° Q :=min{supp(p y )} $ {-oo, 0}, a° N+1 :=max{supp(p° )} £ {0, +«>}, 
and -oo < b° Q < a\ < b\ < a° 2 < ■ ■ ■ < b° N < a° N+l < +oo, and {b°_ v a"} 1 ^ 1 satisfy the n-dependent and (locally) 
solvable system of2(N+l) moment conditions 



J j. (Ro(s))]! 2 2 ra Jj„ (Ro(s))y 2 2 ra inV n/ 

f ; i(R (s)) 1 / 2 f 



Wtj_^ 2n / d4 

1/2 r^-.o 2^i 



(R (5)) + /z (4-s) 



ds= In 
2n 



where (R (z)) 1/2 is defined in Theorem 2.3.1, Equation (2.8), roif/z (R (z))* /2 := lim £ | (R o (z±i£)) 1/2 , ««d f/ze 
branch of the square root chosen so that z~' N+1 '(R (z)) 1/2 ~ z ^oo ±1; «wd (2) i/ze density of the 'odd' equilibrium 

Z6C+ 

measure, which is absolutely continuous with respect to Lebesgue measure, is given by 

du° v {x) :=f v {x) dx= ^-{R {x)il 2 h° v (x)l L (x) dx, 

where 

(real analytic for zeR \ {0}), with CL (c C*) the boundary of any open doubly-connected annular region of the 
type {z'eC; 0<r<|z'| <R<+oo}, where the simple outer (resp., inner) boundary jz' =Re l9 , <27i} (resp., 
jz' = re lS , < 5 < 2h}) is traversed clockwise (resp., counter-clockwise), with the numbers < r < R < +oo 
chosen such that, for (any) non-real z in the domain of analyticity ofV (that is, C*), int(C^)3 J U {z}, l/ (x) 
is i/ze indicator (characteristic) function of the set J , and ipy(x)>0 (resp., xp° v (x)>0) V xej :=U^ 4 1 1 [b°_ 1 ,fl°] 
(resp., V xe/ ). 
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Proof. One begins by showing that the support of the 'odd' equilibrium measure, supp(/i^) =: J , 
consists of the union of a finite number of disjoint and bounded (real) intervals. Recall from Lemma 3.1 
that Jo = compact C ]R \ {0, ±°o}, and that V is real analytic on 1R \ {0}, thus real analytic on /„, with 
an analytic continuation to the following (open) neighbourhood of /„, U := {z e C; inf^ \z-q\ < r e 
(0, 1)} \ (0}. In analogy with Equation (2.1) of [44], for each m e and any 2m+l-tuple {x\, xi,.-., *2m+i) 
of distinct, finite and non-zero real numbers, let, for n e N, 



d'l (n):= 

v,nr 1 



2m+l 

SUp |^;-^Jc| 

[Xi,x 2 ,v 2 „, +1 )cR\|0) f k ti 

j<k 



|2+: 



2m+l 

sup ] [ \x 

i Xk \ 

[xi,x 2 .v 2 „, + i)cR\{0) j /k=1 

j<k 



|2+; 



x~ x -x- 1 



x- x -x~ l 



e -2V(Xi) e -2V(x k ) 



, withx*<x* V i<je{l, ...,2m+l], the 



where n (*) = Uj=i Denote by [x\, x* 2 , x' 2m+1 

j<k 

associated generalised weighted (2;7?+l)-Fekete set (see the discussion preceding Lemma 3.4), that is, 
for neN, 



d^ (n) = 



2m+l 

m 

i,k=i 



x-x k 



(x;)- 1 -^;.)- 1 



Proceeding, now, as in the proof of Theorem 1.34, Equation (1.35), of [44], in particular, mimicking the 
calculations on pp. 408-413 of [44] (for the proofs of Lemmae 2.3 and 2.15 therein), namely, using those 
techniques to show that, in the present case, the nearest-neighbour distances {x* +1 -x*}^" ! 1 are not 'too 
small' as m — * oo, and the calculations on pp. 413-415 of [44] (for the proof of Lemma 2.26 therein), one 
shows that, for the regular case considered herein (cf . Subsection 2.2), the 'odd' equilibrium measure, 
Uy (e Ali(lR)), is absolutely continuous with respect to Lebesgue measure, that is, the density of the 
'odd' equilibrium measure has the representation du° v (x) := ip° v (x) Ax, x e supp( | u'^), where i\>° v {x) > 

on /„, with i^y(-) determined (explicitly) below 12 . 
Set 



w . fq9f rt C (4i(2 + ^ 2 ^(^)W)(^-f + dg 
Jt(z).-VW) ^ (4 _ z) 2n ., 



zeC\(/ o U{0}), 



(3.1) 



where, from the proof of Lemma 3.4, 



1 1 



T(z) = — -+2 + 



m\z 



n 'Jh 



du°{s) 



(3.2) 



J- ck/° (s) 
s ^ z the Stieltjes transform of the 'odd' equilibrium measure, and 



<u- r 2 

rl ■ -*-M 2 (C) 



£l 2{C y /" W)(z): 



. = cm d£ 

J R Z- S 71 



denotes the Hilbert transform, with 4- denoting the principle value integral. Via the distributional 
identities x _^ 0±i0 ) = jz^ ± in5(x - x ), with 6(-) the Dirac delta function, and J^ 2 f{E)b(E, - x)d£, = 



12 The analysis of [44] is, in some sense, more complicated than the one of the present paper, because, unlike the 'real-line' 
case considered herein, that is, supp(^) =: J c R \ (0, ±°°), the end-point effects at ±1 in [44] require special consideration 
(see, also, Section 4 of [44]). 
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0, xeR\ (&,&), 



where 



3)(z) := U&fc+l) W - ^(2+ ' 
and ★°(z):=lim £i0 *°(z±iO), ★ef'H, 5"}. Recall the definition of g°(z) given in Lemma 3.4: for neN, 

g°(z) := J ln| (2 ~ z S s )2+ " jd/4(s) = m ( (Z ~ z S f + " ds, ze C \ (-00, max{0, max{/ }}); 

noting the above distributional identities and the fact that i ip° v (s) ds = 1, one shows that 

Ll-(2+l)^ mds+{2+l)nir v (z), ze] , 



(^(z))':=lim(^)'(z±ie) = 

£10 



whence one concludes that 



(g° + +«°_)'(z) - - ^- 2 ( 2+ ^)f ^ ds = -^ +2 ( 2+ J) n W)(^ 

Jo 

(g° + -s°-)'(z) 



-2(2+ -W^z), ze/ , 
[0, ztj . 

Demanding that (see Lemma 3.6 below) (g + +g°_)'(z) = V'(z) r ze /„, one shows from the above that, for 
J 3z, ((^(z))'+i) + +((g°(z))'+i)-=2(2+I)7t(^ v )(z) = |+y'(z) => 

CH^ V )( 2 )= 1 (- + V'(z)), zg/ . (3.3) 
2(2+-)ti\z / 

From Equation (3.2) and the distributional identities above, one shows that 



^(z):=limJ°(z+i£) = 

£j,0 



_ _L _ i( 2 + 1) (<Hr v )(z) + (2 +l)V v (z), z e / , 
-^ + ( 2 4)i^ds), z i]o ; 



(3.4) 

us I, z^; ; 

thus, for z e R \ (} U {0}), 3° (z) = T_(z) = + (2 + i) f ^? ds )- Hence, for z £ U {0}, one deduces 
that W + (z) = l H°_(z). For zej , one notes that 

Ki{z)-x°_{z)={r + {z)f-(r_(z)f-^ 

and 

(r ± (z)f = -^ + A( 2+ I) W)( ^ 

± 2i(2+i) ^(z)CK^)(z)+(2+i) (</>° y (z)) 2 , 

whence (^(z)) 2 -(?«(z)) 2 = (2+I)^(z)+4i(2+I)V y (z)CK^)(z) => 5£° (z)-5C (z) = 0; thus, for ze/ , 
Jf°(z) = J£i(z). The above argument shows, therefore, that J{°(z) is analytic across K\ {0}; in fact, !H (z) 



58 



K. T.-R. McLaughlin, A. H. Vartanian, and X. Zhou 



is entire for zeC*. Recalling that fi° v e A1i(]R), in particular, Jj s m du° v (s) = J f s m ip° v {s) ds<oo,meN, 
one shows that, for |z/s|<scl, with sej and z£J , via the expansion ^ = -LLo + s i+ife_ s ) / 



2 



:.-i4(l( 2+ ;)I s " d "H +c,(1) - 



whence, upon recalling the definition of J{°(z), in particular, for \z/£,\ «: 1, with £, e / and z £ / 0/ via the 

i(z-{)' 



expansion ^ = - LLo + gsfcj ' ' e Z+, 



I 



(4i(2 + i) 2 ^©W°y)(5)-i(2 + i)W)) d£ 



(£-z) 2ra z^o 

it follows that 

M °( z ) = n -4i--(A( 2+ -) f s-M^+oa), 

z^O 7I Z Z Z Z\7T Z \ W/Jj o / 

which shows that W(z) has a pole of order 2 at z = 0, with Res(Jf°(z); 0) = J } s" 1 djj° v (s). One 

learns from the above analysis that z 2< K°{z) is entire: look, in particular, at the behaviour of z 2 Jf°(z) as 
|z| — >oo. Recalling Equations (3.1) and (3.2), one shows that, for fi^eAlifl), in particular, f d/i^(s) = l 

and f s'" d/i^(s) <oo,meN, for |s/z| <sc 1, with s e / and z i J , via the expansion ^ = - ^Lo i^i" t " z '+i'(s-z) / 

+ f s(4i( 2+ 9 2 ^(s)Wv)(s)-f(2+i)^(s))^ 

-z jT(4i(2+i)Vv(5) W)(s)"i(2+iy v (s))^ °( z " 1 ); 
thus, due to the entirety of !K°(z), it follows, by a generalisation of Liouville's Theorem, that 

2 2 ^°(2) +^(1 + ^) 2 - j^s(4i(2 + l) 2 K(s)C^^v)(-) - ^( 2 + ^)^(^))^ 
- z fH 2 + 3Vv(s)Wv)(s)-^(2 + i)^(s))^ = 0. 
Substituting Equation (3.1) into the above formula, one notes that 

-4( 2 +J)«K))#+^-i f {( 4i ( 2+ J)VW{)(«W«)-S(2+i)«(£))H=0- 

Via Equation (3.3), it follows that 4i(2+I) 2 ^(£)CK^y)(«)-i(2+^)i/' v («) = f (2+I)./^)V'(£); substi- 
tuting the latter expression into the above equation, and re-arranging, one obtains, 

(Tiz)) 2 -^ f ^§^d£+^-5J f fV>({)^(5)d€-^ f V'(O^(Od€ = 0. (3.5) 

J/„ J/o A 



But 

(2+1) fV'(9^) jc (2+1) r(V'(9-V'(z))f^ Jt (2+i) fV'W 

~ X * = — J, ^ + J,„ ^z- 

(2+1) f (V'(Z)-V'(zM° v (Z) JC , V'(z)/ /o , lN f </^(£) 



d£ 
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{V'{E,)-V'{z))f v (.E,) W'{z)T>{z) V'(z) 
1 d4 y~ 

t,-Z Tl 7T Z Z 



substituting the above into Equation (3.5), one arrives at, upon completing the square and re-arrang- 
ing terms, 



2tt 



■-^ = 0, (3.6) 



where 



V'(z) 



,2 



+ v^(z)_/ 2+ i\ r (V'(Z)-v(zW v (Q 

z \ njjr E,-z 



(Equation (3.6) above generalises Equation (3.5) for q^\x) in [46] for the case when V : R \ {0} — > R 
is real analytic; moreover, it is analogous to Equation (1.37) of [44].) Note that, since V: R \ {0} — > R 
satisfies conditions (2.3)-(2.5), it follows from a' -ft = (a-j3)(a' _1 + a'~ 2 p + ■ ■ ■ + aft~ 2 + jS'" 1 ), I e N, 
that cf v (z) is real analytic on } (and real analytic on ]R \ {0}). For x e J , set z := x + ie, and consider 

the £ i limit of Equation (3.6): ]im El0 (S°(x + ie) + W ' ( ^ i£) f = (3^(x) + ^) 2 (as V is real analytic 
on J ); recalling that 3%(x) = -4j -i(2 + ±)(^i// y )(x)-(2 + ±)i/, y (;t), via Equation (3.3), it follows that 

T + {x) = -i|M-(2+I)^ v (x) (J» + W+§) 2 = ((2 + Dr v (x)) 2 , whence (</> y (x)) 2 = -q y (x)/((2 + I)7i) 2 , 
x e J , whereupon, using the fact that (see above) ip° v (x) > V x e J , it follows that q y (x) < 0, x e /„; 
moreover, as a by-product, decomposing q y (x), for x e /„, into positive and negative parts, that is, 

<fy( x ) = (lyW)" 1 " _ (<fy( x ))~r x e Jo, where (q^x))* := max{±q y (x),o} (> 0), one learns from the above 

analysis that, for xe J , (q y (x)) + = and ip° y {x) = (2+ \ )n ((Qy(*))~) 1/2 ; an d, since i/> y (s) ds = 1, it follows 

that \ f ((Qv(s))") 1 '' 2 ds = 1, which gives rise to the interesting fact that the function (q° (x))~ S 

on / . (Even though (q y (x))~ depends on d/i" (x) = i/; y (x)dx, and thus ty° v (x) = \ ((q° (x))~) 1/2 is 

an implicit representation for i/» y , it is still a useful relation which can be used to obtain additional, 
valuable information about ip° v .) For x £ / , set z := x+ie, and (again) study the £ J, limit of Equation (3.6): 

in this case, \im no (3%x+ie) + ^^) 2 = (T + (x) + ^) 2 = (3 r0 (x)+^) 2 ; recalling that, for xt J , T(x) = 

-; tH(x + ( 2+ «) Jj 1-T ds ) = ^- i ( 2+ T,)( ( ^4' v)( x )' substituting the latter expression into Equation (3.6), 

one arrives at (^-(2 + ±)(7Yi/> y )(x) + -^) 2 = q y (x)/7i 2 , x<£ J (since V' is real analytic on (R \ {0}) \ /„, it 
follows that <tf v {x), too, is real analytic on (R \ {0}) \ /„, in which case, this latter relation merely states 
that, for x = 0, +oo = +oo), whence q y (x)>0 V x£/ . 

Now, recalling that, on a compact subset of R, an analytic function changes sign an at most 
countable number of times, it follows from the above argument, the fact that V : R \ {0} — » R satisfying 
conditions (2.3)-(2.5) is regular (cf. Subsection 2.2), in particular, V is real analytic in the (open) 
neighbourhood U:={zeC; inf^ |z-^|<re(0, 1)} \ {0},fiy has compact support, and mimicking a part 
of the calculations subsumed in the proof of Theorem 1.38 in [44], that /„ := supp(/i ° v ) = {x e R; q° v {x) < 0} 
consists of the disjoint union of a finite number of bounded (real) intervals, with representation 
Jo := U^ 1 /-, where f. := lb°_ v aft, with NeN and finite, b° :=min{/ ] * {-oo, 0}, a^ +1 :=max{/ ] € {0, +oo}, 

and -oo < b° Q < a° < K < a° 2 < ■ ■ ■ < b° N < a° N+1 < +°°. (One notes that V is real analytic in, say, the 
open neighbourhood U := U^Uy, where Uy := {z e C; inf^ \z-q\ < r, e (0, 1)}, with U, n Uy = 0, 
i + j - 1, . . .,N + 1.) Furthermore, as a by-product of the above representation for /„, it follows that, 
since J°nJ° = 0,i±j=l,...,N+l, meas(/ ) = E^ 1 l^-ajl < 

It remains, still, to determine the 2(N+1) conditions satisfied by the end-points of the support 
of the 'odd' equilibrium measure, {b°-_y(f-}-^- Towards this end, one proceeds as follows. From the 
formula for 5"°(z) given in Equation (3.2): 

(i) for ju° v e Mi (R), in particular, J du° v (s) = 1 and L s m d/.i ° v (s) < oo, m e N, s e J and z £ /„, with 

|s/z| «1 (e.g., |z| »maxy=i N+\{\b° hl -a°\}), via the expansion ZLo F^ + ^C-z) ' leZl 0' one 
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gets that y°(z)= 2 ^ X(l + l)l + 0(z- 2 ); 
(ii) for y° v e A1i(]R), in particular, Ls~~ m dj.i° v (s) < oo, m e N, s e } and z £ / , with \z/s\ «: 1 (e.g., 

|z| <sc min /= i n+i!!^ -a°\)), via the expansion ^ = - £[ =0 + s J^_ s) , I e Z+, one gets that 

T{z)= z ^-X+0{1). 

Recalling, also, the formulae for J±(z) given in Equation (3.4), one deduces that J+(z)+£P (z) = —iV (z) / 7i, 
ze /„, and T + (z)-T_(z) = Q, z<£J„; thus, one learns that T : C \ (/„ U {0})^C solves the following (scalar 
and homogeneous) RHP: 

(1) 7°{z) is holomorphic (resp., meromorphic) for zeC \ (J U {0}) (resp., zeC \ J ); 

(2) T ± {z) := lim^o^^ziie) satisfy the boundary condition 3%(z) + 3°_{z) = -iV'(z)/n, z e J , with 
T + (z) = T_(z) := T(z) for z £ /„; 

(3) J (z)= z _i(l + I)i+O(z- 2 );and 

zeC\IR " Z 

(4) Res(y(z);0) = -i. 

The solution of this RHP is (see, for example, [83]) 



-— +(R„(z)f 2 f JkL*Lj*L t 

™z J Je (R (s))f (s-z) 2tii 



where (R (z)) 1/2 is defined in the Lemma, with (R (z))^ 2 := lim t ^ (Ro(z±i£)) 1/2 / and the branch of the 
square root is chosen so that z~ (N+1) (R (z)) 1/2 ~ z ^co ±1. (Note that (R (z)) 1/2 is pure imaginary on /„.) It 

zeC± 

follows from the above integral representation for 6F°(z) that, for se/„ and z £ } 0/ with |s/z| <sc 1 (e.g., 
|z| »max J= i n+i{|^_! -a°\}), via the expansion ^ =- £[ =0 ^ + jd^, ZeZ+, 



^(z) = -— + ( } — ittI 1 

1712 z Jj„ (R (s))f I 



s s N+1 \ ds 

'2ra 



now, recalling from above that 1°(z) = z ^co ^ (l+„) \+0{z 2 ), it follows that, upon removing the secular 
(growing) terms, 



X 



2i iV'(s) 
— + — — 

7TS 71 



(Ko(s)) 



dS ,=0, j = N 



1/2 2ni 



(which gives IV +1 (real) moment conditions), and, upon equating z 1 terms, 



XI 



2i + iV'(s) j s N+1 ds _ 1/ 1\ 

7TS 7T fc^ 1 / 2 27li i7l\ ill' 



(Ro(s)Y + 

it remains, thus, to determine an additional 2(N+ 1) - (N + 1)- 1 = N moment conditions. From the 
integral representation for 3™(z), a residue calculation shows that 

2tz 2 J C ;(Ro(s)) 1,2 (s-z) 2ra 

where (c C*) denotes the boundary of any open doubly-connected annular region of the type 
(z'eC; < r < \z' \ < R < +oo}, where the simple outer (resp., inner) boundary jz' = Re l9 , < $ < 2n] (resp., 
(z' = re , < $ < 2n}) is traversed clockwise (resp., counter-clockwise), with the numbers < r < R < +oo 
chosen such that, for (any) non-real z in the domain of analyticity of V (that is, C*), int(C^) 3 J U {z}. 
Recall from Equation (3.4) that, for z e R \ ^ (=> U^o", &»)), J« ( z ) = T_{z) = -£(± + (2+±) _£ ^ ds), 
whence 9^(z) + ^ =-i(2+~)('Hi/>y)(z); thus, using Equation (3.7), one arrives at 



A contour integration argument shows that 
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whence, using the above expression for ( < Hi/>y)(z), z€U. =1 (a ., b°), it follows that 



i(Ko(s)) 1/2 



Vni4 T m I Cl4 



ds = 0, /=!,... ,N: 



now, 'collapsing' the contour C° down to R \ {0} and using the Residue Theorem, one shows that 

W2 r (^ + ^P) r\z 1 v'M ... r + d£ 



(3.8) 



£ (Ro 



d^_ i y ( z) 

(^))V2(^- Z ) 27li 7ZZ 271 +HKo ^ 



I 



„(R (£))f(£-z) 



27ii' 



substituting the latter relation into Equation (3.8), one arrives at, after straightforward integration 
and using the Fundamental Theorem of Calculus, for j—l,...,N, 



d£ 



ds = 




a", 
i 


! 




b° 

i 



which give the remaining N moment conditions determining the end-points of the support of the 
'odd' equilibrium measure, [b ._ 1 ,a°.}.J^ . Since J ^ {0, ±00} and V is real analytic on J , 

(Rois^^O^s-b^f 2 ) and (^(s^^Of^-s) 1 / 2 ), ; = 1,...,N+1, 

which shows that all the integrals above constituting the w-dependent system of 2(N+1) moment 
conditions for the end-points of the support of [iy have removable singularities at b ._ v a ., j = 1, . . . , N+l. 

Recall from Equation (3.4) that, for ze /„, T ± (z) = -^-i(2+i)(*H^)(z)+(2+i)^(z): using the fact 

that, from Equation (3.3), for ze/ , (9ixp v )(z) = 2(2 ^i )TI (| + V'(z)), it follows that 



From Equation (3.7), it follows that 



2ni 



(2+l)f v (z), zej . 



1/2 



2m 



(-3. + ^) dS 

v 7T1S 171 ' UJ 



. (R (s)) 1 / 2 (s-z) 2m' 



thus, equating the above two expressions for 3^(z), one arrives at xp° v (x) = ^(R (x))]! 2 h c v (x)lj o (x) r 
where h° v (z) is defined in the Lemma, and lj ( x ) is the characteristic function of the set /„, which gives 
rise to the formula for the density of the 'odd' equilibrium measure, d[j.° v (x) = ip° v (x) dx (the integral 
representation of h° v (z) shows that it is analytic in some open subset of C* containing /„). Now, recalling 

that V : R \ {0} — > R satisfying conditions (2.3)-(2.5) is regular, and that, for se/„ (resp., sej ), \p° v (s) > 
(resp., ip° v (s)>0) and (R (s))y 2 = i(|R (s)|)^ 2 ei]R ± (resp., (R (s))y 2 = i(|R (s)|) 1 / 2 eilR), it follows from the 
formula ip° v (s) = ^j(R (s))y 2 /^(s)lj o (s) and the regularity assumption, namely, hy(z)£ for ze } , that 
(|R (s)|) 1 /X(s)>o! 1 se/ (resp., (\R (s)\)^ 2 h° v (s)>Q, sefo). 

Finally, it will be shown that, if J := Up^^ ^a"], the end-points of the support of the 'odd' 
equilibrium measure, which satisfy the n-dependent system of 2(N+1) moment conditions stated in the 
Lemma, are (real) analytic functions of z , thus proving the (local) solvability of the Ji-dependent 2(N+1) 
moment conditions. Towards this end, one follows closely the idea of the proof of Theorem 1.3 (iii) 
in [81] (see, also, Section 8 of [44], and [84]). Recall from Subsection 2.2 that V(z) := z V(z), where 
z : N x N — » R+, (n,DM) i-» z := Ji/n, and, in the double-scaling limit as N, n — > 00, z = l+o(l). 
Furthermore, from the analysis above, it was shown that the end-points of the support of the 'odd' 
equilibrium measure were the simple zeros/roots of the function <f v (z), that is (up to re-arrangement), 
{b° Q , b° v . . . ,b N ,a c v a c 2 , . . . ,a° N+1 } = {xe'R; q^(x) = 0} (these are the only roots for the regular case studied in 
this work). The function cf v (x) e R(x) (the algebra of rational functions in x with coefficients in R) is real 
rational on R and real analytic on R\ {0}, it has analytic continuation to jz e C; inf p€ R \z—p\ < re (0, 1)} \ {0} 
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(independent of z ), and depends continuously on z ; thus, its simple zeros/roots, that is, b°_^ = V, ,(z ) 
and a° k = a° k (z ),k = l, . . .,N+1, are continuous functions of z . 

Write the large-z (e.g., |z| »max /= i iv+iil^' j-fl"!}) asymptotic expansion for 1°(z) given above as 

follows: 



nz ) = 1 (*°( z » 1/2 

z-»m mz 2mz ^— ' 

j=0 



where 



f J L \ms in ) 



s< 



(Us)) 



1/2 



ds, jei 



Set,for«eN, 



ds, /=!,... ,N. 



The (n-dependent) 2(N + 1) moment conditions are, thus, equivalent to T° = 0, j = 0, . . .,N, T^ +l = 

-2(2 + and A/J = 0, ;' = 1, . . .,N. It will first be shown that, for regular V: K \ {0} R satisfy- 
ing conditions (2.3)-(2.5), the Jacobian of the transformation {b° (z o ), . . . ,b° N (z ),a° 1 (z ), . . .,a^ +1 (z )} i 

{7J 7~^ +1 ,N°, . . . , Aft}, that is, Jac(7~°, . . . , 7£ +1 , W*, . . . , Aft) := " 



*»5 W «N + l) 



, is non-zero wh- 



enever V._ x = V.-^Zo) and a". = a°.(z ), j = 1,. . .,N + 1, are chosen so that f = D^[b°_ v a°}. Using the 

equation ("Hip^z) = (2+i)" 1 (i3 50 (z) + ^) (cf. Equation (3.2)), one follows the analysis on pp. 778-779 
of [81] (see, also, Section 3, Lemma 3.5, of [38]) to show that, for k = l, . . ., JV+1: 



dT° 



dr° -, 

= b° LL + Ln~° 

k ~ l db° , 2 i~ v 



"k-\ 



dT° 



da", 



da , 



2 ' j-v 



dS°{z) 
dT{z) 



z-i 



da! 

k 



2ni\dV, , 
v k—l 



k-l 
1/2 



z-a" 



dN<j 



2(2 



2(2 



2ra\ da! 

\ k 

i i *n \ f> (R (s)) i/2 , 
i m\ r< 



;eN, 

Z6C\(£u{0}), 
zeC\(^U{0}), 



(Us)) 



s-a. 



■ds, /=!,..., N; 



(Tl) 
(T2) 
(Fl) 
(F2) 
(Nl) 
(N2) 



moreover, if one evaluates Equations (Tl) and (T2) on the solution of the n-dependent system of 
2(N + 1 ) moment conditions, that is, T° = 0, ; = 0, . . . , N, T^ +1 = -2(2 + \ ), and N° = 0, i = 1, . . . , N, one 
arrives at 



*T° .dT° 

— =K) y — 



k 



da , 



/ = 0,...,N+1. 



(SI) 



Via Equations (Nl), (N2), and (SI), one now computes the Jacobian of the transformation {b°(z ), . . . , 
b° N (z ), fl"(z ), . . . , a° N+1 (z )} i-» {T"°, . . . , 7~^ +1 , A/j, . . . , Aft} on the solution of the n-dependent system of 
2(N+1) moment conditions: 



JacC77,...,7£ +1 ,A^ Aft):= 



T° N+v Nl Aft) 

^0 *M <W 
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where 



1 


1 


l 


1 


1 


1 


K 










"n+i 


(b° ) N+1 
1 


1 


■ (^) N+1 
1 


(fl») N+1 
1 


(fl°) N+1 • 
1 


• (a ) N+1 
1 


1 


l 




si-fl? 

1 


Sl"«° 

1 


S l- fl N + l 

1 




s 2 -i>; 






s 2 -a° 


S 2-«N + 1 


1 


i 


1 


1 


1 


1 


s N -b° 


SN-fc; 






S N -fl° 





The above determinant, that is, A°, has been calculated on pg. 780 of [81] (see, also, Section 5.3, 
Equations (5.148) and (5.149) of [50]), namely, 



A° = 

a 



( 



j<k 



but, for -oo < b° Q < (f x < s\ < V[ < a° 2 < Sz < b° 2 < ■■ ■ < V N _ X <a° N <s N <b° N < a° N+1 < +oo, A°± (which means 

b° 

that it is of a fixed sign), and J a J (R (sy)) 1/2 dsj > 0, j= 1, . . . , N, whence 



A»*0. 



It remains to show that dT^/db ^ and d7~°/da° k , k = l,.. .,N + 1, too, are non-zero; for this purpose, 
one exploits the fact that 7" ° = (m) -1 (2s _1 + V'(s))(R (s))~ 1/2 ds is independent of z. It follows from 
Equation (3.7), the integral representation for h° v (z) given in the Lemma, and Equations (Fl) and (F2) 
that 



(z~K-i) <*F(z) _ J_ 
2m 



db°, 



k-l 



Vr^z) 

(z-flp ^(z) _ J_ 
2ni 



VR^z) 



2 + 
2 + 



U( dhUz) i 



jfc-i 
«z) 1 



ft°(z) , *=1,...,N+1, 



da 



— --h° v (z)), fc=l,...,N+l: 



using, now, the z-independence of 7~q , and the fact that, for the case of regular V : R\ {0} — » 1R satisfying 
conditions (2.3)-(2.5), h° v {¥._ x ), h v {a ^) + 0, ; = 1, . . . , N+ 1, one shows that 



VRT(i) ^-i 
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VR7(i) 



dcR 



k=l,...,N+V, 



thus, via Equations (Fl) and (F2), one arrives at 



= -2 l2+ 



l) h °v(bU) 



i=0 and 



u 1 o 

da° 



4l2 + 



k=l,...,N+l, 



whence 



N+1 dT° dT° 



n 



1=1 ;c-i 



u /i / 1 \\ 2 ( n+i ) N+1 



k=\ 



Hence, Jac(T°, . . . , T° N+V N{ N° N )*0. 

It remains, still, to show that T° , j = 0, . . . ,N+1, and N°, i = l,...,N, are (real) analytic functions 

of W_ v a°}^^. From the definition of T?, /eZJ, above, using the fact that they are independent of z, 
thus giving rise to zero residue contributions, a straightforward residue calculus calculation shows 
that, equivalently, 

^U[ 2 ? ' ,s)) s ' 



2 | V'(s) 
ins in 



ds, ;eZ+, 



nO\N+l 



where (the closed contour) C° R has been defined above: the only factor depending on {b k _ v ci' k > k 
VKo(z). As VR (z) is analytic V zeC \ x ,«y]/ and since C° R c C \ U^ 1 ^,^], with int(C°) D 

J U {z}, it follows that, in particular, yRJjz) |"q, is an analytic function of a"}^ 1 , which implies, via 
the above (equivalent) contour integral representation of T° , ;'eZ+, that T°, k = 0,.. . ,N+1, are (real) 

analytic functions of {Kj^jS 1 . Recalling that (<Hxp° v )(z) = {2{2+\)n)-\2z- l +V\z))-^{R {z)) l l 2 h° v {z), 
it follows from the definition of N°, j = l,...,N, that 



^' = "2^X'' (Ro(s))1/2, ^ (s)dS ' 



making the linear change of variables Uj : C — > C, s i-> Uj(s) := (b°-a°) x (s -flp, j = l,...,N, which take 
each of the (compact) intervals [a ., b°], j= 1, . . . , N, onto [0, 1], and setting 



4 



( i 



R (z) r- 



N+1 



N+1 



\l/2 



n^-^n^y n k-*) n ( ^-i- z) 

(fc a =l k 2 =l h=j+1 h=j+2 



one arrives at 



h^((b°-tyuj+a°)du jr ; = !,..., N. 



Recalling that h° v (z) is analytic on M \ {0}, in particular, WyQf. J, h° v (a^) + 0, = 1, . . .,N+1, and that 



-oo < b° < a° x < b\ < a° 2 < ■ ■ ■ < b° N < a° N+1 < +oo), 



it is an analytic function of {b° k Az ),a°Az )} k ^ (since 
and noting from the definition of Vr o (z) above that, it, too, is an analytic function of (Vj_-y -a°^)Uj+a ., 
(j,Uj) 6 {1,...,N} X [0,1], and thus an analytic function of {b ._ 1 (z ),a°.(z )} 1 ^ 1 1 , it follows that N°, 
j-l,...,N, are (real) analytic functions of {W_ 1 (z ),a°(z )}p 1 1 . 

Thus, as the Jacobian of the transformation {b° Q (z ), ...,b° N (z ),cfAz ), ...,a° (z )} i-» {7"°,..., 
7"^ +1 , Af°, . . . , A^} is non-zero whenever {V. ^Zo), <f-{z )}^^, the end-points of the support of the 'odd' 

equilibrium measure, are chosen so that, for regular V: ]R \ {0} — > 1R satisfying conditions (2.3)- 
(2.5), % = U^ 1 [V. v a .], and T? f j = 0, . . . , N+ 1, and N° k ,k=\,..., N, are (real) analytic functions of 
\b°j_i(z ), a°(z ))^^, it follows, via the Implicit Function Theorem, that b°._Az ),a°(z ), /=1, . . . ,N+1, are 
real analytic functions of z . □ 
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Remark 3.2. It turns out that, for V : R \ {0} -» R (satisfying conditions (2.3)-(2.5)) of the form 

2m 2 



V(z)= £ 



k=—2m\ 

with e R, Zc = -2wi, . . . , 2m 2/ m 1/2 £ N, and (since V(+oo), V(0) > 0) gL2wi ' ?2m 2 > 0, the integral for h° v (z), 
that is, h° v (z) = i(2+i)" 1 ^ (R (s))- 1 / 2 (§ + ^)(s-z)- 1 ds, can be evaluated explicitly. Let C° =1* U T™, 

wheref° co --{z'=Re iS , R>l/e, 9 e[0,27r]} (oriented clockwise), and T Q :={z' = re iS , 0<r<e, 9e[0,2n]} 
(oriented counter-clockwise), with e some arbitrarily fixed, sufficiently small positive real number 
chosen such that: (i) d{z' e C; |z'| = e} n d{z' e C; |z'| = 1/eJ = 0; (ii) {z' e C; |z'| < e} n (J„ U {z}) = 0; (hi) 
{z' e C; |z'| > 1/e} n (/ U {z}) = 0; and (iv) \z' e C; e < |z'| < 3 J U {z}. A tedious, but otherwise 
straightforward, residue calculus calculation shows that 



K(z)- 



~2m 2 -N-2 2m2-N-2 

E E E 

y=0 k ,...,k N l In 

0«|fc|+|/|<2m 2 -/'-N-2 
kj>0, U>0, i€{0,...,N) 



(2+i) 



I N tt/1 \ 

(2m 2 -j)Q2m 2 -j J +/p) 

Ip=o / p =o 

(n P lo(^)V)(n^o(«; +1 )'0 



nn(5^) 



, 9=0 m,=0 



(njto^OfnLofeO 
(-i^am^i)- 1 ' 2 



(2+ i )z2mi+ i 



nn(Hnn(H 

2(-i) w+ (n£ h i 1 nt^ir 1 



2^ 2j (-2mi-;>-2m 1 -/ 

;=-2m 1 +l fc ,--*N / ,...,'n 
0<|Jfc|+|/|<2m a +/ 
fc;»0, h>0, i€{0,...,N) 



(n^^iXn^fe!) 



xz i*i+i/i-/. 



where Af+ e {0, . . . , N + 1} is the number of bands to the right of z = 0, \k\ := k + ki+ - ■ ■ + k N (> 0), 
/| := Zo + h + ' ' ' + In (^ 0), and the primes (resp., double primes) on the summations mean that all 

possible sums over {Zc/}^ and ih}^ =0 must be taken for which 0<fcoH t-Ajv+ZoH l-Zjv<2m 2 — j— N— 2, 

j=0, . . . ,2m 2 -N-2,ki>0, h>0, i=0, . . .,N (resp., 0<fc +- • -+k N +l +- ■ •+Z N <2m 1 +/, j--2m\+l,. . .,0, 
Zc; > 0, Z,- > 0, 7 = 0,..., AZ) . It is important to note that all of the above sums are finite sums: any sums 
for which the upper limit is less than the lower limit are defined to be zero, and any products in 
which the upper limit is less than the lower limit are defined to be one; for example, £ 7Jo(*) := an d 

It is interesting to note that one may derive explicit formulae for the various moments of the 'odd' 
equilibrium measure, that is, s ±m djUy(s) = s ±m ipy(s) ds, m e N, in terms of the external field and 
the function (Ro(z)) 1 / 2 ; without loss of generality, and for demonstrative purposes only, consider, say, 
the following moments: J, s*-' djiy(s), j = 1,2,3 (the calculations below straightforwardly generalise 

to j s ±( - k+3 1 dn° v (s), ZceN). Recall the following formulae for T(z) given in Lemma 3.5: 

T(z) = - — --(2+-) f zeC\(/ o U{0}), 
mz ra V n 'Jj a s ~ z 



s-z 

iV'( S )x 



r(z) = -~(Ro(z)) 112 f ins+ m n ] $7, zeC 
™z Jj (R (s)) 1 J 2 ( s -z)2m 



\ do U {0}). 



One derives the following asymptotic expansions: (1) for u° v e A\\ (R), in particular, J s m dpy(s) < 00, 
m e N, s e /„ and z £ J , with \z/s\ <sc 1 (e.g., |z| <sc mm; = i,...,N+i{|f>°_ 1 — <f \}), via the expansions ^ - 
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Llo £r + jfa, J^J, and ln(l -*) = -L^ 1 



?°(z) = — --U2+-M f s- 1 du l/ (s)+z(-^r(2+i) f s- z du° v 
w z->o 711Z ra\ n/J Jo rv \ ra\ n/J /o 

i( 2+ I)J>d„ Ms ,) +0 (4 



(s) 



and 



where 



2 = o -^+/ v (Q^z(Q^P»QS)+z 2 (Q^P»Q^P° 1 Q») + ^ 



/ y :=("!)"+ 
. 1^,1^' 



P" 

l n 



W" 1 // 



.. N+l 

E 



7=1 



({7° ,)2 ( fl °)2 



Q 



r (- 

•A. (K„ 



2 

2i _l 



+ — ) ds 



(R (s))y 2 s/ + i 27Ti 



, 7 = 0,1,2; 



and (2) for u° v e Mi (M), in particular, dUy(s) = 1 and s m du° y (s) <oo,meN,se/„ and z £ J 0/ with 

|s/z| <S 1 (e.g., |z| » max y= i N+itl&^-flyl}), via the expansions ^ = - ELo jet + ^U) / ' e Z o' and 

ln(l-*) = -ir=i jA*\«l, 



(s) 



and 



where 



+ ■ 



3°(z) = +z f 

Z->o° 7T1Z 



no no 

z z 2 z 3 



r(f^)( 

Jj. (Po(s))f \ 



g N S N + 1 



1 + ---+-TT + - 



ds_ 

27ii' 



N+l 



N+l 



7=1 7=1 
1 N+l ,„, 3 v N+l 

3 -4 Efc) 3+ ^ 3 ) + 4-f Bfr»r + <&) • 



" 7=1 " 7=1 

Recalling the following (n-dependent) N+2 moment conditions stated in Lemma 3.5, 



f 



— ^-ds = 0, ;=0 N, 

(Us f 



and 



f 



,2i ! N+l 

' 7TS 71 ' 



(Ro(s)) 



1/2 



ds 



and equating the respective pairs of asymptotic expansions above (as z— >0 and z— >oo) for y(z), one 
arrives at the following expressions for the first three 'positive' and 'negative' moments of the 'odd' 
equilibrium measure: 



°(s) = 



J sd/j 
f s 2 d/^(s) = 



( r (2i | iy'(s) \„N+2 

V 7IS 7T ^ 



2(2+i) 
1 



I 



(«o(s)) 



1/2 



I ' tzs n > b 



2(2+1) 



(Ro(s))f 2 



N+l 

ds -( 2+ «)E^ + *? 

7=1 

'n+i A „ 

1 7=1 j J/ ° 



/2i . iV'(s) x„N+2 

\ 7IS 71 



(«o(s)) 



1/2 



ds 
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1/ i\fif N+1 f N+1 V 

+ 2 2+ ») 2 I>H +fl P -I>H) 2 + («/) 2 ) • 



r s 3 du''( S )= — x — c 

J Jo W ' 2(2 + I)J /o 



(Ro(s))f 2 



'N+l \ „ 



/2i ! iV'(s) \ Af+3 



(Ro(s))i 



1/2 



ds 



+ 



N+l \ N+l „ 

L {b u +a v -E ((b i-i) 2+ ( fl P 2 ) 

0=1 J 7=1 j J/ " 



/2i , iV'(sK Af+2 



f . ( 



N+l 



\3 



N+l 



(Ko(s)) 

N+l 



1/2 



ds 



7=1 



7=1 



f s- x d^( S ) = 

r s - 2 d^( S )= 



iK) I E^h + «p + lZ((^i) 3+ («i) 3 )-L^-i + «i) 

V V7=l 
N+l 1 

£((^-l) 2 + K) 2 ) 
ifc=l J 

(-i)^(n^l^l) 1/2 r(| + ^) 



2(2+1) 



X 



s(R (s)) 



1/2 



ds, 



ds— - 



2(2+1) 



X 



f( 2i + £M) ^ 
U — ^ ds 

A s(Ko(s)) 



1/2 



s- 3 d^° v (s) 



(-i^lnH^i) 



1/2 



„ S 2 (l?o(s))i 



f n /2i , iV'(s) > 



2(2+1) 



X 



\ 7IS TT ' j - 1 - 

S 3 (^o( S ))f 2 



/N+l/ 



f 

X 



/2i , 1V'(s)n 
Mrs 7T j 

S 2 (^o(s)) + /2 



ds+ 



1 

8 



(N+l/ 



1 1 

j=l\ /"I 7^ 



A 



E 

7=1 



1 j_ 

< 7-1 7/, 



E 

7=1 

4ZJ (# )2 (fl")2 



N+l/ 



x I lis ^ ds 



s(R (s)) 



1/2 



a/2 



It is important to note that all of the above integrals are real valued (since, for s e } , (R (s)) 4 
i(|R (s)|) 1/2 eiR) and bounded (since, for ; = 1, . . . ,N+1, (R„(s)) 1/2 =4^ 0((s-K j) 1 / 2 ) and (R (s)) 1/2 = sTa ° 

(^((fly-s) 1 ^ 2 ), that is, there are removable singularities at the end-points of the support of the 'odd' 
equilibrium measure). ■ 

Lemma 3.6. Let the external field V: R \ {0} — » R satisfy conditions (2.3)-(2.5). Let the 'odd' equilibrium 
measure, and its support, supply) =:/„ (c R\ {0, ±00}), be as described in Lemma 3.5, and Zef tftere exist 
£ (e R), f/?e 'odd' variational constant, such that 



2(2+^) f ln(|x-s|)^(s)ds-21n|x|-y(x)-4-2(2 + i)Q o =0, xe/ , 
2(2 + I) f ln(|x-s|)^(s)ds-21n|x|-y(x)-4-2(2 + i)Q o <0, xeRU 



(3.9) 



where 



2o~ f 

Jjo 



Q := ln(|s|)^(s)ds, 



and, for V regular, the inequality in the second of Equations (3.9) is strict. Then: 
(1) #(z)+£(z)-V(z)-* -(G+ +O-)=0, ze^, i^g^z^lim^z+k); 
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(2) g° + (z)+g°_ (z)- V(z)-£ -(£i^ A + £i A ) < 0, zeR \ }„, where equality holds for at most a finite number of 
points, and, for V regular, the inequality is strict; 

(3) g° + (z)- g°_(z) - + e z e R, where /5 : R — » R zs some bounded function, and, in particular, 

g^z)-g°(z)-Q+ +Q~ =i const., zeR\ J , where const, e R; 

(4) i{g°+{z)-g°_ (z)-Q^+Q~ )' ^0, ze / , and where, for V regidar, equality holds for at most a finite number 
of points. 

Proof. Set (cf. Lemma 3.5) } := U^J ., where J". = (b°._ v a°) = the ;th 'band', with NeN and finite, 
b° Q := min{supp( i u^)} £ {-co, 0}, a° N+1 := max{supp(/j^)} £ {0, +oo}, and -oo < b° Q < a\ < b\ < a° 2 < ■ ■ ■ < b° N < 



"N+l 



<+c 



oo, and {lf._ v a°j}jj{ satisfy the ^-dependent and (locally) solvable system of 2(N+1) moment 
conditions given in Lemma 3.5. Consider the following cases: (1) z e J° := [b°_ v a°], j = 1, . . . ,N+1; (2) 
z e (a° jt Vj) = the ;th 'gap', /= 1, . . . , N; (3) z e (a° N+1 , +oo) ; and (4) z e (-oo, b°). 

(1) Recall the definition of g°(z) given in Lemma 3.4, namely, g°(z) :- f ln((z-s) 2+ »(zs) -1 )ii>?, 

^ Jo » 

(s) ds, zeC \ (-oo,max{0,a^ +1 }), where the representation (cf. Lemma 3.5) dp° v (s) - ip° v (s) ds, se J , was 
substituted into the latter. For zej ., j = 1, . . . , N+ 1, one shows that 



r 



ln|z|, z>0, 

rv yS) as — < 
nE ln|z|±i7i, z<0, 



2 + ^ln(|z-s|)^ y ( S )ds±i7i(2+i)J N+ >» y (s)ds-J^ln(|s|)^(s)ds 
^(s)ds- 

where g° ± (z) :=lim t ^o g°(z±ie), whence 

g° + (z)-g°_(z)-£>+ +& A =2(2+i)m f ™ ^ v (s) ds^k+iWi f t^(s)ds 

v ,:/ Jz \ ni J/ nR + 

jo, z>0, 
i-2ra, z<0, 

which shows that g+ (z)-g°_ (z)-£>+ + £>" e iR, and Re(g" (z)-g° (z)- +Q^) = 0; moreover, using 
the Fundamental Theorem of Calculus, one shows that (g° + (z)-g°_ (z)-Q+ +Q~ )' = -2(2+i)7ih/^,(z), 
whence i(^(z)-^(z)-S+ +Q- )' = 2(2 + I)tt^(z) > 0, since ^ y (z) > V z6^ (d J., j = 1,. . .,N+1). 
Furthermore, using the first of Equations (3.9), one shows that 

g° + (z) +g°_(z) - V(z)-( - (Q+ + Q- ) = 2(2 + 1) lnflz-sD^s) ds-2 In |z| - V(z) 

-4-2(2+i)Q o = 0, 

which gives the formula for the (n-dependent) 'odd' variational constant l (e R), which is the same 
[81, 85] (see, also, Section 7 of [44]) for each compact interval J ., j = 1, . . . ,N+1; in particular, 

1 / 1 \ N+1 C° i\ w 
4 = n\ 1+ n)T, X ' ln (U {b " +a ° N+l) ~ s ) s " 1 |)(l^( s )l) 1/2 ^( s ) ds - 21n l2( & N+«N + i)| 

;'=1 ;-l 

-V(\{b° N+ a° N+1 j), 

where (\R o (s)\) 1 ^ 2 h° v (s)^0, . . .,N+1, and where there are no singularities in the integrand, since, 
for (any) r> 0, lim^o W In \x\ = 0. 

(2) For z e (a°, b°), ...,N, one shows that 

£(z)=(2+~)f ln(|z-s|)^(s)ds±(2+i)7Ti^ P t/>° F (s) ds- f ln(|s|)^(s) ds 
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-in f ^(s)ds- 

J/ nR_ 



|ln|z|, z>0, 
I In |z|±i7T, z<0, 



whence 



g° + (z)-g°_{z)-£i A +£r A =2(2+i)m f N+ >° y (s) ds- 2(2 + 1)71! f ift(s)ds 

jo, z>0, 
|-27zi, z<0, 

which shows that g° + (z)-g°_(z)-D. A +&~ =iconst., with const.eR, and Re(g°(z)-g° (z)-Q+ +Q" ) = 0; 
moreover, i(g° (z)-g°_ (z)-£i A + £i A y =0. One notes from the above formulae for g° ± (z) that 

g° + (z) + g°_ (z) - V(z) - 1 - (Q+ = 2(2 + i)^ ln(|z- S |)^( S ) ds-2 In \z\ - V(z) 

-4-2(2+i)Q . 

Recalling that (cf. Lemma 3.5) £ 2 Mi{Q -> £^ (q , / i-> CHf)(z) := f g f , where -f denotes the 
principal value integral, one shows that, for ze (a°, fc"), ;' = 1, . . . , N, 

2(2 + i)j^ ln(|z-s|)i/^(s) ds = 2(2 + J)7i J (9i^ v )(s) ds + 2 ( 2 + ^) ln(l«y-s|)^(s) ds; 

thus, 

gl(z)+£(z)-V(z)-€ -(£i A +& A ) =2(2+I)n fcH^)(s)ds+2(2+l) f ln(|«?-s|)t^(s) ds 

-21n|z|-y(z)-4-2(2+i)Q 

= 2(2+1) f In(|«J- S |)^ v (5)ds+2(2+i)7i f W)(s)ds 

J Jo Jfl° 

- f V'(s)ds-2 f lds-21n|«?|-V(«?)-^-2(2+l)Q 
= J (2(2+i)7i(^)( S )-y'( S )-^)ds, 



since 

21 2+ - 



i) f ln(^-s|)^ y (s)ds-21n|fl»|-y( a p-4-2(2+i)Q o = 0, 

Jo 

whence, for = 1, . . . , N+ 1, 

gl(z)+£(z)-V{z)-{ -(& A +& A ) = j (2{2 + ^jnCHip^(s)-V'(s)- fjds, zetyV!). 

It was shown in the proof of Lemma 3.5 that 2(2+±)7i(?fi/^)(s) = y'(s)+f-(2+i)(R (s)) 1/2 ^(s), se (a° b°X 
j - 1, . . . , N, whence 

gl(z)+g^z)-V(z)-i -(£i A + £i A ) = -{2 + ^^ (R o (s)) 1 /X(s)ds<0, zeuf^b") : 

since h° v (z) is real analytic on R \ {0} and (R (s)) 1/2 h° v (s) > V s e (a^fe?), it follows that one has 
equality only at points zeU^ (a°, b°) for which /iy (z) = 0, which are finitely denumerable. (Note that, 
for ze uf =1 (a°, b °), (R (s))f = (Ro(s))l /2 = (R (s)) 1/2 .) 
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(3) For ze (a^ +1 , +00), one shows that 



&(z)=(2+±)f ln(|z-s|)^(s)ds- f ln(|s|)^(s)ds-i7T f ^(s)ds 

(ln|z|, z>0, 
|ln|z|±i7i, z<0, 

whence 

fo, z>0, 

l-2ra, z<0, 



g° + (z)-g°_(z)-£i A + £i A = -2[2+- ra ^ v (s)ds + 



n! J/„nR + 



which shows that g° + (z) - g°_(z) - £t A + S2 A is pure imaginary, and i(g° + (z) - g°_(z) - £i A + £i A )' = 0. Also, 
one shows that 

g° + (z) + g°_ (z) - V(z) -t - = 2(2 + J ki(|z-s|)t/; y (s) ds-2 In \z\ - V{z) 

- 4-2(2+ i)Q ; 

and, following the analysis of case (2) above, one shows that, for ze (fl^ +1 , +00), 

2(2 + 1) f ln(|z-s|)^( S )ds-21n|z|-y(z)-4-2(2+i)Q = f (2(2+^)71(^^(5) 



"N+l 

2^ 



- y'(s)--)ds, 

thus, via the relation (cf . case (2) above) 2(2+±)ttCHi/^)(s) = V\s)+]-{2+\){R (s)) ll2 h° v (s), s e {a° mv +00), 
one arrives at 

gl(z) + C(zyV(z)-{ -(£i A+ D A ) = -(2 + l) f (R o (s))" 2 h v (s)ds<0, zeW mv +oo). 



If: (1) z -» +00 (e.g., |z| » max y= i N+i\\b°_ v a°\}), s e J , and \s/z\ <K 1, from u° v e Ati(lR), in particular, 

f d(f v (s) = l and s'" d^(s)<oo, meN, the formula for g%(z)+g°_(z)-V(z)-{ -(CL A +^ A ) above, and 
the expansions jr; = -LLo ^t + z m ( + s !_ z) / and ln(z-s)=| Z |_ >00 ln(z)-E^ ;1 |(f)*, one shows that 

g + (z)+^(z)-y(z)-4-(Q; + ^) = (l + ^)ln(z 2 + l)-y(z)+0(l), 

which, upon recalling that (cf. condition (2.4)) lim| A |^ [JO (V(x)/ ln(x 2 +l)) = +00, shows that g%(z)+g°_(z)- 
V(z)-f -(£l A + £r A ) < 0; and (2) |z| -> (e.g., |z| « min y= i N+iW^cffi), s e /„, and |z/s| « 1, from 

^ 6 Mi (R), in particular, s" m du° v (s) < 00, me IN, the above formula for g° (z)fg"° (z)-V(z)-^ -(Q^ l +D yl ), 
and the expansions jzj = - LLo ^ + s m(z-s) ' and ln(s-z) =|zHoln( s )-E^i 5(f)*' one shows mat 

g° + (z)+/_(z)-y(z)-4-(Qi + ^) , = ln(z- 2 + l)-y(z)+0(l), 

\z\->0 

whereupon, recalling that (cf. condition (2.5)) ]m\\$-+o(V(x)/lr\(x~ 2 + i)) = +°o, it follows that g° + (z) + 

£(z)-y(z)-* -(a++a-)<o. 

(4) For ze (— oo, W), one shows that 

g° ± (z) = (l+Dfj ln(|z-s|)^(s) ds±(2 + l)ra- f ln(|s|)^(s) ds 

. f fin |z|, z>0, 

J; nE_ rV 1ln|z|±i7r, z<0, 



Asymptotics of Odd Degree Orthogonal Laurent Polynomials 



71 



whence 



Z>0, 

z<0, 



^(z)-/_(z)-Q; + Q-=2(2 + i)7zi-2(2 + l)mJ^ nK ^^+1^ 
which shows that g° + (z)-g°_ (z)-£i A + £i A is pure imaginary, and i(g° + (z)—g°_ (z)-D. A + £t A )' =0. Also, 
g:(z)+g _(z)-y(z)-4-(Q; + Q^^ 

-4-2(2 + i) Qo : 

proceeding as in the asymptotic analysis for case (3) above, one arrives at 

gl(z) + g°_(z)-V(z)-{ -(£ l + A + £i- A ) = (l + i)ln(z 2 + l)-y(z)+0(l), 



and 



g + (z)+g°_(z)-V(z)-£ -(£i A +£r A ) t =>(z- 2 +l)- V(z)+0(1), 



IzHO 



whence, via conditions (2.4) and (2.5), g° + {z) +g°_(z)- V(z) -i - (Q+ + ) < 0, z e (-co, b° ). □ 

4 The Model RHP and Parametrices 



In this section, the (normalised at zero) auxiliary RHP for M : C \ 1R — > SL2(C) formulated in Lemma 
3.4 is augmented, by means of a sequence of contour deformations and transformations a la Deift- 
Venakides-Zhou [1-3], into simpler, 'model' (matrix) RHPs which, as n — > oo, are solved explicitly 
(in closed form) in terms of Riemann theta functions (associated with the underlying genus-N hy- 
perelliptic Riemann surface) and Airy functions, and which give rise to the leading (0(1)) terms of 
asymptotics for 7i2 n +i(z), and <p2 n +i(z) stated, respectively, in Theorems 2.3.1 and 2.3.2, and the 

asymptotic (as n — > oo) analysis of the parametrices, which are 'approximate' solutions of the RHP 



for M: C \ R— > SL2(C) in neighbourhoods of the end-points of the support of the 'odd' equilibrium 
measure, and which give rise to the 0(n + l/2) (and 0((n + l/2) 2 )) corrections for 7t2„+i(z), £_^V and 
4>2n+i(z) stated, respectively, in Theorems 2.3.1 and 2.3.2, is undertaken. 

Lemma 4.1. Let the external field V: R \ {0} — > 1R satisfy conditions (2. 3)-(2. 5); furthermore, let V be 
regular. Let the 'odd' equilibrium measure, p.° y , and its support, supp(p° v ) =: ] = U^J 1 /" := U^ 1 1 (b"_ 1 ,fl"), 
be as described in Lemma 3.5, and, along with € (e R), the 'odd' variational constant, satisfy the variational 
conditions given in Lemma 3.6, Equations (3.9); moreover, let conditions (l)-(4) stated in Lemma 3.6 be valid. 



Then the RHP for M: C \ R— >SL2(C) formulated in Lemma 3.4 can be equivalently reformulated as follows: 



(1) M(z) is holomorphic for z e C \ R; (2) M±(z) := lim z <_> z M(z') satisfy the boundary condition 



M+(z) = M_(z)i;(z), zeR, 
where, for i=l, . . .,N+land j = l, . . .,N, 

Y e -4(n+I)m ^ y ( S )ds e iq 1 

e 4(«+|)raX"" +1 K(s)ds e -ici» 

4(H+I)ra $^y>{s)ds . 

e " i e" 1 



v(z) = 



Mo P n(f + (z)+g°- (z)-V(z)-€„-D. A -Q" A 







ze(b°_ v a°), 
zz(a°,b°), 



zeis, 
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with 

q :=4n(n + -\ I xp° v (s)ds, 
v // J/ nR + 

3 := (-oo, b° )U(a° N+v +00), g°{z) and defined in Lemma 3.4, 

+Re|i N+1 ip° v (s) dsj > 0, z e C± n (U^up, 

where U° := {z e C*; Re(z) e {V._ v a°), inf^;. |z-a| < r ; e (0,1)}, / = l,...,N + l, with KnW- 0, 
i + j = \,...,N+l, and g%(z)+g_(z)-V{z)-l -& A -£r <Q,zeZ U (uf_ +1 (« ■,&■)); (3) M(z) = 2 ^ l+0(z); 
and (4) M(z)= z ^oo0(l). 

zeC\R 

Proof. Item (1) stated in the Lemma is simply a re-statement of item (1) of Lemma 3.4. Write 
R= (-oo, 6g) u ( fl ^ +1 , +oo) u (u^/p u (uf =1 («^p) u (u^MZfr «?})/ where /)' : = (Wj-v ^ / = 1, • • - 
Recall from the proof of Lemma 3.6 that, for V, u° v , and t described therein (and in the Lemma): (1) 
S° + (z)-g _(z)-£++Q- = 



2(2 + i)mf-^(s)d S -2(2 + I)7zij; )nR+ ^( S )ds + _' 



0, zeR + n/°, /=1,...,N+1, 
2m, zeR_n/°, /=!,..., N+1, 



r a° , r 0, ZeR+flAW, =l,...,N, 

2(2 + ±)ra L N+1 ^,(s)ds-2(2+i)ni f _ ib° v (s)ds + { ' ' 

-2(2 + i) n iC ^(s)ds+{°' ze]R + n K +1 ' +0 °)' 
2(2+I)m-2(2+i)ni f W s)ds-J°' Z6Rf ° 



-2ra, zeR_ n (-oo,b°), 
where J» (:= f. U <?/») = [K v «?], /=!,..., N+1; and (2) for /= 1, . . . ,N+1, 



gl(z)+£(z)-V(z)-{ -£i A -£i A . 



0, zgu"; 1 /^ 

-(2+1) X!(R„(s)) 1/ X( s ) ds <0, zetyVj), 

-(2+1) x! +i (R o (s)) 1/ X( s ) ds<0 ' z6(«^ +1 ,+oo), 

(2+I)jr 6S (R ( s )) 1 /2^ (s)ds <o, ze(-oo,fcg). 



Recall, also, the formula for the 'jump matrix' given in Lemma 3.4, namely, 

Partitioning R as given above, one obtains the formula for v(z) stated in the Lemma, thus item (2); 
moreover, items (3) and (4) are re-statements of the respective items of Lemma 3.4. It remains, 

therefore, to show that Re(i J^ N+1 ^° v (s) As) satisfies the inequalities stated in the Lemma. Recall from 
the proof of Lemma 3.4 that g°(z) is uniformly Lipschitz continuous in C±; moreover, via the Cauchy- 
Riemann conditions, item (4) of Lemma 3.6, that is, i(g° + (z)— g°-(z)— &t +£n,)' >0,ze } , implies that the 
quantity g° + (z)—g°_ (z)-Q+ +.Q~ has an analytic continuation, S°(z), say, to an open neighbourhood, U° v , 
say, of J = yj^{b° hl , a ), where U° y := U^U", with UJ° := {ze C*; Re(z) e {b°._ v a ), inf, eJ » \z-q\ < r, e (0, 1)}, 
/ = 1, . . . ,N+1, and U°. n U° } = 0, i + j = 1, . . . , N+1, with the property that ±Re(3°(z)) > 0, z e C± n U° y . 
□ 

Remark 4.1. Recalling that the external field V : R \ {0} -> R is regular, that is, h° v (z) £ V z e ]° := 
U^V-[b°,a .], the second inequality in Equations (3.9) is strict, namely, 2(2 + ^) f \n(\x-s\)xb° v (s) ds- 

J J J " *"7o * 
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2Ln|x|- V(z)- 4-2(2 + i)Q <0, ieR\ /„, and (from the proof of Lemma 4.1) that g° + (z)+g°_(z)-V(z)- 
4-2(2+I)Q o <0 / ze(-oo,fcj5) U (a° N+1 ,+oo) U (uf =1 (a°,Vl)), it follows that 

{-(4(»+iM C° N+1 f v (s)ds)a 3 
e " ' e^fl+oflK), ze((f jf b°), j=l,...,N, 

e 1 ^ (I+o(l)cr + ), ze(-oo # bg) u (a° N+1 ,+°o), 

where o(l) denotes terms that are exponentially small. ■ 

Proposition 4.1. Let the external field V: R \ {0} — > R satisfy conditions (2. 3)-(2. 5); furthermore, let V be 
regular. Let the 'odd' equilibrium measure, y,° v , and its support, supp(p° v ) =: J = U^ 1 /" := \J^^Qf._ v a°), 
be as described in Lemma 3.5, and, along with € (e R), the 'odd' variational constant, satisfy the variational 
conditions given in Lemma 3.6, Equations (3.9); moreover, let conditions (l)-(4) stated in Lemma 3.6 be valid. 

Let M(z) : C \ R-» SL 2 (C) solve the RHP formulated in Lemma 4.1. Set 

M , (z) Jm (z) e- zeC+/ 



M(z)E ff3 , zeC_, 



E:=exp(iq /2) = exp|i27z(n+i)J^ i/>^(s) ds 



where 



Then M b (z) : € \ R^ SL 2 (C) sofoes the following RHP: (1) M b (z) is holomorphic for zeC \ R; (2) M±(z) := 
lim z /^ z M (z') satisfy the boundary condition 

±lm{z / )>0 

M+(z) = M^(zrV^(z), zeR, 



where, for i = 1, . . .,N+land j = l,. . .,N, 

Y e -4(n+i)mX"«+i^( S )d S 



e 4(H+I)mf«+ift( S )d S 
f -4(n + | )7li /* +Vv(s)ds 2 „ fe „ (z) ^ (z) _ ?(2) _ 4 _ Qi _ Q _ ) 

4(n+i)7iiJ^ +1 ^ v (s)ds 



e 

I +e n(« + (2)+X -(z)-V(z)-4-Q+-£l-) cT+ ^ 

with 3 := (-oo, ^)u(fl^ +1 , +oo), g°(z) and defined in Lemma 3.4, 

/ r^- 

+Re|i I ./.o /<.\^^l^n -r^(P ^/iiN+Ittoa 



ze(2ti' fl i)' 
ze3, 



^ y (s)ds >0, zeC ± n(U^U°), 



ro/xere U° := {z e C; Re(z) e {b°._ v a°), rnf, e/ ° |z - q| < ry e (0,1)}, / = 1,...,N + 1, rozf/i U° n UJ = 0, 
i + j=l,..., N+l, and gl(z)+g°_(z)-V(z)-{ -£i + A -£i- A < 0, ze 3 U (U^ 1 ^, V>)); (3) M b (z) = z ^ (I+0(z))E-^ 



and M b (z)= z ^ (I+C(z))E° 3 ; and (4) M b (z)= z ^ ra O(l). 



o b 

Proof. Follows from the definition of M (z) in terms of M(z) given in the Proposition and the RHP 



for M(z) formulated in Lemma 4.1. □ 

Lemma 4.2. Let the external field V: R \ {0} — » R satisfy conditions (2. 3)-(2. 5); furthermore, let V be regular. 
Let the 'odd' equilibrium measure, f.i° v , and its support, supp(,u^) =: /„ = U^ 1 /" :=U 1 j l J j l (b ._ 1 ,a .), be as described 
in Lemma 3.5, and, along with l (e R), the 'odd' variational constant, satisfy the variational conditions 
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given in Lemma 3.6, Equations (3.9); moreover, let conditions (l)-(4) stated in Lemma 3.6 be valid. Let 

^ 

M (z) : C\R— > SL 2 (C) solve the RHP formulated in Proposition 4.1, and let the deformed (and oriented) contour 
Ej :=R U {U N ^(J '~ U /p) be as in Figure 8 below; furthermore, U N ^{Q°r U Q°'~ U fr U fp c U^U" 
(Figure 8), zw/zere U°, /= 1, . . . ,N+1, z's defined in Lemma 4.1. Sef 



M"(z):= 



M b (z), zeC \ (I* U (u£+i(0^ u Q°'"))), 



T/zen M B : C \ ^SL 2 (C) solves the following, equivalent RHP: (1) 3Yf(z) z's holomorphic for zeC \ E*; (2) 
M (z') satisfy the boundary condition 



M S ± (z):=lim 



2'— >2 

z' e± side of zf| 



M , + (z) = M*(z)u«(z), zeLf 
where, for i= 1, . . . , N+l and j = l,...,N, 



u»(z) = . 



1^2/ 

I + e -4(«+I)nif « +1 K( s ) ds ff _, 
j +e 4(n+i)7rijj^+>i^(s)ds 



e 

I+e %^)+^z)-v( 2 )-c-o+-o;,) ff+/ 



e "(s° ( 2 )+s° (z)-V(zM„-q+ -03, ) 



ze3, 



roz'tfz 3 := (-co, feg) u (a° N+1 , +oo), and Re(i £° N+1 tz^(s) ds) > (resp., Re(i J^ +1 i/^(s) ds) < 0), z e Q°'~ (resp., 



zeQ°'~); (3) 



M"(z) 



z->0 



(I+0(z))E-" 3 , 



M\z) = (I+0(z))E 173 ; 

z->0 

pi u ; ; 



and (4) 



jvr(z) 



0(1). 



zeC\(^u(uN+l(Qj."uQj'- ))) 



Proof. Items (1), (3), and (4) in the formulation of the RHP for JVT : C \ -> SL 2 (C) follow from 

tt b 

the definition of M (z) (in terms of M (z)) given in the Lemma and the respective items (1), (3), 

« t, 

and (4) for the RHP for M : C \ M— > SL 2 (C) stated in Proposition 4.1; it remains, therefore, to verify 
item (2), that is, the formula for u"(z). Recall from item (2) of Proposition 4.1 that, for z e (b°._ v a .), 

l l / _4 ( .. , 1 \_j ["N+l mo ( s )Hs \ 

; = l,...,N + l,M+(z) = M (z)«V.u(z), where 'Vo, (z) = e 3 h v \ : noting the 

matrix factorisation 



f e -4(n+i)7rij["N+ii^(5)ds 1 

e 4(»+I)rafN + i^( s )d s 



1 0^ 

,4(»+i)ra f«+ift( S )d S j 



1 
-1 
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Figure 8: Oriented/deformed contour I* :=R U (U« + 1 1 (/"'~ U /"'")) 

1 0\ 



it follows that, ze {W._ v if), j-l,...,N+l, 



M v + (z) 



_ -4(n+J)7ii/ 2 N +1 ^( S )d S 



-4(n+i)7ii£ N+1 i/^,(s)ds 



1 



= M_(z) 



1 4(«+i)7ii/ ; "«+ 1 ^(s)ds 



s ! 
1 



1CT2. 



It was shown in Lemma 4.1 that ±Re(i £° N+1 \p° v (s) ds) > for z e C± n UJ°, where U° := {z e C*; Re(z) e 
& H , «p, inf, e/ . lz-^1 < r ; e (0, 1)}, ; = \, . . .',N+l, with U» n = 0, t * ; = 1, . . . , N+ l/and J ; ° := (6^, 8°), 

7 = 1, ■ ■ .,N+1. (One notes that the terms ±4(n+^)7zi J 1 ^* 1 i^y(s) ds, which are pure imaginary for zeR, 

and corresponding to which exp(±4(ft+i)ra J^ N+1 i/>y(s) ds) are undulatory, are continued analytically 

to C± n (U^Uy ), respectively, corresponding to which exp(+4(n+i)Tti J["^ +1 '/'^(s) ds) are exponentially 
decreasing as n — > oo). As per the DZ non-linear steepest-descent method [1, 2] (see, also, the extension 
[3]), one now 'deforms' the original (and oriented) contour IR to the deformed, or extended, (and 
oriented) contour/skeleton Ej| :=R U (U^+ 1 (/ ''" U J°~)) (Fi gure 8) in such a way that the upper (resp., 
lower) 'lips' of the 'lenses' J .'" (resp., /"'"), 7 = 1,..., JV+1, which are the boundaries of Q°'~ (resp., Q '"), 
7 = 1,..., JV+1, respectively, lie within the domain of analytic continuation of g° + (z)-g°_ (z)-Q^+Q^ l (cf . 
the proof of Lemma 4.1), that is, U^+^Q"'" U Q°'~ U J°'~ U J°~) c U^tJ .; in particular, each (oriented) 
interval J". = (K^o .), j = 1, . . . ,N + 1, in the original (and oriented) contour ]R is 'split' (or branched) 

into three, and the new (and oriented) contour EjJ is the old contour (R) together with the (oriented) 
boundary of N+l lens-shaped regions, one region surrounding each (bounded and oriented) interval 

tt b 

J .. Now, recalling the definition of M (z) (in terms of M (z)) stated in the Lemma, and the expressions 

u 

for (the jump matrix) 'V ^{z) given in Proposition 4.1, one arrives at the formula for ir(z) given in 
item (2) of the Lemma. □ 

Remark 4.2. The jump condition stated in item (2) of Lemma 4.2, that is, M+ (z) = M?. (z)u" (z), z e E*, with 
u"(z) given therein, should, of course, be understood as follows: the SL 2 (C)-valued functions m" \~ , v « 

ti tt tt 

have a continuous extension to Ej with boundary values M ± (z) := lim z ,^ zeE » M (z') satisfying the 



above jump relation (M (z) is continuous in each component of C \ E* up to the boundary with 

tt i 
boundary values M ± (z) satisfying the above jump relation on Ej). ■ 

Recalling from Proposition 4.1 that, for ze (-oo, b° Q ) U (a° N+1 , +°°) U (U^(a°, V.)), g° (z)+g° (z)-V(z)- 

l -G+ - Q- < 0, and, from Lemma 4.2, Re(i jT^ 1 t^(s) ds) > for z e (resp., Re(i £° N+1 ijj° v (s) ds) < 
for z e /"'"), 7 = 1, . . . ,N+1, one arrives at the following large-n asymptotic behaviour for the jump 
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matrix u#(z): for . . .,N+1 and ...,N, 



vHz) = ■ 



102, 



e i 
-(4(n+i)ra_f* + Vv(s)ds)<T 3/ 



I+< 9 ( e-MM 2 -«°l) ff+ ) , ze bp \ Ua S (0), 



(i+OCe-^j)* 1-1 )^), 
I+0(e-(" + 5)*l)a +; 
l+0[e- { - n+ ^ 1 )a + , 



2e(«°,W)nU 6; (0), 

ze3\U 6S (0), 

ze3nU s »(0), 



where c (some generic number) > 0, TUs» (0) := {z e C; |z| < 6° }, with 5° some arbitrarily fixed, sufficiently 
small positive real number, 3 := (-oo,^) u (a° N+1 , +°°), and where the respective convergences are 
normal, that is, uniform in (respective) compact subsets (see Section 5 below). 

Recall from Lemma 2.56 of [1] that, for an oriented skeleton in C on which the jump matrix of an 
RHP is defined, one may always choose to add or delete a portion of the skeleton on which the jump 
matrix equals I without altering the RHP in the operator sense; hence, neglecting those jumps on Ejj 
tending exponentially quickly (as n — » co) to I, and removing the corresponding oriented skeletons 

from Ef , it becomes more or less transparent how to construct a parametrix, that is, an approximate 
solution, of the RHP for M : C \ E°, — » SL2(C) stated in Lemma 4.2, namely, the large-n solution of the 

J) 

RHP for M (z) formulated in Lemma 4.2 should be 'close to' the solution of the following limiting, or 
model, RHP (for m°°(z)). 

Lemma 4.3. Let the external field V: R \ (0} — > R satisfy conditions (2.3)-(2.5); furthermore, let V be 
regular. Let the 'odd' equilibrium measure, u° v , and its support, supp(/i^) =: ] = U^J 1 /" := U^1 1 1 (t'°_ 1 ,fl"), 
be as described in Lemma 3.5, and, along with l (e R), the 'odd' variational constant, satisfy the variational 
conditions given in Lemma 3.6, Equations (3.9); moreover, let conditions (l)-(4) stated in Lemma 3.6 be valid. 

Then m°° : C \ / °° SL 2 (C), where := J U {^ =l {a°., V.)), solves the following (model) RHP: (1) m°°(z) z's 
holomorphic for ze<C\ (2) m±(z):= lim z <_> z m°°(z') satisfy the boundary condition 

z' e± side of J? 3 



where 



u°°(z) = 



m™(z) = m™(z)v' x (z), zej™, 

ze(b°_ v a°), i=\,...,N+\, 



ze 



{a°,W), j-l,...,N; 



(3)m°°(z) = z ^ (I+0(z))E-' J 3 andm co (z)= z ^ (I+0(z))E^ ; and (4) m°°(z)= z ^ M 0(1). 

The model RHP for nf° : C \ J£° — > SL2(C) formulated in Lemma 4.3 is (explicitly) solvable in 
terms of Riemann theta functions (see, for example, Section 3 of [45]; see, also, Section 4.2 of [46]): the 
solution is succinctly presented below. 

Lemma 4.4. Let y° : C \ ((-co, b° Q ) U (a° N+1 , +co) u (uf =1 (a° &p))->C be defined by 



f{z):= 



Z-fl 



N+l / k= i 

-b° 



z-a 



no 

N 



1/4 



n 



N+l/fc=i 



z-a? 



1/4 



zeC + , 
zeC_, 



and set 



(N+l 



^(0):= m^iK)" 1 



1/4 



(>0). 
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If (y°(0)) 4 = 1, then, on the lower edge of each finite-length gap, that is, (a°, b°.) , j = 1, . . . ,N, (y°(0)) 1 y° 

(z) + y°(0)(y o (z)) _1 = has exactly one root/zero, and, on the upper edge of each finite-length gap, that is, 
(a°.,b°.) + , j = l,...,N, (y o (0))- 1 y o (z)-y°(0)(y o (z))- 1 = has exactly one root/zero; otherwise, if(y°(0)) i + 1, 
there is an additional root/zero in the exterior/unbounded gap (-co, b° Q ) U (a° N+1 , +oo). For both cases, label a set 
ofN of the lower-edge and upper-edge finite-length-gap roots/zeros as 

fe(a°,b°r c C ±/ j=l, ...,N; ((y°(0))-y(z)+f(0)( 7 °(z))-% =zr = fj} 

(in the plane, z°' + =z°~ :=z°e(a°,b°), - ,N). Furthermore, y°(z) solves the following (scalar) RHP: 

(1) y°(z) is holomorphic for zeC \ ((-co, b° ) U (a° mv +co) u (U N =1 (a°, b ))); 

(2) K(z) = y _(z)i /2 e(-oo,bg) u (a° N+v +oo) u (U^^fc")); 

(3) y°(z) = s+0 (-ipU/y (0)(1 +0(z)); and 

(4) y°(z) =^„ 0(1). 

=eC+ 

Proof. Define y°(z) as in the Lemma: then one notes that (y°(0))" 1 y°(z)+y o (0)(y o (z))" 1 =0<=> (y°(z)) 2 + 

(y°(0)) 2 =o^(y"(z)) 4 -(y°(0)) 4 =o«Q»(z) (eR[z])-(z-bg)nL(z-^)-(y°(0)) 4 (z-^ +1 )n£i(z-<)=o, 

whence, via a straightforward calculation, and using the fact that (y°(0)) 4 = rijt=i ^jLi ("p -1 > 0, one 
shows that Q («p = (-1) N -/ +1 Q^,; = 1 / . . .,N, where 0°, := (K^(aS-Sg) Yli~ = \(a"-b° k ) Ul j+1 (b o l -a o j )>0,and 
QO(b o ) = _ ( _ 1) N-, + iQo o/ ; = i,. . . /N/ where Q»„ := (y°(0)) 4 (fo»-ap(^ +1 - D p n^-ap nt i+1 K-&°)>0; 

thus, Q°(a°)Q°Qf) < 0, ;'= 1, . . . ,N, which shows that: (i) for (y°(0)) 4 * 1, since deg(Q°(z)) = N+l, there are 
N+ 1 (simple) roots/zeros of Q°(z), one in each (open) finite-length gap (a ., b°), j = 1, . . . ,N, and one in 

the (open) unbounded/exterior gap (-co, b° ) U (a° N+1 , +co); and (ii) for (y°(0)) 4 = 1, since deg(Q°(z)) = N, 
there are N (simple) roots/zeros of Q°(z), one in each (open) finite-length gap (a°, b°), j — l,...,N. For 

both cases, label a set of N of the roots/zeros of Q°(z) as {z°}^ r A straightforward analysis of the 

branch cuts shows that, for z e U^a",^)*, ±(y°(z)) 2 > 0, whence {z '*}^ = \z ± e (^K)* c C±, ; = 

1, . . .,N; ((y°(0))- 1 y°(z) + y»(0)(y»(z))- 1 )| 2=2± =0}. Setting/" := (-oo,&g) u (a° N+v +oo) U (U~ =1 ( fl »,op), one 
shows, upon performing a straightforward analysis of the branch cuts, that y°(z) solves the RHP 
(y°(z), i, /°) formulated in the Lemma. □ 
All of the notation/nomenclature used in Lemma 4.5 below has been defined at the end of Sub- 
section 2.1; the reader, therefore, is advised to peruse the relevant notations(s), etc., before proceeding 
to Lemma 4.5. Let J/ denote the Riemann surface of y 2 = R (z) = Ylk=\ ( z- ^_i)( z— fl p/ where the single- 
valued branch of the square root is chosen so that z~^ N+1 \R (z)) 1/2 ~ z ^ ca ±1. Let 7 := (y,z) denote a 

zeC± 

point on the Riemann surface J/ (:= \(y,z); y 2 = R (z)}). The notation 0* (used in Lemma 4.5 below) 
means: 7 — » ± <=> z - 
to the right of z = 0. 



0, y ~ ±(-l) N+ (Uk=i K-i a °k^ V2 ' where N+ e {0 ' • ■ -' N+1 l is the number of bands 



Lemma 4.5. Let rvT : C\J™ — >SL 2 (C) solve the RHP formulated in Lemma 4.3. Then, 



m°°(z): 



|9K°°(z), zeC + , 

° DO 

-i9JJ (z)a 2 , zed, 



where 



(. 



e"(»°(0)+d„) 



9Ji(z):=E- 



e°(u° + (0)-±(n+\)a°+d o ) 







e°(«°(0)+d o ) 



e°(-ai(0)-^(n+l)Q''-i o ) 



and 



©h (z) = 



' wo)rV(z)+/(o)(i''(z))-') > , . 

2 ^lll 2 ) 

((/(0))~ 1 y°(z)-/(Q)()-°(z))- 1 ) < g > °° / , 

2i W 21 l z ,> 



(( r °(0))- 1 r°(z)-y°(0)()-°(z))- 1 ) - 



((/(ory^Hr'XQXy'Wr 1 ),^ 00 



e 12 (z) 
e 22 (z) j 
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Ac0/ _ eV( Z )- 5 L(„ + i )Q ° +t j o) La>( ^ _ fl° ( - M o (2) -^ (H+ i )Q ° + d o ) 

® ll(z) : = ' ® 12(z) := (firiemda) ' 

Ac0/ _ e°(M°( Z )-^(n+i)Q°-d ) ^ v _ e (-« (2)-^(H+^)Q"-do) 

® 2l(Z): = 0°(u«(z)-d o ) ' "* {z): ~ 0V&)+4) 

zoz't/z y°(z) characterised completely in Lemma 4.4, Q° := (Q°,Q°, . . .,Op T (e 1R N ), ro/zere Q° = 4n J^ +1 

i/>^(s) ds, ;' = 1, . . . ,N, and T denotes transposition, d = - Z%i £' 0)° (= Zf=i of), {^ A }f =1 are char- 
acterised completely in Lemma 4.4, <o° is the associated normalised basis of holomorphic one-forms of J/ , 
„ 6;" (e Jac(J/ )), u+(0) := I „ co° ; furthermore, the solution is unique. 

N+1 Jfl N+l 

Proof. Let m°°: C \ J™ -> SL 2 (C) solve the RHP formulated in Lemma 4.3, and define m°°(z), 

CO ° CO 

in terms of 3R (z), as in the Lemma. A straightforward calculation shows that 3)i : C \ 1R — » 

CO ~ ~ 

SL2(C) solves the following 'twisted' RHP: (i) 3)1 (z) is holomorphic for z e C \ /", where J° := 
(-oo, fcg) u (a° N+1 , +oo) u (U*(«° b )); (ii) SDC(z) := lim 2 <^z 5Dt°V) satisfy the boundary condition 

' / / z' 6±sideof/ 

(z) = 3V°(z)V°°(z), zef, where 

ze/o, 

ze(-oo,fo»)u(^ +1 ,+oo), (4.1) 
i02e - l( „ + i)o» O3/ ze(lfj/V > )f y = 1 N/ 

with Q° = 4rc ff N+1 ^?/(s) ds, 7 = 1, . . . , IV; (iii) 3R°°(z) = 2 ^ o E- ,T3 +0(z) and 50t"(z) = 2 ^ iE ff3 a 2 +C(z); and (iv) 

/ JB j V Z€C+ ZEC_ 

CO CO 

SR (z) = z ^co 0(1). The solution of this latter (twisted) RHP for 3R (z) is constructed out of the solution 

zeC\7° 

of two, simpler RHPs: (N°(z), -ia 2 ,J°) and (in°°(z),ljf (z)J°), where if (z) equals exp(i(n+l/2)Q»a 3 )ai 
for z e (a , b .), j = l,...,N, and equals I for z e (-oo, &g) u (a° mv +oo). The RHP (K°(z), -io 2 ,J°) is solved 
explicitly by diagonalising the jump matrix, and thus reduced to two scalar RHPs [2] (see, also, 
[45,47,79]): the solution is 

^M-rtwyw + /(ox/®)- 1 ) -i((y°(o)rV(z) - /^(/(z))- 1 )^ 

W l|((7 o (0)rV o (z)-/(0)(/'(z))- 1 ) i((y o (0))- 1 y o (z) + /(0)(y o (z))- 1 ) j' 

where y° : C \ J" — » C is characterised completely in Lemma 4.4; furthermore, N°(z) is piecewise 
(sectionally) holomorphic for zeC \ J°, and W(z) = z ^ l+O{z) and N°(z) = 2 ^ o io2+0(z) 13 . 

zeC + zeC- 

Consider, now, the functions 6°(u°(z)±d ), where U°(z): z-» Jac(J/ ), zi-> u°(z) := f, a; , with <y" 

Jfl N+l 

the associated normalised basis of holomorphic one-forms of J/ , d = - £ ; - =1 j£/ a>° = £ ; - =1 JT/ <y°, 

where = denotes equivalence modulo the period lattice, and {z"'*} 3 ^ are characterised completely 
in Lemma 4.4. From the general theory of theta functions on Riemann surfaces (see, for example, 
[77, 78]), e°(u°(z)+d ), for zeJ/ := {(y,z); y 2 = Y[^{z-V , k _ 1 ){z-a ^}, is either identically zero on J/ or 
has precisely N (simple) zeros (the generic case). In this case, since the divisors Ylj=i z °'~ an d Oy=i z °j + 
are non-special, one uses Lemma 3.27 of [45] (see, also, Lemma 4.2 of [46]) and the representation 
[78] K = Zf=i £ N+1 oo°, for the 'odd' vector of Riemann constants, with 2K = and sK + 0, < s < 2, to 



13 Note that, strictly speaking, [N"(z), as given above, does not solve the RHP (W(z), -iO2,J ) in the sense defined heretofore, 
as >J° |~c+ can not be extended continuously to C±; however, 3M°(-±i£) converge in .„ loc (R) as £ J. to SL2(C)-valued 
functions J<F(z) ini^ (c) (f) that satisfy ?^.(z) = >f (z)(-ia 2 ) a.e. onf : one then shows that 3\l°(z) is the unique solution of the 
RHP (Jf (z), — icT2/ 7°)/ where the latter boundary/jump condition is interpreted in the Xj^ 1oc : 
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arrive at 



d°(u°(z)+d ) =6° 



<=>ze 



u°(z)-Y\ f ' co° =6° f co -K -Y\ 

lz°" Z°~ Z°'~) 



Si." 



= 



e (u o (z)-d ) = e i 



u°(z)-Y ' o)° =e° 6)°-Ko-Y ' of 

lz°' + Z°' + Z°' + ) 
ri '^2 ' • • •'• 6 N ] • 



= 



Following Lemma 3.21 of [45], set 



m°°(z):= 



f 9V(z)-^(n+l)Q°+rf„) g'(-«"(2)-^(n+|)Q"+d„) 
0°(U°(2)+d o ) D (-»"(2)+d o ) 
e°(u°(z)- i (n+ 1 )Q"-d ) 0°(-ii°(z)- i (»+ 1 )Q°-d ) 



e°(»«(z)-d ) 



9 ( U »(z)+d ) 



where Q° := (Q°, Q°, . . . , ^) T (e 1R N ), with Q°, j-l,...,N, given above, and T denoting transposition. 
Using Lemma 3.18 of [45] (or, equivalently, Equations (4.65) and (4.66) of [46]), that is, for z e (a", b°), 

j = 1,...,N, <(z) + u°_(z) = -x° (:= -T° ej ), j = 1,...,N, with t° := (t% =1 N := ( ^ co°)i, j=1 N (the 

associated matrix of Riemann periods), and, for z e (-oo, fc°) u (fl^ +1 ,+°°), u° + (z) + u°_(z) = 0, where 
U° ± (z) := J „ o°, with z* e (a" V>)*, j-l,...,N, and the evenness and (quasi-) periodicity properties of 

N+l ' ' 

0°, one shows that, for z e {a°, V), j = 1, . . . , N, 

0°«(z)-^( M +|)Q° + d o ) _ _. {n+m e (-u _(z)-^(n+l)Q°+d ) 
e°(u° + (z)+d ) e 2 ' e°(-u°_(z)+d ) 

g ( M ° + (z)-^(« + i)Q"-d ) _ _. (n+m e\-u°sz)-U n+ W-^) 
e°(u° + {z)-d ) e ' e°{u°_{z)+d ) 

e°{-u° + {z)-±{n + \)Cl°+d ) , e {u°_{z)-±{n + \)Cf+d ) 



e°(-u° + (z)+d ) 



e°(u°_(z)+d ) 



d (-u° + (z)-±(n + l)Cl°-d ) +1 6°(u°_(z)-±(n + l)Cl°-d ) 
= e 2 ' 



0°(u»(z)+d o ) 



e°(u°_(z)-d ) 



and, for z e (-°o, b°) U («^ +1 , +°°), one obtains the same relations as above but with the changes 
exp(+i(n+l/2)Q°)-> 1. Set, as in Proposition 3.31 of [45], 



G°°( Z ):= 



(K (z)) 11 (m oo (z)) 11 (K°(z)) 12 (m co (z)) 12 

UK"(z)) 2 l(m KI (z)) 21 (^(Z))22(m°°(z))22j 



where (*),,, i, j=l, 2, denotes the (z /)-element of (*). Recalling that W:C\J -* SL 2 (C) solves the RHP 
(N°(z), -io2, J°), using the above theta-functional relations and the small-z asymptotic expansion of 

u°(z) (see Section 5, the proof of Proposition 5.3), one shows that Q (z) solves the following RHP: 



(i) Q°°(z) is holomorphic for z e C \ /"; (ii) Q±(z) :- lim 



' €± side of / c ' 



Q (z') satisfy the boundary condition 



Q + (z) =<3_ (z)V (z), ze f, where V (z) is defined in Equation (4.1); (iii) 

/-e°(«°(o)-i(«+i)Q°+d ) 



GT{z) = 

2->0 

zeC+ 



Q (Z) = o 

z^O 

Z€C- 



e («°(o)+d ) 




eV-(0)-^(n+j)Q°-rf„) 

e°(«i(o)-d ) 





e a (-u°(o)-^(»+^)Q°-d„) 
e°(« i ;(o)+d ) 
e°(-m(o)-jL(»+i)Q°+d„ 

0°(-«°(O)+i„) 




-0(2), 



+C(z), 
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where u° ± (0) := fT of; and (iv) <3°°(z) = z ^co 0(1). Now, using the fact that, for z e (a , b°), j=l,... r N, 

N+l zeC\7 d ' ' 

u° + (0) + u°_(0) = ff W » + JT°" <y° = -t° j = 1, . . . , N, and, for z e (-oo, b° ) U +oo), u»(0) + u°_(0) = 
J^ 1 oj° + <y° = 0, upon multiplying Q (z) on the left by 



diag 



o (« o + (O)-i(n + i)Q o +d o )'0°(-<(O)-i(n + i)Q o -d o ) 



=: c 



that is, Q°° (z) -> c^Q" (z) = : (z), one shows that M °° : C \ J° -» SL 2 (C) solves the RHP (M °° (z), V°° (z), 

(° CO 
93i Jz), zeC+, ^ shows that m°° : C \ /™ -> SL 2 (C) 
-i9jf(z)cr 2 , zeC_, 

solves the model RHP formulated in Lemma 4.3. One notes from the formula for 9Jf (z) stated in the 
Lemma that it is well defined for C \ R; in particular, it is single valued and analytic (see below) for 
z e C \ }° (independently of the path in C \ J" chosen to evaluate u°(z) - f co"). Furthermore (cf. 

fl N+l 

Lemma 4.4 and the analysis above), since (z'eC; d°(u°(z')±d o ) = 0} = {z°' + }f =1 = {z' eC; ((y°(0))-y (z)± 

y°(0)(y°(z))- 1 )| z=2 , = 0}, one notes that the (simple) poles of (m°°(z))u and (m K, (z)) 22 (resp., (m°°(z)) 12 
and (m°°(z)) 21 ), that is, {z'eC; d°(u°(z')+d o ) = 0} (resp., {z'eC; d°(u°(z')-d o ) = 0}), are exactly cancelled 

by the (simple) zeros of (y°(0))- 1 y o (z)+y o (0)(y o (z))- 1 (resp., (y o (0))- 1 y o (z)-y°(0)(y o (z))- 1 ); thus, 9Jf (z) 
has only |-root singularities at the end-points of the support of the 'odd' equilibrium measure, 



\b°_ v a°) N ^. (This shows that 9ft (z) obtains its boundary values, SDt"(z) := lim^oSW (z ± ie), in the 

co 

-^i 2 (q(1R) sense.) From the definition of m°°(z) in terms of 9R (z) given in the Lemma, the explicit 

formula for SR°°(z), and recalling that m°°(z) solves the model RHP formulated in Lemma 4.3, one 
learns that, as det(u°°(z)) = 1, det(m+ (z)) = det(m"(z)), that is, det(m°°(z)) has no 'jumps', whence 
det(m°°(z)) has, at worst, (isolated) |-root singularities at (K^,^)* 1 , which are removable, which 

implies that det(m°°(z)) is entire and bounded; hence, via a generalisation of Liouville's Theorem, and 
the asymptotic relation det(m°°(z)) = 2 ^ l+0(z), one arrives at det(m°°(z)) = 1 => nf° e SL 2 (C). Also, 

zeCVR 

co co 

from the definition of m°°(z) in terms of 9Ji (z) and the explicit formula for 9Ji (z), it follows that both 

m°°(z) and (m°°(z)) _1 are uniformly bounded as functions of n (as n — > oo) for z in compact subsets 
away from (Mj^E 1 . 

Let C \ R -> SL 2 (C) be another solution of the RHP (5m°°(z),V' x> (z),R) formulated at the 
beginning of the proof. Set A°(z) := S^z)^ 00 ^))" 1 . Then A° + (z) = (S 0O (z)) + (9JC(z))" 1 = (S °°(z))- 
■ V° (z)(air(z)V 00 (z))- 1 = (§ ( 7(z))_(9Jr(z))" 1 = A»(z), hence A°(z) is analytic across R; moreover, as 

CO T 

det(9Jt (z)) = 1, it follows that A°(z) has, at worst, (^-singularities at V. v cf., j= I,..., N + l, 

which, as per the discussion above, are removable; thence, noting that A°(z) — » I as z — » (z e C \ R), 

CO 

one concludes that A (z) = I, whence S^ 3 (z) = 9Jf (z) . □ 

In order to prove that there is a solution of the (full) RHP (m"(z),u"(z), zf), formulated in 
Lemma 4.2, close to the parametrix, one needs to know that the parametrix is uniformly bounded: more 

precisely, by (certain) general theorems (see, for example, [86]), one needs to know that i$(z) — » v°°(z) 

as n — > oo uniformly for ze in the -£j^ 2(C) (E!l) n X^ 2(C) (eJ) sense, that is, uniformly, 

lim||u«(.)-S"(-)IU ffi » )nx „ (E<) :=lim V \\?(-)->(-)\\ £P ffil) = 0; 

p€{2,oo) 

however, notwithstanding the fact that V: R \ {0} — > R is regular Qf v {b°._J, h° v (a°.) + 0, ;' = 1, . . . ,N+1), 
since the strict inequalities g^(z)+^(z)-V(z)-4-G+ -Q" <0, ze (-co, b° Q ) U (o^ +1 , +co) u (U^a ., bp), 
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and ±Re(i£° N+1 ip° v (s)ds) >0,zeC±n (U^Up, fail at the end-points of the support of the 'odd' 

equilibrium measure, this implies that i>"(z) — > u°°(z) as n — > oo pointwise, but not uniformly, for ze Ljj, 

whence, one can not conclude that M (z) — > m°°(z) as n — > oo uniformly for zeLj. The resolution of 
this lack of uniformity at the end-points of the support of the 'odd' equilibrium measure constitutes, 

therefore, the essential analytical obstacle remaining for the analysis of the RHP (M^z), u"(z), £*), and 
a substantial part of the following analysis is devoted to overcoming this problem. 

The key necessary to remedy (and control) the above-mentioned analytical difficulty is to con- 
struct parametrices for the solution of the RHP (M,\z), u"(z),zj) in 'small' neighbourhoods (open 
discs) about {b°_ 1 rd°-W^ (where the convergence of u"(z) to v°°(z) as n — > oo is not uniform) in such 
a way that, on the boundary of these neighbourhoods, the parametrices 'match' with the solution 
of the model RHP, m°°(z), up to o(l) (in fact, OUn + l/l)- 1 )) as n — » oo; furthermore, in the generic 
framework considered in this work, namely, V: R \ {0} — > 1R is regular, in which case the (density 
of the) 'odd' equilibrium measure behaves as a square root at the end-points of supp(/i^), that is, 
i/^(s) =slKi Offs-K ^/Z) and ip° v {s) = sT „» 0{{a°-s) 111 ), j = 1,. . .,N+1, it is well known [3,47,79] that 
the parametrices can be expressed in terms of Airy functions. (The general method used to construct 
such parametrices is via a Vanishing Lemma [87].) More precisely, one surrounds the end-points of 
the support of the 'odd' equilibrium measure, (i)"^,^!* 1 , by 'small', mutually disjoint (open) discs, 

T> e 0f hl ):={zeC;\z-V hl \<^\ and D e (a°):={zeC; |z-a°|<^|, /=1,...,N+1, 

where e.,^ are arbitrarily fixed, sufficiently small positive real numbers chosen so that D £ (K_j) n 

T> e {a°) = 0, i,j = 1,...,N+1, and defines S° p {z), the parametrix for M*(z), by m°°(z) for z e C \ 
(U^ODefKj) U D f (a°))), and by m°(z) for z e U^+ 1 (D e (W_ 1 ) U D e (o°)), and solves the local RHP 
for m°(z) on UpJ 1 (D f (fc°_ 1 ) U D e («°)) in such a way ('optimal', in the nomenclature of [47]) that 

w°(z)*„_ko m K '(z)(toO((n+l/2)- 1 ))forzeU^ + 1 1 (<9D f; (W_ 1 )U^D e (flp), whence !R°(z):=M tt (z)(S°(z))- 1 : C\ 
Zf -> SL 2 (C), where := z\ U (U^V^^) U dD e (a ))), solves the RHP (7?°(z), y»(z), eJ) with 

ll u «(') _ I|L r p /vh =n-»oo /2) _1 ) uniformly; in particular, the error term, which is (9((jt+l/2) _1 ) 

« ri pe |2,c«|i M2(c) (^ ) 

as n — > oo, is uniform in n pe ji ,2,°o}X^, C )(Zo). ^ general Riemann-Hilbert techniques (see, for example, 

[86]), K°{z) (and thus m\z) via the relation m\z) = K° (z)S°(z)) can be computed to any order of 
(n+1/2) -1 (as n — > oo) via a Neumann series expansion (of the corresponding resolvent kernel). In fact, 
at the very core of the above-mentioned discussion, and the analysis that follows, is the following 
Corollary (see, for example, [79], Corollary 7.108): 

Corollary 4.1 (Deift [79]). For an oriented contour E c C, let m°° : C \ E -» SL 2 (C) and m (n) : C \ 
E —> SL2(C), n e IN, respectively, solve the following, equivalent RHPs, (m°°(z), v°°(z), E) and (m' n ^(z),u' n ^ 
(z), E), where 

Z^GL 2 (C), z^(I-ro!°(z)r 1 (I+i^(z)) 

and 

v (n) : £->GL 2 (C), zf->(l-^ ,) (z))~ 1 (l+^" ) (z)), 
and suppose that (id-C^L) -1 exists, where 

£ 2 Mi(C) (E)3f^C^f:-C-(fzv-) + C-(fw-), 

with 

C-:X 2 M2(C) (i:)-XL 2( c)(^/-(Cr/)(z):- lim f^|J^ 

z' e±sideof£ ^ 

and l|H? I (B) (-)-"'r(')llrVa- 1 < ( (Q (£) -*0asn->oo,l = ±l. Then, 3 N* 6 N snc/7 f/zaf, V « >N*, m°°(z) and mW(z) 
exist, and Ijm^ (-) — /^^(Ollx 2 q (£) — *0 as n— >00 ' ' = 
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A detailed exposition, including further motivations, for the construction of parametrices of the 
above-mentioned type can be found in [3,45-47,49,79]; rather than regurgitating, verbatim, much 
of the analysis that can be found in the latter references, the point of view taken here is that one 
follows the scheme presented therein to obtain the results stated below, that is, the parametrix for 

the RHP (m\z), u"(z), zf) formulated in Lemma 4.2. In the case of the right-most end-points of the 
support of the 'odd' equilibrium measure, {a .} 1 ^, a terse sketch of a proof is presented for the 
reader's convenience, and the remaining (left-most) end-points, namely, b° ,V v . . -,b° N , are analysed 
analogously. 

The parametrix for the RHP (m"(z), u"(z), eJ) is now presented. By a parametrix of the RHP 

(m"(z),u"(z), Ef), in the neighbourhoods of the end-points of the support of the 'odd' equilibrium 
measure, W_ ir fl°}v.j , is meant the solution of the RHPs formulated in the following two Lemmae 
(Lemmae 4.6 and 4.7). Define the 'small', mutually disjoint (open) discs about the end-points of the 
support of the 'odd' equilibrium measure as follows: := {z e C; \z-b°._^ < b" b ^ e (0,1)} and 

U° n := {z e C; |z-a°| < 5° a . e (0,1)}, / = 1,...,N+1, where <5°. i and <5°. are sufficiently small, positive 
real numbers chosen (amongst other things: see Lemmae 4.6 and 4.7 below) so that U° n HJ° = 0, 

i, ] = 1, . . . , N + 1 (the corresponding regions Q° b ' and <Xj, and arcs Zf and j = 1,...,N+1, 
1 = 1,2, 3, 4, respectively, are defined more precisely below; see, also, Figures 5 and 6). 

Remark 4.3. In order to simplify the results of Lemmae 4.6 and 4.7 (see below), it is convenient to 
introduce the following notation: (i) 

vi/° f _ v _/Ai(z) Ai(w 2 z) \ ^ /Ai(z) M(co 2 z) \ fo 

*iW-\Ai'(z) (v 2 Ai'(cv 2 z)) e ' ^^ Z) -\Ai'(z) a,2 A i'(a; 2 z)j e (1 °->' 

vpo, ). /Ai(z) -a; 2 Ai(a,z)\ f /Ai(z) -a, 2 Ai(coz)\ f ff3 

*3 W " ^Ai'(z) -Ai'(wz) / e y l+ °->> *4W- ^Ai'(z) -Ai'(cuz) f 

where Ai(-) is the Airy function (cf. Subsection 2.3), and o) = exp(2ra/3); and (ii) 



|Q», ; = 1,...,N, 
0, ;=0,N+1, 



U°:= 



where Q"=4n J^ +1 !^° v (s) ds. 



Lemma 4.6. Let M S : C \ eJ -> SL 2 (C) solve the RHP (M S (z), £tt(z), E?,) formulated in Lemma 4.2, and set 



Let 



U^-jzeC; \z-b° hl \<5° b , e(0, 1)(, ; = 1,...,N+1. 

u z > := (iH)^ z )f ' / =i n+i ' 



' (R (s)) 1/ X(s)ds, 



where, for zeU° \ (-oo,fc° 5° i (z) = b(z-W_ 1 ) 3/2 G^ ^z), with b:=±l for zeC ± , and G° b (z) analytic, 
in particular, 



where 



f(b° )=i(-l) N h° v (b°)r llfa , 
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f'(b° ) =i(-l) N 
/"(6g) = i(-l) N 



;=1 \"o ; o / 
^ o v (fc D )(fc° v (fc D ))"-((fc° v (fe D ))') 2 1 



N+l 



+WS))V„ 



1 



EL?-; 



1 



k t:=l ^ ;c K / N+l , 



; =1 \"o ; o ; 



N+l 



("N+i-^n^-^K-^ 



jt=l 



+ WS))V 



(>o), 



and, for j=l, ...,N, 



N-j 



ti- 

LA b°.-l 



/"(bp =i(-l) 



N-; 



b°-a° b°.-a° b°-b° 

] ] ] N+l ; 



h°y(b°) 



E 



k=l 



1 1 



(b°-b°) 2 (V.-al) 2 



1 



1 



(h° v {b°))' 1 



E 

jt=i 

k*j 



1 1 



K-W W-a" 
\ j k j k 



1 



1 



1 1 1 N+l ] OJJ 



L 

k=l 



1 1 
- + ■ 



b°-b°. V.-a°, 

\ 1 k j k 



111 
■ + -rz : + ■ 



h°-a° h°-a° b°—h° 
v, u. v. u N+1 v. U Q j 



with 



i-i 



xl/2 



/c=l 



(>0), 



and ((0, 1) 3) S£ ^ / = 1, . . . , N + 1, are chosen sufficiently small so that O" ^ (z), which are bi-holomorphic, 



6 H V 



conformal, and non-orientation preserving, map (and, thus, the oriented contours £° ^ := U* =1 E°' ^, 

/ = 1, . . . , N+ 1 : Figure 6) injectively onto open (n-dependent) neighbourhoods U£ , = 1, . . . , N+ 1, of 



such that (b°) = 0,<&; : U° s -^U° s :=$? (U° ),<&? (U° s nE"'') = 0'' (U° s )n/' 



, and 



(U^ n a£ ) = q>° bj i (U° V] ) n , / = 1, 2, 3, 4, wtt = {C e C; arg(C) e (0, 2n/3)}, = {C e 
C; arg(Qe (271/3, ti)}, a£={CeC; arg(Qe(-7i, -27i/3)},a«d Q^^jCeC; arg(Q 6 (-27i/3, 0)}. 



^0,1 



v',2 
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The parametrix for the RHP (M (z), i>$ (z), Hi), for zeU ^ ,] = !,.. . ,N+1, is the solution of the following 
KHPsfor X°:U° 6 \ E?. ->SL 2 (C), j = l, . . .,N+1, where E?. :=(0° )~Hy° b ), with (3>? )~ l denoting 
t/ze inverse mapping, and y° ^ := ^>f =1 y° b } '■ (i) X°(z) is holomorphic for z e \ L° ^ = 1, . . . ,N+1; (ii) 
/V±(z) := lim z >^ z /V°(z'), ] = !,..., N+ 1, satisfy the boundary condition 

z' e± side of 

<Y:(z)=^°_(z)u»(z) / zeU^nE» H , ; = l,...,tf+l, 

ro/zereu"(z) is given in Lemma ^.2; and (iii) uniformly for ze<9U'^ := jzeC; Iz-fr"^^^. i |, /=1, • • 

jn °(z)(Ar°(z))- 1 = l+Odn + 1/2)- 1 ), ; = 1,...,N+1. 

zedU? 

Vi 

The solutions of the RHPs (Af(z) ; u'(z),U° n E£, J, j = l, . . . ,N+1, are: 

(1) for zeQ^ :=Ul bH n (O^)" 1 ^), /=1 N+l, 

< Y"(z)=V^e-f^-(z)a 3 e^' 1 ^ )D H adfe) (; -^(^(zjji^^^^je*^^^^ 

ro/zere to°°(z) is groen zn Lemma 4.5, and ^(z) fln ^ ^£ flre defined in Remark 4.4; 

(2) /or z 6 := n (flt^ J" 1 (□£ ), ; = 1, . . . , N+ 1, 

^(z)=V^e"f,?z-(z)a3e^' 1 ^ )D H adfe) (; ^(^(^^^(^(^Je'^^H^^ 

zu/zere ^(z) * s defined in Remark 4.4; 

(3) /or z 6 := n J" 1 (□£ ), ; = 1, . . . , N+ 1, 

^(z)^e-^-(z)a 3 e-^" + ^ D H^)(j -^(^^(^(^^^^^ 

wfere ^(z) z's defined in Remark 4.4; 

(4) /or zeQ£ :=U^ n (O". J" 1 ^), ; = 1, . . .,N+1, 

^0 B )=VJEe-*>(z) Oa e-^^' d W>(} "^(^^(^(z^^^as, 
where ^(z) z's defined in Remark 4.4. 

Lemma 4.7. Let M* : C \ E* -» SL 2 (C) sofoe tfze RHP (M^z), u"(z), Unformulated in Lemma 4.2, and sef 

U^:=jzeC;|z-fl«|<6° ( e(0,l)j, ; = 1,...,N+1. 

Let 

*S,( Z ) : =(|( B+ ^( Z )) 23 ' ;'=i/- wN+i, 

£(z)=2 f (^(^^(^ds, 
where, for zeUg \ (— oo,ap, £°,(z) = (z—a°) 3 / 2 Gl.(z), j=l,.. .,N+1, with G°,(z) analytic, in particular, 

G;.(z) ^ ^/(«p+|/'(flp(z-flp + ^/"(ap(z- fl p 2 +0(( Z -a°) 3 ), 
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where 



1 ( N I 1 i \ i 

f'K +l ) = -h° v {a N+l )i K+i £__ + ___ +^r^7 

^"\"n+l D ; "n+i ";/ h n+i 



/>N +1 ) 



+ KK+i))%° N+l , 
' vK+i)iKK+x 



^K +1 )(^(«°M + l))"-(W +1 ))') 2 



N / 1 



C fl o -fo 0, )2 f fl « -a ) 2 (a -b ) 2 



1=1 \ v N+l 



+ (2(S(^ +1 -^ + «N +1 -<J + «N + l-^0. 

1/ y i=1 \ u N+l "( "n+1 "// "n+1 D y 



rozf/z 



la" '= 



N 

"n+1 ~~ u k>\ u N+l~ u k> 



k=l 



(>0), 



and, for j=l, . . .,N, 

/(«p=(-l) N -' + X(«/>7«°' 



/'(«P=(-1) 



N-y+i 



Lu\a°.-hl if.-al 

k=l\ 1 k ; *V 
k fat; 



111 
+ — — — + — ; + 



■ a°--a° ' a°-b° 

11 1 N+l j 



( 



r(«p=(-i) 



^( fl °)(^(fl«))"-((/i^(ap)') 2 ! 



N ( i 

k to; 



I?) 2 (fl°-<) 2 



E 



1 1 
■ + ■ 



V ; k ] k) 



1 1 

■ + - 



1 



a fl -2?° a°-a° a°.-b° 

1 1 1 N+l ] OJJ 



f Q U 

Jfc=1 V 7 k i kj 
\k*j 



1 1 
■ + - 



a°-b° a°-a° , a°-b° 

11 I N+l j 0) 



with 



\l/2 



(>0), 



and ((0, 1)9) 6° , = 1, . . . , N+l, «re chosen sufficiently small so that ®a(z), ip/m'c/z are bi-holomorphic, conformed, 
and orientation preserving, map \J° b (and, thus, the oriented contours JL° a . := U^ =1 Z„.', / = !,..., N+l : Figure 5) 
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injectively onto open (n-dependent) neighbourhoods U° , / = 1, . . . , N+l, ofO such that . (a°) = 0, <5°. : — > 
U° s :=3%(Uy, «5£,(U^ n £^)=3>°.(Uy n and 0>°.(U^ n Q°;')=<l>°.(Uy n q#, 1=1,2,3,4, 
Q"; 1 = (C e C; arg(Q e (0, 2n/3)}, Q°f = {£ e C; arg(Q e (2n/3, ti)}, Q° a f = {£ e C; arg(Q e (-n, -2ti/3)}, and 
Q^; 4 = {CeC; arg(Q 6 (-2n/3, 0)}. 

The parametrix for the RHP (M^z),^),^), for z e U° 5 , j = I,..., N+l, is the solution of the 
following RHPs for X° : U° v \ L°. -> SL 2 (C), /' = 1, . . . ,N+1, where := {^° a )~ x {y° a ), with (O^)" 1 denoting 
the inverse mapping, and y° a := uf ■ y /. : (i) X°{z) is holomorphic for z e U° \ L° a „ j = I,..., N + l; (ii) 
X° ± (z) := lim z /_> z <Y a (z'), / = 1, . . . , N+ 1, satisfy the boundary condition 

z' £±side of 

/ 

X + {z)=X°_{z)°J{z), zeU" nEJ. ; = 1 N+l, 

ry/zere u"(z) is groezz in Lemma 4.2; and (iii) uniformly for zedU° 6 :={zeC; |z-a°| = 6°.}, /' = 1, . . .,N+1, 
m^zX^z))- 1 = I+0((n+l/2)- 1 ), r'=l,. . .,N+l. 

n—>co 

^% 

The solutions of the RHPs (X°(z), v$(z), U° n / = 1, . . . , N+l, are: 

(1) /or zeQ"; 1 :=U» n (O;)" 1 ^; 1 ), ; = 1,! ..,N+1, 

A: (z)=V^e-t„V( z )e^"^ )D / ad(,73) (j " 1 i )(o;(z))i'^vi/o ((1) o ((z))e i(»4« ; (^3 / 

where m°°(z) is giuen in Lemma 4.5, and ^(z) and D? are defined in Remark 4.4; 

(2) /or z € Qjf := n (^(OSf ), / = 1 N+l, 

Ar (z)=V^e-t^( z )e^ ( "^ )O / ad(,73) (j " 1 i )(0° ; (z))i'^«(cI,» ( (z))e |( "^ K "/ (z)ff3 , 

where ^(z) zs defined in Remark 4.4; 

(3) /or z € Qgf := n (^(QZf ), /= 1 N+l, 

AT°(z)= V^e-T>(2)e^ ( "^ )u ° ad(03) (j ^W(z))i o »^(^(z))e* <>,+i)5 f Ct)0i / 

ztfere ^(z) is defined in Remark 4.4; 

(4) /or z e Q°f := n (^.)- 1 (Q^ 4 ), /= 1 N+l, 

Ar (z)=V^e-T„>(z)e^ ( "^ )U " ad( ' T3) (j ^)(0°.(z))^^«(o;.(z))e |( "^^ (z)a3 , 
rtfere ^(z) is defined in Remark 4.4. 

Remark 4.4. Perusing Lemmae 4.6 and 4.7, one notes that the normalisation condition at zero, which 
is needed in order to guarantee the existence of solutions to the corresponding (parametrix) RHPs, 
is absent. The normalisation conditions at zero are replaced by the (uniform) matching conditions 

m 00 (z)(X (z))- 1 = n ^oo \ + 0{{n+ll2)- 1 ), where *, e 7 = 1,- • -,N+1, with dU° defined in 

Lemmae 4.6 and 4.7. ■ 
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Sketch of proof of Lemma 4.7. Let (m"(z), u"(z), Ef) be the RHP formulated in Lemma 4.2, and recall 
the definitions stated therein. For each a e supp( J u'J,), j = 1, . . . ,N+1, define HJ° , j = 1, . . . , N+ 1, as in 

the Lemma, that is, surround each right-most end-point a", by open discs of radius 5° . € (0, 1) centred 
at a .. Recalling the formula for u"(z) given in Lemma 4.2, one shows, via the proof of Lemma 4.1, that: 

ra° ra° rb° ra° 

(1) 4ra J z N+1 ijj° v (s) ds = 47ii( J z '+ J fl0 ' + J/ )i/>y(s) ds, whence, recalling the expression for the den- 

Z Z (T . 

sity of the 'odd' equilibrium measure given in Lemma 3.5, that is, dj.i° v (x) := ip° v (x) dx = 
^ i {R {x)) 1 l 2 h v {x)\j ii {x)dx, one arrives at, upon considering the analytic continuation of 4m 
■ J z \p° v (s) ds to C \ 1R (cf. proof of Lemma 4.1), in particular, to the oriented (open) skele- 
tons U° 6a n {]".' U J /'), j = 1,...,N + 1, <±ni£° N+l ip° v (s)ds = -£° tt .(z) + iU°, j = l,...,N+l, where 
£°.(z) = 2 £(R„(s)) 1/2 h° v (s) ds, and are defined in Remark 4.4; 

(2) g° + ( z )+^(z)-y( z )-4-G+ -a- =-(2+1) X!(Ko(s)) 1/ X(s)ds<0,ze(^ +1 ,+(x,)u (U~ =1 ( fl «,W)). 

Via the latter formulae, which appear in the (z y')-elements, i, j = 1, 2, of the jump matrix v$(z), denoting 
M\z) by X°(z) for zeU° , ; = 1, . . . ,N+1, and defining 



X o iz yi^)il.(z)a 3e i { n + l)tT t a 3t zeC+ nU^ / = 1 N+1, 

Aro(z)e 4(«+|)^(^3 e 4(«+i)n^3 / zeCnU »' ( ; = 1,..., N+1, 



one notes that ?°. : \ J° ->GL 2 (C), where /° :=J°r U /°'~ U (^-fi^+S".), j = l,. ..,N+1, solves 
the RHP (T a .(z), v° y (z), /£.), with constant jump matrices v° y (z), /= 1, . . . ,N+1, defined by 



v% (z):= 



I+a-, zeU^ n (/»- u }p = L° a f u E^f, 
I+a + , zeU;' ^ n( fl ^+6°) = E°f, 
ia 2 , zeU^n(a°-6;,fl») = E^f, 



subject, still, to the asymptotic matching conditions m°°(z)(X°(z)) 1 = n -^ooI+0((n+l/2) uniformly 
forzedU" ,/=l,...,N+l. 

Set, as in the Lemma, 0°.(z) := {\{n + \)S,° a .{z)) 2 ^, j = 1,...,N + 1, with £°.(z) defined above: a 
careful analysis of the branch cuts shows that, for zeUj , / = 1, . . . , N+ 1, <5°, (z) and (z) satisfy the 

properties stated in the Lemma; in particular, for ®£. : V° 5 -» C, 1, . . . , N+1, O". (z) = (z-a°) 3/2 G^ (z), 
with G° . (z) holomorphic for zeU° and characterised in the Lemma, O" . = 0, (0° . (z))' ^ 0, z e U° , 

and where (<3>° r (fl°))' = ((«+|)/(fl")) 2/3 > 0, with/(«°) given in the Lemma. One now chooses 6°. (e (0, 1)), 
= 1, . . . , N + 1, and the oriented — open — skeletons ('near' a°) J°., j = 1, . . .,N+1, in such a way that 
their image under the bi-holomorphic, conformal and orientation-preserving mappings ®«.(z) are the 

union of the straight-line segments y /., I = 1, 2, 3, 4, / = 1, . . . , N+ 1 . Set C := ®° a . (z), / = 1, • • • , N + 1, and 
consider /V°(Ofl (z)) := V P°(C)- Recalling the properties of <5°.(z), a straightforward calculation shows that 

W° : «M (U» ) \ uf GL 2 (C), 7 = 1,..., N+1, solves the RHPs (W°(Q, v° w (Q, uf y°A ; = 1, . . . , N+1, 

j 

with constant jump matrices u^(Q, ;' = 1, . . . , N+ 1, defined by 

i^.(0:= \l+a +t Qey°af, 
(ioz, Zeyf. 

The solution of the latter (yet-to-be normalised) RHPs is well known; in fact, their solution is expressed 
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in terms of the Airy function, and is given by (see, for example, [3, 46, 47, 49, 79]) 







;'= 


i,. 


• ,N+1, 






/= 


i,. 


-,N+1, 






/= 


i,. 


• ,N+1, 






/= 


i,. 





where W° k (z), k = 1,2,3,4, are defined in Remark 4.4. Recalling that 5>«.(z), j = 1, . . .,N + 1, are bi- 
holomorphic, and orientation-preserving conformal mappings, with OJJ (a ) = and OJj (: HJ^ — > 

0;(U» n )=:©»_ ) : n JS,-»^(U^ n J° ) = U° S n (Uf =l7 :/), ; = 1 N + l, one notes that, for any 

analytic maps E° : U^' -^GL 2 (C), j=l, . . .,N+1, U° \/°. 9 C^E°.(C)W°(Q also solves the latter RHPs 

(^"(Q, y^, (C)/ u f =1 7«; )/ / = 1, • • • , N+ 1: one uses this 'degree of freedom' of 'multiplying on the left' 
by a non-degenerate, analytic, matrix-valued function in order to satisfy the remaining asymptotic 

(as n — > oo) matching condition for the parametrix, namely, nf° (z)(X° (z))~ = n ->°o I + O ((n + l/2)~ ), 



uniformly for zedU° , ;' = 1, . . .,N+1. 

Consider, say, and without loss of generality, the regions Q? a '. := (Op _1 (Q^. ), / = 1,...,N+1 
(Figure 5). Re-tracing the above transformations, one shows that, for z e Qjjj 1 (c C+), j = 1, . . ,,N+1, 
<Y (z) = E° ; (z)^ ((|(n+i)^(z)) 2/3 )exp(i(n+i)(^ ; (z)-iOpcT3), whence, using the expression above for 

^"(Q, CeC+ n . , 7 = 1, . . . ,N+1, and the asymptotic expansions for Ai(*) and Ai'(*) (as ji— >oo) given 
in Equations (2.6), one arrives at 



2/3\-4 CT 3 



e 6 

— ill 

-e s 



4ra |e Z 

-e 3 



(l+O^n + lHY 1 )) : 



demanding that, for z e dQ"' 1 n 5 , ; = 1, . . . , N+l, m°° {z){X°{z)) 

"i 



-l _ 



2/3\ 4°3 



, I+(9((«+l/2)- 1 ), one gets that 



/=!,.. .,N+1 



(note that det(£°.(z)) = 1). One mimicks the above paradigm for the remaining boundary skeletons 
dQ°'l n dU° 6 , I = 2,3,4, 7 = 1,..., N+l, and shows that the exact same formula for E° a .(z) given 
above is obtained; thus, for E°. (z), j = 1, . . . , N+ 1, as given above, one concludes that, uniformly for 

ze<91U s , j = l,...,N+l,m x (z)(X (z))~ 1 = n - >aa I+(9((n + l/2)- 1 ). There remains, however, the question 

"i 

of unimodularity, since 



det(^°(z)) = 



Ai(<P°.(z)) Ai(<^.(z)) 
Ai'(0>°.(z)) w 2 Ai'(w 2 5>°.(z)) 



or 



Ai(®J (z)) -£u 2 Ai(£ud>°.(z)) 
Ai'(cp°.(z)) -Ai'(wcp°.(z)) 



multiplying /\°(z) on the left by a constant, c, say, using the Wronskian relations (see Chapter 10 of 
[82]) W(Ai(A), Ai(cu 2 A)) = (27I)" 1 exp(i7i/6) and W(Ai(A), Ai(a;A)) = -(2n) _1 exp(-i7i/6), and the linear 
dependence relation for Airy functions, Ai(A) + co Ai(<yA) + co 2 Ai(a; 2 A) = 0, one shows that, upon 
imposing the condition det(<Y (z)) = l,c = (2n) 1/2 exp(-i7i/12). □ 
The above analyses lead one to the following lemma. 

Lemma 4.8. Let m" : C \ zj -> SL 2 (C) solve the RHP (m\z), £ s (z), Unformulated in Lemma 4.2. Define 

fm°°(z), zeC\U f l 1 l (U° UW ), 
§°(z)-=l '~ i- 1 i 

pV \X°{z), zeu^U^ UU»J, 
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where m°° : C \ fif — > SL2(C) is characterised completely in Lemma 4.5, and: (1) for zeU! , / = 1, . . . , N+ 1, 

X°: \]° bb \L° b ^SL2(C) solve theWJPs(X°(z),vt(z),Ll J, j = I,..., N+l, formulated in Lemma 4.6; and 

{2) for ze U° 6 , j = 1, . . .,N+1, X° : U° \ L°. —> SL 2 (C) solve the RHPs (X°(z), u*(z), Eg.), ; = 1, . . . , N+ 1, 
formulated in Lemma 4.7. Set 

W{z):=-k\z)(%° p {zj)\ 

and define the augmented contour E° := eJ U (U^^dV^ U )), with the orientation given in Figure 9. 

Then W : C \ L° -> SL 2 (C) so/i?es the following RHP: (ij ft°(z) is holomorphic for z e C \ E p ; (ii) (z) := 
lim Z '_> z 9?°(z') satisfy the boundary condition 

z'e±sideof L° 

W + (z) = W_{z)v°k(z), zez;, 

where 

vf(z), 
vf(z), 
_vf(z), 

U * (z): -]<(z), 

»sf<*>' 

I, 

^(z) = I+e"^( z ) + ^-( z )-W°-^-^)m M (z)a + (^(z))- 1 , 

^ 3 (z) = i+e^i^JC** 1 ^(^.(^(z))- 1 , 
v%\z) = l+e i{ " + i )7Zi f N+1 « (s)ds m 00 (z)ff_(m 00 (z))- 1 , 
u5f(z) = Af (z)(m-(z))- 1 : 

(iii) R°(z) = z ^ l+0(z); and (iv) 3l (z)= z ^ooO(l). 

z€C\E° zeC\£° 



ze (-oo / ^ -6° o )U(«^ 1+ ^ +1/+ oo)=:E;' 1 / 
^(^+^^-^)=:E^cuf =1 E^=:Ef, 
z6Ugi(/^ \ (C + n (U» Vi U Uy))=:Ef , 
zeufW" \ (C_ n (U° ' 1 U U» ')))=: ^' 4 , 

zeE2\uf =1 E;' ! , 




Figure 9: The augmented contour L° p := E* U (U^^TU^ U <?U° )) 

Proof. Define the oriented, augmented skeleton E° as in the Lemma: the RHP (IR°(z),u^(z),Ep) 

follows from the RHPs (M t, (z),u tt (z),zS) and (m 00 (z),v ao (z),J^) formulated in Lemmae 4.2 and 4.3, 
respectively, upon using the definitions of §p(z) and 31° (z) given in the Lemma. □ 
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5 Asymptotic (as n — » ex?) Solution of the RHP for Y (z) 

In this section, via the Beals-Coifman (BC) construction [74], the (normalised at zero) RHP (ft°(z), v ^ 
(z), Ep formulated in Lemma 4.8 is solved asymptotically (as n — > oo); in particular, it is shown that, 
uniformly for z e E°, 

where /(n) = tt ^co 0(1), and, subsequently, the orig inal RHP2, that is, (Y(z), I + e-" v(z) a+, R), is solved 
asymptotically by re-tracing the finite sequence of RHP transformations Jl°(z) (Lemmae 5.3 and 4.8) 

-> jk\z) (Lemma 4.2) -» m\z) (Proposition 4.1) -» M(z) (Lemma 3.4) -» Y(z). The (unique) solution 

for Y(z) then leads to the final asymptotic results for Z7i2n+i(z) (in the entire complex plane), 
and (^2n+l(z) (in the entire complex plane) stated, respectively, in Theorems 2.3.1 and 2.3.2. 

Proposition 5.1. Let W:C\ L° -> SL 2 (C) solve the RHP (ft°(z), u^(z), Z°) formulated in Lemma 4.8. TTzen: 
(1) /or ze (-oo, K-fiP ) u (a" +6° +oo) = : ES' 1 , 



v°(z) 



fl+0(/ KI («)e-(" + 2) c »l z l), zeE; 4 \ U», 
1 l+Oifoinje-^+i^' 1 ), ze E» n U°, 



ztfere c , Coo > 0, (/«,(«)),/ =„->«, (5(1), (fo(n))ij =„^cc 0(1), i, j = 1, 2, U° := {z e C; |z| < e}, with e 
some arbitrarily fixed, sufficiently small positive real number; 
(2) forze(cf j +dl.,lf r ^=-.zf j c U^E^-E^ 2 , / = !,. . .,N, 



\l + Oifj{n)e- in+ -^^), zeL%\U°, 
{l+Oifj^e-^i^- 1 ), ze E°; 2 n Ug, 



w/iere cy, c ; >0, (/)-(n))ju=„_ >oo 0(l), and (fj(n)) k i =„_>„, 0(1), k,\-\,2; 
(3) /or zeu^ar \ (C + n (U» U U° ))) =: £f , 



v\(z) = l+0(f(n)e 



-(n+i)c|z| 



), 



w/iere c> and (f(n))ij =„^co 0(1), i, = 1, 2; 
(4) /or zeU^H/;- \ (C_ n (U^ U Uy )) =: E£' 4 , 

u° (z) = I+0(7(n)e- ( " + ^ 121 ), 
where c> and (f(n))ij =n^co 0(1), £, ;' = 1, 2; and 



(5) /orzeU?_+VU° u )=:E"' 3 , with i = l,..., 

J 1 a j 



vUz) 



I+- 

x(9jr(z))- i +o 



SOt (z) 



=(si + h) 



+i(si - £i)e 2 i- 1 
±(si + ti) 



((n+ iKJz)? 



T i( Sa - fl )e-«" + ^H 

(«)(®r(z))- 1 



lu/zere 9JI (z) is characterised completely in Lemma 4.5, si = 5/72, fj = -7/72, for j = 1, . . . ,N + 1, 
£° ^z) = -2 J^ 1 (R (s)) 1/2 ^(s)ds = (z-^_j) 3/2 G°. ^z), with G° b ^z) described completely in Lemma 
4.6, 0^_j is defined in Remark 4.4, and (f° j (n)) H =„^o<, 0(1), fc, / = 1, 2, and 



^(z) 



I+- 



9Jl°°(z) 



: (si + fi) 



±i(si - fi)e 



-i(«+A)D° 



+i(si - h)e 
±(Sj + fx) 



(n+§)U°\ 
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((n+±)£°.(z)) 



-9K°°( Z )/°(n)(?jr(z))- 1 



; = 1,. ..,N+1, 



where, for j = 1,...,N+1, £°.(z) = 2 J^(R (s)) 1/2 /?° v (s)ds = ( z - fl °) 3/2 G° ; ( z )/ with G° a .(z) described 
completely in Lemma 4.7, and (/^.(n)) H =„^ 0O 0(l) / fc, 1 = 1,2. 

Proof. Recall the definition of i^(z) given in Lemma 4.8. For ze Ep 1 := (-oo, b°-5^)U(fl^ +1 +6° N+i , +oo), 
recall from Lemma 4.8 that 

^(z)-4 1 (z) = I + exp(n(^(z)+/_(z)-V(z)-4-Qi-Q^))m 00 (z)a + (m 00 (z))- 1 / 
and, from the proof of Lemma 4.1, g° + (z) + g°_(z) - V(z) - - £>~ equals -(2 + ±) (R (s)) 1/2 

' N-t-1 

■h° v (s)ds (<0) forze(fl^ +1 +6° N+1 ,+oo) and equals (2+1) jf°(K„00) 1/2 fcy( s ) ds (<0) for ze (-00,^-6^); 
hence, recalling that V: R \ {0} — » 1R, which is regular, satisfies conditions (2.3)-(2.5), using the 
asymptotic expansions (as |z| -» 00 and |z| — » 0) for g° (z) + g° (z) - V(z) -£ - -Q^ - Q~ given in the 
proof of Lemma 3.6, that is, g° + (z) + g°_(z) - V(z) - £ - Q+ - D" =| 2Ho<I (l + ±)m(z 2 + l)- V(z)+0(1) 
and g+ (z) + g°(z)- V(z) - - £^ - Q~ =|z|-»o ln(z~ 2 + l)- V(z) + 0(1), upon recalling the expression for 

11 

m°°(z) given in Lemma 4.5 and noting that the respective factors (y°(0))~ y°(z) ± y°(0)(y°(z))~ l and 
6°(±u°(z)— Jz(n+i)Cl°±d ) are uniformly bounded (with respect to z) in compact subsets outside the 
open intervals surrounding the end-points of the suppport of the 'odd' equilibrium measure, defining 
Ug as in the Proposition, one arrives at the asymptotic (as n — > 00) estimates for u^(z) on E"' 1 \ AJ° Q 3z 
and Ep 1 n Up 3 z stated in item (1) of the Proposition. (It should be noted that the n-dependence of 
the GL2(C)-valued factors /«,(«) and fo(n) are inherited from the bounded (0(1)) n-dependence of the 
respective Riemann theta functions, whose corresponding series converge absolutely and uniformly 
due to the fact that the associated Riemann matrix of /S° -periods, T°, is pure imaginary and — it" is 
positive definite.) 

For z e E ' 2 := (a° +5°, V. - 6? ), 7 = 1, . . . , N, recall from Lemma 4.8 that 



v°K(z):=vf(z) = l+e- l{n+ i )a hxp(n^ 

and, from the proof of Lemma 4.1, g° + (z) + g°_(z)- V(z) -l - £T^ - Zr A = -(2 + ^) £ (R (s)) 1/2 h° v (s) 

i 

ds (< 0). Recalling, also, that (R (z)) 1/2 := (nf= + i 1 (z-^_ 1 )(z-fl°)) 1/2 is continuous (and bounded) on 
the compact intervals [a°,b°j] D E°' 2 3 z, j = 1,...,N, vanishes at the end-points {fly 1^1 x (resp., \b°j}^ =1 ) 
like (R,(z)) 1/2 = zia » 0((z-a ^ 12 ) (resp., (R (z)) 1/2 = zT 6» 0((z-b°^ 12 )), and is differentiable on the open 

intervals E°' 2 9z, and h° v (z) = \(2 + l)- 1 § c „ (^ + ^)(R (s))- 1/2 (s-z)" 1 ds is analytic, it follows that, for 



zeE ' 2 , 



inf (R (z)) 1/2 =:m^(R (z)) 1/2 <M ; -sup(R (z)) 1/2 , j=l,...,N; 



thus, recalling the expression for m°°(z) given in Lemma 4.5 and noting that the respective factors 
(y°(0))" 1 7 /O (z) ± y o (0)(y°(z))" 1 and 0°(±M o (z)-i(n+i)Q o ±d o ) are uniformly bounded (with respect to 
z) in compact subsets outside the open intervals surrounding the end-points of the suppport of the 
'odd' equilibrium measure, and defining Uq as in the Proposition, after a straightforward integration 
argument, one arrives at the asymptotic (as m— >oo) estimates for v ^(z) onE°' 2 \Uq9z and E^nUpz, 
j = 1, .. .,N, stated in item (2) of the Proposition (the n-dependence of the GL2(C)-valued factors 
fj(n), fj(n), j = 1, . . . , N, is inherited from the bounded (0(1)) n-dependence of the respective Riemann 
theta functions). 

For z e E P ' 3 := Up^ifr \ (C+ D (U^ U UJ^ ))), recall from Lemma 4.1 that Re(iJ^ +1 i/^(s) 
ds) > for z e C + n (U^U") 3 E;' 3 , where U° := {ze C*; Re(z) e (V.^, a°), inf ?e( K ^ \z-a\< r, e (0, 1)}, 



92 



K. T.-R. McLaughlin, A. H. Vartanian, and X. Zhou 



j=l,...,N+l, with U? n U° = 0, ...,N+1, and, from the proof of Lemma 4.8, 

u° 3 j(z):=i^ 3 (z) = I+exp|-4(«+i)m J ™ ^dsJ^zK^^r 1 : 

using the expression for m°°(z) given in Lemma 4.5 and noting that the respective factors (y°(0)) _1 
• y°(z) + y (Q)(y°(z))~ 1 and o (±u o (z)-^(n+|)Q°±d o ) are uniformly bounded (with respect to z) in 
compact subsets outside the open intervals surrounding the end-points of the suppport of the 'odd' 
equilibrium measure, an arc-length-parametrisation argument, complemented by an application of 
the Maximum Length (ML) Theorem, leads one directly to the asymptotic (as n — » oo) estimate 
for v°yXz) on E°' 3 3 z stated in item (3) of the Proposition (the n-dependence of the GL2(C)-valued 

factor f(n) is inherited from the bounded (0(1)) n-dependence of the respective Riemann theta 
functions). The above argument applies, mutatis mutandis, for the asymptotic estimate of v%(z) on 



n <>,4 ._ 



< N+1 (J°r \ (C_ n (U° U V ))) 3 z stated in item (4) of the Proposition. 



Since the estimates in item (5) of the Proposition are similar, consider, say, and without loss of 
generality, the asymptotic (as n — > oo) estimate for ul(z) on d^J° s 3 z, j = 1, . . . ,N + 1: this argument 

applies, mutatis mutandis, for the large-n asymptotics of f^(z) on U^dU" 3 z. For z e <9U° , 

= 1,...,N+1, recall from the proof of Lemma 4.8 that v° % (z) := v°£(z) = X (z)(m oo (z))- 1 : using the 
expression for the parametrix, X°(z), given in Lemma 4.7, and the large-argument asymptotics for 
the Airy function and its derivative given in Equations (2.6), one shows that, for z 6 C+ PI d\J° b , 

; = 1,.. 



p -i7i/3 

«5j (Z) = 1+ : 

x(m°°(z))- 1 +0 



m°°(z) 



ie 2 2 ) 
-|(n+l)o; 



-ie 



|(»+i)0°\ 



-i(n+l)0? 



_ln -i(n+I)O 

-S\e >e 2 2 > 



((n+i)^,(z)y 



■OT°°(Z) 



^e s e 
(m-(z))" 1 



m i(n+i)n° \ 
Sie 3e 2 - j 

-he 3 e 2 2 ' 



where ^.(z) and 13°, j = 1, . . .,N+1, and si and are defined in the Proposition, m°°(z) is given in 
Lemma 4.5, and ( 1 1 ) e M 2 (C), and, for z € C_ D dU° , j = 1, . . . , N+ 1, 



i/Uz) = 1+ 



-in/3 



(n + hWAz) 



m°°(z) 



ie 



x(m 0o (z))- 1 +0 



((n+§)&(z)> 



!(n+l)0° 



■m°°(z) 



-ie 



-|(n+|)0° 
jr(n+i)0» 



i(ii+i)O 

-sje 'e- 2 ' 



i — iii 

tie 6 e 



(m-(z))- 1 



M -i(«+i)G" \ 

sie 3 e 2 2 i 



-tie 3 e 



Kn+i)D° 



Upon recalling the formula for m°°(z) in terms of W°(z) given in Lemma 4.5, and noting that the 
respective factors (y°(0))" 1 y o (z)±y o (0)(y o (z))" 1 and d (+u (z)-^(n+\)Q°±d ) are uniformly bounded 
(with respect to z) in compact subsets outside the open intervals surrounding the end-points of the 
suppport of the 'odd' equilibrium measure, after a straightforward matrix-multiplication argument, 
one arrives at the asymptotic (as n — > oo) estimates for u^(z) on dU° 5 3 z, j = 1, . . . , N+ 1, stated in 

item (5) of the Proposition (the n-dependence of the GL2(C)-valued factors f%.(ri), j — 1, . . .,N + 1, is 
inherited from the bounded (0(1)) n-dependence of the respective Riemann theta functions). □ 

Definition 5.1. For an oriented contour DcC, let N ? (D) denote the set of all bounded linear operators from 
£l i{C) (D)into£l 2(C) (D),qe{l,2^}. 

Since the analysis that follows relies substantially on the BC [74] construction for the solution of 
a matrix (and suitably normalised) RHP on an oriented and unbounded contour, it is convenient to 
present, with some requisite preamble, a succinct and self-contained synopsis of it at this juncture. 
One agrees to call a contour T* oriented if: 
(1) C \ r* has finitely many open connected components; 
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(2) C \ rf is the disjoint union of two, possibly disconnected, open regions, denoted by U + and G ; 

(3) r** may be viewed as either the positively oriented boundary for 13 or the negatively oriented 
boundary for O" (C \ T* is coloured by two colours, ±). 

Let r", as a closed set, be the union of finitely many oriented, simple, piecewise-smooth arcs. Denote 

the set of all self-intersections of r" by P (with card(r") < oo assumed throughout). Set P := r" \ r". 
The BC [74] construction for the solution of a (matrix) RHP, in the absence of a discrete spectrum 
and spectral singularities [88] (see, also, [75, 76, 89-91]), on an oriented contour P consists of finding 
function J/(z) : C \ P" -> M 2 (C) such that: 

(1) J/(z) is holomorphic for z e C \ P, J/(z) [ c ^ ri has a continuous extension (from 'above' and 
'below') toft*, and lim ^ fa |J/(z')-J/ ± (z)| 2 |dz| = 0; 

z' e±sideofrH 

(2) J/±(z) := lim z >^ z J/(z') satisfy J/+(z) = J/_(z)u(z), z e P, for some (smooth) 'jump' matrix 

z' e±sideofP 

y: r*^GLa(C);and 

(3) for arbitrarily fixed A e C, and uniformly with respect to z, J/(z) = z ^a„ I+o(1)/ where o(l) = 0(z-A„) 

if A is finite, and o(l) =0{z~ 1 ) if A„ is the point at infinity). 
(Condition (3) is referred to as the normalisation condition, and is necessary in order to prove uniqueness 
of the associated RHP: one says that the RHP is 'normalised at A '.) Let v(z) := (I-ro_(z)) _1 (I + 
w+{z)), z e P, be a (bounded algebraic) factorisation for v(z), where w ± (z) are some upper/lower, 
or lower/upper, triangular matrices (depending on the orientation of r**), and w±(z) e n pe{2,oo}-£^f 2 ,Q 

(ft*) (if f is unbounded, one requires that w ± (z) = *-«■ 0). Define w(z) := w+(z)+W-(z), and introduce the 
(normalised at A ) Cauchy operators 



z' e± side of TP 



wnere (c-a KC-2) M 1S * ne Cauchy kernel normalised at A (which reduces to the 'standard' Cauchy 
kernel, that is, ^ in the limit A — » oo), with C±° : -£^ 2 (q(r") — > -£m 2 (C)^^ bounded in operator 
norm 14 , and \\(C^ f)(-)\\j^ ^ < const. II/QIU* (C) (r»)- Introduce the BC operator c£: 

which, for w ± eX^ i{C) 0), is bounded from X^^^^X^^P), that is ' H c ^H^ 2 (r») <°°; moreover, 
since C \ P can be coloured by the two colours ±, C ± ° are complementary projections [2, 75, 89, 90], 
that is, (Ci") 2 = Cj% (C'l ) 2 = -C'l , C^C^ = C A _°Ct =0 (the null operator), and C^-C^ =id (the identity 
operator). (In the case that C+° and -C^° are complementary, the contour r" can always be oriented 
in such a way that the ± regions lie on the + sides of the contour, respectively.) The solution of the 
above (normalised at A ) RHP is given by the following integral representation. 

Lemma 5.1 (Beals and Coifman [74]). Set 

/ i Ao (z)= i y + (z)(I+a; + (z)r 1 =J/_(z)(I-a;_(z)r 1 , zer«. 
If eI+X 2 ^ 2 ,Q(P) solves the linear singular integral equation 

(id - C£ )(u Aa (z) -I) = Cfr I = & + ° {w. (z)) + C A _° (w + (z)), z e r«, 
where id is the identity operator on -£m 2 (q(P)/ ^ en ^ e solution of the RHP (J/(z), y(z), T**) zs gz'pen £n/ 



1 j Jr» (C-A )(C-z) 2m' Z6 ^ U ' 



14 llcX 2(rt) «» 
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where u Ao (z) := ((id-C^)"^)^) 15 . 

Recall that ft : C \ E° SL 2 (C), which solves the RHP (W(z), v° x (z), £°) formulated in Lemma 
4.8, is normalised at zero, that is, 3?"(0) = I. Removing from the specification of the RHP (3?°(z), u^(z), 
E°) the oriented skeletons on which the jump matrix, u^,(z), is equal to I, in particular (cf. Lemma 

4.8), the oriented skeleton L° p \ uf =1 E°'', and setting L° p \ (L° \ uf =1 E°' ! ) =:L° p (see Figure 10), one arrives 



Figure 10: Oriented skeleton E p :=L° \ (T° \ uf =1 E°'') 

at the equivalent RHP (ft°(z), 7^(z), E°) for 31° : C \ E" SL 2 (C) (the normalisation at zero, of course, 
remains unchanged). Via the BC [74] construction discussed above, write, for v ^ : E° — » SL 2 (C), the 



(bounded algebraic) factorisation 

£° \ — t / n° 



i^(z):=(l-a;_»(z)) (l+vC*(zj), zeE; : 



taking the (so-called) trivial factorisation [76] (see pp. 293 and 294, Proof of Theorem 3.14 and Propo- 
sition 1.9; see, also, [90, 91]) w^ (z) = 0, whence u^(z) = (z), z e E p , it follows from Lemma 5.1 
that, upon normalising the Cauchy (integral) operator(s) at zero (take the limit A — > in Lemma 5.1), 
the (SL 2 (C)-valued) integral representation for the — unique — solution of the equivalent RHP (5?°(z), 
u^(z),Ep is 

C zu z x(s)w,^(s) ds ~ 
a«-(z)=I+ ; ; K > zeC\E p , (5.1) 

Jz° s(s-z) 2ra p 

where jii^xQel+X^ (q(E°) solves the (linear) singular integral equation 

(id-C° E0 )\F*(z)=l, zeZ° 



with 



and 



r'E±sideofEj; P 

furthermore, 1 1 1 1 ^ < oo . 

Proposition 5.2. Lef 3?° : C \ E p -*SL 2 (C) sofoe the following, equivalent RHP: (i) 3?°(z) zs holomorphic for 
zeC \ E p ; (ii) 3i° (z):=lim z >^ z 5i°(z') satisfy the boundary condition 

z' e±sideofi:p 

T + {z) = T_{z)v\{z), zeE°, 



15 The linear singular integral equation for fiA (*) stated in this Lemma 5.1 is well defined in Xj^ naO^) provided that w±(-)e 
-^M 2 (C) ( r "' n -^m (C) ( r *) ; furthermore, it is assumed that the associated RHP (J/ (2), v(z), r") is solvable, that is, dimker(id-C^° ) = 
dim^6X^ {c) (r»); (id-q;,°)9=o}=dim0 = O (=> (M-C^)" 1 ^ c ^ exists). 
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where v" :R (z),for z e E°, is defined in Lemma 4.8 and satisfies the asymptotic (as n — > oo) estimates given in 
Proposition 5.1; (iii) ft°(z) = z ^ l+0(z); and (iv) ft°(z) = z ^oo 0(1). Then: 

zeC\r» zeC\E° 

(1) /or ze(-oo, feg-tf) U (fl^+fi^,, +oo) =: L° p \ 



ya 



■^Mnic)^ p ' n- 



7(n)e" (n+ ^ c> 



yo 



*(-)|U ffifi) = 0(/(n)e-(" + ^ c ), 

-'-MolC)^)' ' n-»oo V / 



, if =1,2, 



where c>0 and f(n)=„^ ca O(l); 
(2) forz^ + d^-d^-L^czul^- Zf,i=\,...,N, 



TP 



IK* (Oil* (x- 2 ) = o 



fj(n)e-^ c r 



«V*(-)IU ( ^) - 0(/ ; (n)e-(" + ^ c '), 

M?(C)* 11,/' /; — >oo V J / 



, (7=1,2, 



where Cj > and fj(n) 0(1); 

iN+l/fO/ 



(3) /or ze ufW" \ (C + n (U» U U° ))) =: E^ 3 , 



-Hi 2 (c)^p 'n 



= o 



f{n)e~ (n ^ 



(n + i) 1 ^ 

|^(-)IU pjs) = 0(f(n)e-^), 

• i -M,(C)'- P ' H-»oo V / 



, ?=1,2, 



where c>0 and f{n)— n ^ >oa O{l); 
(4) forze^+Hj .-- \ (C_ n (U^ UUy))=:E£ 4 



"Hf^C^T" »oo 



/(n)e- 



Z0 



(n+ 1) 1 /'/ 

*(-)|U pyv.) = 0(/(n)e-(" + ^ c ), 



, if=l,2, 



where c>0 and f(n)= n ^ oa O(l); and 
(5) /orzeuW+VU^ U <?Uy =:Ef , 



w/zere f(n) =„_>«, 0(1). 
Furthermore, 



^OII X ' ( r 5 ) = ^((n + i)- 1 /^)), 9 e{l,2,oo}, 



bTs -""-v^ n-»oo 

-0 \-l 



iw/iere /(n) = n ^oo 0(1); m particular, (id— C° „ ) 1 f r2 exists, that is, 

ZD X i M 2 (C)^ C' 

||(id-c°, r 1 !!™ = 0(1), 

and it can be expanded in a Neumann series. 

Proof. Without loss of generality, assume that e E p ' (cf. Proposition 5.1). Recall that w + % (z) = 

u!^(z) — I, z e E°. For z e E°' , using the asymptotic (as n — > oo) estimate for i/Jj(z) given in item (1) of 
Proposition 5.1, one gets that 

'(•)IU ^) -max sup|(z^(z)), 7 | = 0(/(n) e -<" + ^) , 
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wf*(-)llx; <&)••=[ Iwf*(z)lldz|= f |wf*(z)| |dz 

M 2( C)^ p J E »,i J(E^\U2)UU° 



( W f*(z))„(^(z)), 



1/2 



|dz| 



n = Kj 0((n + i)- 1 /(«)e- ( " + J )c )+0((n + i)- 1 /(n)e- ( ' ,+ 2 )c ) 

n— >co \ z / 



(|dz| denotes arc length), and 



\w^(-)\U (r , 1} := |z<V*(z)| 2 |dz| = N+*(z)| 2 |dz| 

-if +fli 



i (ro + 3! (z)), 7 (w + :R (z)), 7 



n = Kj (6)((n+i)- 1 /(«)e- ( " + ^ c )+C)((n + i)- 1 /(«)e- ( " + 5) c )) 
= 0((n+i)- 1/2 /(n)e- ( "^ )e ), 

K— >DO V z ' 

where c> and /(n) =„^co 0(1)- 

For ze(a°.+5° a ., b°-5° b )=: E°' 2 c uJ^E"' 2 =: E°' 2 , /= 1, . . . ,N, using the asymptotic (as n -> oo) estimate 
for u^(z) given in item (2) of Proposition 5.1, one gets that 



E° 



(Ollx- ^-max sup|( W f*(z))U = 0(/ y (n) e -< n+ to) 

" C M 2 (C) V p,r k,m=l,2 J;* n^>oo \ ? 



w^Ollxj ( r-V= f |rof a (z)l|dz|= f t (rof* (z)),>f* (z)) 

w p.; v''/ =1 

= oUn+ir 1 /^-^), 



1/2 



|dz| 



and 



it.-' 2 ) 



( r ^ 


1/2 , 


\w+*(z)\ 2 \dz\ 




V p,i J 


V 



r 2 

^%,f k,l=l 



(wf(z)) kl (w^(z)) kl \dz\ 



1/2 



= Of(n+l)- 1/2 /;(n)e- (n+ 5 )e >), 

where c y > and fj(n) =„^c<, 0(1), j=l,...,N. 

ForzeU^iW" \ (C+ n (U° U UJ° )))=:E°' 3 (CLE), using the asymptotic (as n^oo) estimate for 
u^(z) given in item (3) of Proposition 5.1, one gets that 



\\w. 



E" 
.. i? 



(•)ll x » := max sup |(a;f*(z)) f; -| = 0(/(«) e -(" + ^ c ) 

- L -M 2 (C)^p ' i,/=l,2 ,3 1 n-^oa V / 



l|wf*(-)llx« ( rV= f l«>f*(z)l|dz| = f V 

u h< \i,j=\ 
= OUn + \)- l f{n)e-^- )c ), 



(w+ w (z)) l7 (w+*(z))i; 



1/2 



|dz| 



and 



E° 



IK* (OH/? (r 3 ) 





1/2 ' 


|j^f*(z)| 2 |dz| 









L„,3 

[ Jl v i,j=l 



( W f-(z))„(^(z))„|dz| 



1/2 
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= 0((n+h- 1/2 f(n)e-^ c ), 

where c > and /(n) =„^o<, 0(1): the above analysis applies, mutatis mutandis, for the analogous 
estimates on E"' 4 := U 1 ^/ '" \ (C_ n (U° U U° )))3z. 

r J— I ] Of, 0„. 

For zel)pl(dU° d> U dU° & )=:Tf p ' 5 (cZ°), using the (2(N+1)) asymptotic (as n^co) estimates for 
t>™(z) given in item (5) of Proposition 5.1, one gets that 

llw+MOIIroo ,£0,5,:= max sup \(wl* (z))ij\ = (?((« + , 

*T*j(Q^ > i,j=l,2 zeJ ,t,5 V ' 



Hw+*(-)IU ff ^:= f |w?*(z)||dz| = r 

= E f + f E 

' c -H Vi HAv- 1 



N V(3U° u<?u° ) 



|wf*(z)||dz| 



(rp + x (z))i i (H;^(z)) i; - 



1/2 



|dz|, 



whence, (cf. Lemma 4.5) using the fact that the respective factors (y°(0))~ y°(z) + y°(0)(y o (z)) and 
8 (±U°(z)-j^(n+j)Q, ±d ) are uniformly bounded (with respect to z) in compact intervals outside open 
intervals surrounding the end-points of the support of the 'odd' equilibrium measure, one arrives at 



N+ll 



—f f 

n ^o{{n + \rm), 



|dz| + 



r 



l<(z;»)l 

(z-fl°)3/2 



|dz| 



and, similarly, 



\V2 f 



( E ^ : = \w^{z)\ 2 \dz\ = 

W l p / ^ u ,=i 

'N+\( ^ ^ \ 2 

= El + E^^/^^ldzl 

j_y(r K^, dz , + r 



<*(z)| 2 |dz| 



1/2 



1/2 



*i(z;«)l 



= 0((n + i)-V(n)), 

I— >oo \ *■ / 



|dz| 



1/2 



where f(n) =„->«> (5(1). 

Recall that C° „ /:= CP_(fw+ x ), where (CM(z) := lim z ^ z 4£§l ^, with -fl shorthand for 'the 

W 3t z'€-Ej; c 

- side of E°'. For the ||C°_„ |L r ,=„.. norm, one proceeds as follows: 



||C°„, <?|L„ := max sup|(C°«, <?),/(z)| = max sup 

W K° -<-M 2 (Q l V ;,/=l,2 - w 3= ' U=1.2 - 



;,'=i,2 



lim f 



z'(g(s)a; + *(s)) ;7 ds 
s(s-z') 2ra 



< HgOllr- (fo)max sup 

-<-M 2 <C^V ;,/=l,2 - 



lim f 



Z'(W+ 3! (S)) ; 7 ds 



HgOII/- rf°l max SU P 



:e-/, 



lim . 

z'^z Jy S(S-Z') Z7T1 



lim 
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N+l( 



+ f +E f ♦ f 

< llgOllr? f f») max sup 

n->«> ° "VkcAV ;,/=l,2 ~ 



f 

•/us 



z'(rv + *(s)) ji ds 



s(s-z') 2m 



f 



lim 



s(s-z') 



27ii 



(C(e- ( "^ )Co|sr 7o(«)));7z' ds ^ C {0{e< n+ ^-^ f k (n)))jiz' 



s(s-z') 



2 m 



Z-i L,,2 



s(s-z') 



ds r (0(e-(» + iWf(n)))j lZ ' ds r (0(e-^2^f(n))) jlZ ' ds 



ds_ r 

2m J E » ; 

N+1 ( r 

s ^ 

r 

Jc)\ 



s(s-z') 



ds_ r 

2ra Jx°* 



( 



*v, r i (n+ 2) s ( s - z ')( s - ^-!) 3/2 g; ( s ) j 

ds_ 
2ra 



s(s-z') 

ds_ 
2m 



2m 



z^t ( S )c:)(a» (s))- 1 

(„ + l )s(s _ z0(s _ fl o)3/2 G o (s) 



whence, taking note of the partial fraction decomposition s ^_ z ,^ =— j + and (cf. Lemma 4.5) using 

the fact that the respective factors (y°(0))- 1 y°(z)±y o (0)(y o (z))- 1 and d°(±u°(z)- ±{n + \)Q° ±d ) are 
uniformly bounded (with respect to z) in compact intervals outside open intervals surrounding the 
end-points of the support of the 'odd' equilibrium measure, one arrives at, after a straightforward 
integration argument and an application of the Maximum Length (ML) Theorem, 



f ( 

o 



f(n) e -(n+\)c 



+ o 



v (n + i)min{l,dist(z,E°)} 



(n+i)min{l,dist(z,Ep} 

( /(«) \ 



P" J J 



where dist(z,Ep := inf {\z-r\; reE°, zeC \ (> 0), and f(n) =„_>„ 0(1), whence one obtains the 
asymptotic (as n — > 00) estimate for ||C EO ^ stated in the Proposition. Similarly, for ||C EO ll^^p/ 



as n— >oo: 



l|C c 



^siu - |(c V )(z)|2|dz| = LE^^w z )( c0 c#)i dz i 

3! J ~U 2 tC)^P' I jyo 10 X jyo t—l W X aj l 

yy*? > \ h> j,i=\ 



t E ss £ 



— .1 



Z'(g(s)w + X (s))jl ds 



s(s-z') 2m 

^P j,l=l 



2 \ 



|dz| 



1/2 



f E f 



z'(h? + *(s)) ; 7 ds 



/r „ — 2-->z jyo s(s-z') 2ra 

h j,l=l z'e-Z°„ h V ' 



2 \ 



|dz| 



1/2 



llgOII 



fl lyo- 
i M 2 (C)'' P' 



r 2 ( r r N+1 r r 

> c e ^ r + r + e r + r 



— 1 



z'(ro + 3! (s)) /7 ds 



s(s-z') 2m 



2 \ 



|dz| 



1/2 
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n— >co ' i -M 2 (C) v p' 



r E H 4r 



(0(e 



-(«+|)c„|s| 



r 

Jus 



(OCe-^+i^N'YoCn)))^ ds v f (C(e" ( "^ )ct(s -< ) A-(")))y7z' 



1' ;,/=! z'e-gjgW^V 



s(s-z') 



foo{n)))jiz' ds 
2Tti 



7—1 ^H^'' 



s(s-z') 2m ) y o,2 s(s-z') 

v 7 k=l u Kk v 7 



ds C (0(e-«' + ^f(n))) jlZ ' ds C (0(e-(" + i)*l/(n))) ;7 z' ds 



ds r 

N+l( r 

£ J" 
f 



s(s-z') 



ds_ r 

2m L,4 



z'5or(s)(;;)(9jr(s))- 1 



z , sDr(s)(::)CPt°°(s))- 1 

(n+i)s(s-z')(s-flp 3 / 2 G» t (s) 









2 \ 




ds 




|dz| 










2ni 




/J 


ft > 


7 





s(s-z') 2ra 

ds_ 
2m 

! 

1/2 



whence, taking note of the partial fraction decomposition s ^_ z ,^ = + -^r, and (cf. Lemma 4.5) using 

the fact that the respective factors (y°(0))- 1 y°(z)±y o (0)(y o (z))- 1 and e°(+u°(z)- ±(n + ±)Cl° + d ) are 
uniformly bounded (with respect to z) in compact intervals outside open intervals surrounding the 
end-points of the support of the 'odd' equilibrium measure, one arrives at, after a straightforward 
integration argument and an application of the ML Theorem, 



HcVslU < llsOllj? <l°) 



o 



f(n) e -(n+l)c 



+ o 



fin) 



(n+|)V2rnin{l,dist(z 7 L°)}^ 

= iisQiu &) ol^=), 



((n + i)i/2min{l,dist(z,Ep} y 
where /(n) =„->oo 0(1), whence one obtains the asymptotic (as n — > oo) inequality for ||C° E „ /= 0) 

TV S * P' 

stated in the Proposition. The above analysis establishes the fact that, as n — > oo, C° z „ e ^(EE), with 

W X 1 

operator norm ||C° y0 |L r ™ =„^co 0((n+l/2)~ 1/2 / (n)), where f(n) =„-»co 0(1); due to a well-known result 
for bounded linear operators in Hilbert space [92], it follows, thus, that (id— C° „ ) _1 \ r2 exists, 

W X ■ L M 2 {€) [ -h' 

and(id-C° v0 ){ r2 ,y in canbeinvertedbyaNeumannseries(asn^oo),with||(id-C „, ) _1 |L r ,y« <„->«> 
(1-||C° E „ ILfi,)- 1 ^-^). □ 

Lemma 5.2. Sef E^ := E°' 5 (= uJl+VU" U <9U°_ )) and E° := E» \ E^, and let 31° : C \ E° SL 2 (C) sofoe 

ffoe (equivalent) RHP (9?°(z), i^(z), L°) formulated in Proposition 5.2 wzf/z integral representation given by 
Equation (5.1). Lef tfoe asymptotic (as n — > oo) estimates and bounds given in Propositions 5.1 and 5.2 be valid. 
Then, uniformly for compact subsets ofC \ E°3z, 



"7!^ Je; s(s-z) 2m ( 



z€C\Eg U 



/(») 



(n + i) 2 minil,dist(z,Ep}J 



£0 v*c 

iw/iere a; + (z):=a; + :E (z)tz° / ««d (/(«))»; 0(1), i,j =1,2. 

Proof. Define E° Q and E° as in the Lemma, and write L° p = (E° \ E° Q ) U E° Q := E° U E° Q (with 
E° n E° Q = 0). Recall, from Equation (5.1), the integral representation for 51° : C \ L° p -> SL 2 (C): 



3^°(z) 



E * (s)w+* 
s(s—z) 2ni 
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Using the linearity property of the Cauchy integral operator C° „ , one shows that C° „ = C° , +C° „ . 

w S iv X w V ur* 

Via a repeated application of the second resolvent identity 16 : 

u E *(z) = I+((id-C° r0 T l C\, I)(z) = I+((id-C°„, -CP^r^C ^ +C° )I)(z) 

IP 3J HlK ill O HI ■ H) D HI ■ 

= I+((id-C° E „ -C^T 1 ^ I)(z)+((id-C° ED -C^^C *,!)® 



= I+(((id-C°„ )(id-(id-C°„, ^C ,.)) C° E „ I)(z) 

a) o m o to ■ hi o 

+ (((id- Cj, )(id- (id- )- 1 C° L „ ))- 1 C° , I)(z) 

= I+((id-(id-C° E „ Y l C\ r^id+ttd-C ^ y r CP z0 )C° rD I)(z) 

W O W ■ t[ i-Cj W <-> U> <-> 

+ ((id-(id-C° )- 1 C°„, )- 1 (id+(id-C° rl , )- 1 C° T „ )C° rf I)(z) 

TV ■ HI O HI" HI ■ HI"" 

= I+((id-(id-C° E „ r^r^id-C ^ ^C * )(C° r0 I))(z) 

a; o hi ■ a; o hi o hi o 

+ ( ad-(id-^j- i c^r i ((M-c^ 1 r i c^)(c^i))(z) 

+ ((id-(id-C°« r^^r^C ^ I))(z)+((id-(id-C°„,)" 1 C rD y\c\ 1))(z) 

a; o hi-" a, o a" jo o hi-" 

= I+((id+(id-(id-C°„, r 1 C° E „r 1 (id-C s;0 ^C ^ )(C° r0 I))(z) 

TOO HI ■ HI o hi ■ nTo 

+ ((id+(id-(id-C°„,r 1 C° E0 ^(id-C ^ ) _1 C° E0 )(C° I))(z) 

HI ■ HI O HI ■ a, O HI"" 

+ ((id+(id-(id-C°. D )- 1 C° ED ) _1 (id-C°. D )" 1 C EO )(id-C°. D )- 1 C L „ (C° I))(z) 

HlU K/ - " HI O HI 2 ""'" H? O 0> O If 

+ ((id+(id-(id-C° rD )- 1 C°« )- 1 (id-C° rD )- 1 C°« )(id-C° rD )- 1 C° T0 (C°„, I))(z) 

BT» !( ; O HI ■ hi O HI ■ HI ■ HI ■ 

= I+(C° rf I)(z)+(C° I)(z)+((id-C° E0 ^C ,. (C° rf I))(z) 

HI U HI U Hl"0 Hl"0 

+ ((id-C° )- 1 C° r0 (C° E „ I))(z)+((id-(id-C° )- 1 C° rD )- 1 (id-C° ED )- 1 C°. D 

HI ■ HI 2 "" HI ■ HI U HI"" HI U HI"" 

x(C°„, I))(z) + ((id-(id-C° rD r 1 C°« r^id-C ^)" 1 ^^ (C° rD I))(z) 

+ ((id-(id-C° E „ r^o^r^id-C .. r 1 ^. (id-C° rf T 1 ^. (C° rf I))(z) 

+ ((id-(id-C° )- 1 C° E „ )- 1 (id-C° )- 1 C° E „ (id-C° )- 1 C° E „ (C° I))(z) 



= I+(C° E „ I)(z) + (C ED I)(z) + ((id-C° EO )- 1 C° E0 (C° I))(z)+((id-C EO )- 1 C° EO 

W O H> ■ ft? O ft? O ft? o w ■ w ■ 

x(C° E0 I))(z)+((id-(id-C° E0 y l {i&-C ^y l C T _„C\__„ T^id-C ,. ^(id-C ^ ) _1 



HI O HI"" HI"" hi O HI O 

xC° rt (C TO I))(z) + ((id-(id-C° rt )- 1 (id-C° rf T l C° T0 C° r0 ) _1 (id-C° r0 ) _1 

HI O HI ■ til 1 "" hi"0 HI O Hl^' "' 2 -- 



x(id-c° L0 ^c^^c ^ i))(z)+((id-(id-c°„, )-\i&-c\ y l c\ c\ r 1 

III U HI ■ hi U HI O HI^" HI^" HI O 

x (id-C° r0 )- 1 (id-C°. D Y l C\ (id-C° E „ )" 1 C EO (C° r0 1))(z)+((id-(id-C° )" : 

IVtJ HI ■ HI O HI 2 "" HI 2 "" HI 2 "" HI 2 "" 

x(id-c°„, y x c\ c\ y x (jA-c\ y Y ^-c\ ^^^(id-c .,, y x c\ 

W O HI U » " HI ■ III U HI"" hi"0 III U 

x(C° E? I))(z); 



using the partial fraction decomposition = -\ + - 1 



hence, recalling the integral representation for %.°(z) given above, one arrives at, for C \ Ty 3z, upon 

z _ 1 , 1 

s(s-z) s s-z' 

W(z)-I-f ^^=r^(s)(J--i)^ + y^ (5.2) 
Je°, s(s-z) 2ra J E » + w \s-z slim j-> k 



where w + ° (z) := ro + 3i (z) , w + m (z) := ro + 3i (z) h° a , 



i? f (C° E0 I)( S )^(s)(J--i)ii, /-= f (C° E0 I) (s) ^(s)(^-i)ii, 

Je° Vs-z slim Jfc wo \s-z s/2m 



16 For general operators 71 and S, if (id-yt)' 1 and (id-2)" 1 exist, then (id-S) -1 -(id-yi) -1 =(id-'B)- 1 (B-yi)(id-yi)- 1 [92], 
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I° 3 := f (feI-C° ^C" (C° DX^CsjfJ— 1)^1, 

I" := f ((id-C )- 1 C°, (C° £0 I))( s )z^( s) (-i--i)ii / 

Jfo a) o W u w o Vs-z s/ 2ra 

1° := f ((id-(id-C° E0 )- 1 (id-C EO )- 1 C° EO C°« )- 1 (id-C° E0 ^(M-C ™ J" 1 

3 J^o IB U HT" HT" UJ U n) O IT'" 

xC°„, (C ED I))(s)z^( S )(— 

aTO or" ^ Vs-z s/ 2ra 

1° := f ((id-(id-C° ^(id-C^ ^C * (^^rHid-C^^rHid-C ^ ) _1 
x C° E „ (C° tf I))( S )^ (s)(— - -) |i, 

!t» L « v h, e o + \S-Z S/27T1 

I°:= f ((id-(id-C°„, r 1 (id-C°„,)- 1 C „,C°„, y\id-C° T0 rHid-C ^)- 1 

xC° T0 (id-C^C" (C°„,I))(s)^(s)(— --)^t, 
E ~ f ((id-(id-C EO ) _1 (id-C vO J^C" C° rf ^(id-C" )- 1 (id-C° r0 )" x 

Jfp BT" l( J U HJ O HJ E " ffiU 

xC°„,(id-C° r0 r 1 ^,,, (C°„, I))(s)^(s)(— --)^r. 

Vs-z s/2m 



One now proceeds to estimate, as n — > oo, and without loss of generality, the respective terms on the 
right-hand side of Equation (5.2) corresponding to the (standard) Cauchy kernel, ^ using the 
estimates and bounds given in Propositions 5.1 and 5.2. 

y( n ) e -(«+i)c 



r 10? (s) ds ^ r \wl-(s)\ idsi 

L s-z 2ra J™ \s-z\ 2n 



2tt dist(z, E°) n- 



[(n+i)dist(z,EpJ 



where, here and below, (/(ft) > and) f(n) =, ; ^co 0(1)/ and c> 0. One estimates the 'Cauchy part' of I?, 



denoted l°f , as follows: 



r ^ js 



|(C u rt I)(s)|K*(s)| 



s-z 



Ids] 
In 



ll(c u „,i)(-)ll x2 gJK^QIU ©. 



M 2 (C) V P 



2tt dist(z, Z° v ) 



const. lla^OII^^OI^OII^^+llo^O)!!^^) 



2n dist(z, 1°) 



< 



/(n)e 



-(n+\)c 



^/^i dist(z,Ep^ 



n + 



+0 



2 ) 



/(n)e"(" + 5> 



((n+|)dist( Z/ EpJ 

where, here and below, const, denotes some positive, 0(1) constant; in going from the first to the 
second (resp., second to the third) line in the above asymptotic (as n — > oo) estimation for 1° , 



one uses the fact that ||(C° I)(-)|| X 2 



M 2 (cr o 



0(/(n)(n + l/2)-V<* + l> c ) and ||(C° E „ I)(-)|U 



M 2 (C) 



(K) 



0(f(n)(n + l/2)- 1/2 e~ { " + ^ )c ) (resp., for a,b > 0, ^a 2 + b 2 «S V?+ Vb 5 ) (facts used repeatedly be- 



low). One estimates the Cauchy part of l° v denoted , as follows: 



J0 ,C, 



l(C^D(»)|N?(s)| |ds| IK^DOII^^II^O)!^) 

^ . : 



s-z 



2tt 



2ti dist(z, E£) 
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const. ||»^ 0ll^5 fc(eaC =s J )<ll«'? J ^H^^c^L) + ""^ (^'Lq^.cCEa)) 



-M 2 (C) V ' 



2n dist(z, L°„) 



< O 

n— )co 



fin) 



( 



H o 

n— »co 



(n + i)dist(z,Ep 

m 

0+±) 2 dist(z,EpJ 



O 



\ n+ 2J 



+0 



/(n)e 



in going from the second to the third line in the above asymptotic (as n — > oo) estimation for f' c , one 
uses the fact that ||(C° r0 J)(-)\U ^ > ^H^f/fnXn + l/^ 1 ) and ||(C° rt I)(-)|| X 2 < JMOO 0(/(n)(n + 

hTo *-M 2 (C) v o' H ,^o **M 2 (C)* 

1/2)" 1 ). One estimates the Cauchy part of l° y denoted I^ c , as follows: 



KCid-c ™)- 1 ^ (c° 



|ds| 



ito,Ci ^ I w^m ' a>"» ' vf* 



s-z 



||((id-C° )" 1 C° rf (C° T0 1))(-)||, 2 ™l|i»f*(-)IU 

iiri vr*m -arm • i -M,(n^ i V "H 



2tt dist(z, E p ) 



TO 



1 1 (id C° D ) 1 || ;n - (£oJ|C° „ Hjj- ( E o\ll(C° „ I)(-)llr2 rrolll^+^OIIr? 



-M 2 (CP 



2tt dist(z, L°) 



const. ||(id-C° E „ )- 1 IU 2(£?) l|C0 Ei h 2i t ;) \\^'(-)\\^ lc 



-M 2 (C) V 



2ti dist(z, E p ) 



using the fact that (cf. Proposition 5.2) ||(id-C E „ J -1 !!^^ =„^ oa O{l) (via a Neuman series inversion 



argument, since ||C° 



<, MCO 0((n + l/2)- 1 /7(n)e-(" + 5) c )), one gets that 



|/f I < O 



/(n)e-(" + ^ c 







[(n+±)dist(z,Ep, 
/(n)e-(" + 2» c 



/(»)e 



-(n+|)c 



/; + 



+<9 



2 / 



/(n)e 



-(n+J)c 



Un + i)2dist(z,EpJ 



One estimates the Cauchy part of l° v denoted Z° c , as follows: 



Uf I < 



|((id-C° E0 )- 1 C° rf (C° E „ I))(s)||^(s)| 



s-z 



Ids] 
2h 



— .11 



IK(id-c° E0 )- 1 c° E „ (c° E0 i))Oll, 2 

IB U i[j O u; O - t -M 2 (C)^P-' - C -M 2 (C)^P-' 

27idist(z,Ep 

ll(id— C° r0 ) 1 ll>f,i'voJ|C vO llw,rE°ill(C T o I)(')llr2 f voJ|w + :R (-)|| f2 

a; o -™2iA p ,i n) i- j\ 2 ^ p ; H ,i- i M2(C) ^,,; - ! -m 2 (C)'- z -p' 



2ti dist(z, E°) 



const. ||(id-C° E „ )- 1 |[ w , (£d J|C° eD 



2n dist(z, E2) 
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using the fact that (cf. Proposition 5.2) ||(id-C° D ) _1 IL f ?<n = n -^ooO(V) (via a Neuman series inversion 
argument, since ||C E „ ~ 0) =„^oo(5((« + l/2)" 1 /(«))) / one gets that 



\lf\ < o 

n—>oo 



< o 

n — >co 



f(n) 



(n+\)dist{z,Z° v ) / 

m 

(w + ±) 3 dist(z,E<>) 



O 



n + 



2 > 



o\ 



f(n)) 



n + 



2 ) 



+0 



/(n) e -(»+i) c 



One estimates the Cauchy part of denoted 1°' c , as follows: 



\lf | < f |((id-(id-C° E „ )- 1 (id-C° rf )- 1 C° E „ C° E „ )" 1 (id-C TO )- 1 (id-C° rt , r 1 
C° E „ (C° y0 I))( S )||^(s)| 



X 



S-Z 



is| 
2~ 



iK(id-(id-c° E0 r^id-c ^ r J c° c° E0 r^id-c ^ r^d-cv r 1 

jp O W ■ ■ l[7 o jo U ^ " 

C° E0 (C° I))(-)ll x2 &)llt»f*(-)IU ffi.) 



< ll(id-(id-c° E0 y Y (x&-c\ y x c\ c\ r% , £o j|(id-c°. D r%&. 



2n dist(z, E°) 
)- 1 (id-C° ED 

ll(id-C° ) 1 || ;n (foJ|C° „ (f»JI(C° „ 1)011 n (JoJI^+^lOII r2 ffo) 

27tdist(z,Ep 

< ||(id-(id-C° E0 ^(id- C^T^C .. )- 1 || N7(£o) ||(id-C° r0 )"! 
x const. Il(id-C° E „ )- 1 IU 2(£?) l|C° E „ o H^II^OII^di 



2n dist(z, E°) 

using the fact that (cf. Proposition 5.2) ||(id- (id- C° rD ^(id-C ^ )" 1 C°„, C° rD )- J |L =«^oo 0(1) 
(via a Neuman series inversion argument, since ||C°„, |L r ,™ <„^co (9((n + i)~ 1/2 f(«)e~ ( " + 2' c ) and 
II C °l» Hn 2 (£?) =,^ooO((« + l/2)- 1 /("))), one gets that 



Iff I < O 



/(n) 







< O 

n— >cw 



>+l)dist(z,E£), 

/(n)e-(" + ^ c 
(n+i) 2 dist(z,E°) y 



y( n ) e -(n+i)c 



11 + 



+0 



2 J 



f(n)e 



-(n+i)c 



One estimates the Cauchy part of denoted Z°' c , as follows: 

\lf | < f Kad-ad-C^O-^id-C ,. )" 1 C° rt C^r^id-C^r^id-C ,. r 1 
C° E „(C° r0 I))(s)||^(s)| 



s-z 



is| 
2~ 



104 



K. T.-R. McLaughlin, A. H. Vartanian, and X. Zhou 



< \\({id-(id-<? ^rXid-C? z0 y 1 ^^ C\ )- 1 (id-C\,)- l (id-C\ ) _1 

10 ■ w O ip O » " 10 " u u 

C rO (C „ I))(0II r2 f yoJ|ro + S (-)|| y, 2 

If"" IP O J ~M 2 (£)\ P> J ~M 2 (C) K -^P> 

In dist(z,E°) 

< \\(id-(id-C°^T\id-(? z „ ^ 



C° „ ) 1 \\ J r ( ^ J|C° rD ,™J|(C° r0 I)(-)llr2 fyoJN+^OII r2 /von 

2tz dist(z,Ep 

< ||(id-(id-C°„ )- 1 (id-C° LD )- 1 C° E0 C° L0 r x |L ,™,||(id-C° - 



x const. \\{id-C uFo Y II^HC^ \\^\\w + u (OIL*^) 

;; (ll^'°»ll^ m 0:L) + ll"f(-)ll^ m W)) . 
2ti dist(z, ££) 

using the fact that (cf. Proposition 5.2) ||(id- (id- C° ED ) _1 (id- C° £D )- 1 C°„, C ,.)" 1 ! 



IP O IB U 10 



0(1) 



(via a Neuman series inversion argument, since ||C° |L r ( y , = }I ^co <9((n+4) 1/2 /(n)e ^ + 2) c ) and 
-o 'Up?, 



II c °l» =n^O{{n + ll2Y l f(n))), one gets that 



\if\ < o 



/(fi)e' 



-(«+i)c 



n— >oo 



Jn+ j dist(z, Z°) 
/(n)e- ( " + 2 )c 



/(») 



2 / 



/(") 



H + 



+0 



2 ) 



f(n)e- < - n+ & 



[(« + ±) 2 dist(z,EpJ 



One estimates, succinctly, the Cauchy part of IS, denoted I°' C , as follows: 



< f i((id-(id-c° E „ r^id-c" r 1 ^ c° £0 r^id-c .. )- i ed-c fl tf )- 1 



C° L0 (id-C° E0 )- 1 C° £0 (C° E „ I))(s)||a;f*(s)| 



|s-z| 

||(id-(id-C° r0 )- 1 (id-C° rt )- 1 C EO C° rO s D) ||(idL-C° 



\ds\ 

2n 



x 1 1 (id C° E0> ) H^f^EpllC^ll^^plKid C° E „) II^^IIC^ 



2tc dist(z, Ep 

o 

using the fact that (established above) ||(id-(id-C° r0 ) _1 (id-C° r0 ) _1 C° v0 C° v0 )" 1 |L r ,™ = n ^ M (9(1), one 
gets that 



|/°' C | < O 



/(«) 



((rc+i)dist(z,EpJ 



/(n)e 



-(n+l)c 







/(n)e 



-(n+l)c 



+ o 



/(n) e -(" + i) c 



< 



^ /(n)e-(" + ^ c 



»+ 



2 / 



[(« + ^) 3 dist(z,Epj 



One estimates, succinctly, the Cauchy part of denoted Z°' c , as follows: 

< f |((id-(id-C°„ )- 1 (id-c°„, )- 1 c° E0 c° E0 j-^id-c .. )- 1 (id-c° rD r 1 

° Jyo W " W O tp O 10 ■ 10 ■ h, O 
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C° £D (id-C° r0 )- 1 C° E0 (C°„, I))(s)||^(s)| , 

w • JO U W U W'O l uh l 

|s-z| 2n 
||(id-(id-C° r0 )- 1 (id-C°„, )- 1 C° T0 C° T0 )- 1 || W2(f0) ||(id-C°„, 



2n dist(z, Z°) 

x ||(id-C^) Hx-^EpllC^o ll^plKid-C^^) 1 ll 3 v 2 (SpH c %° li>j- 2 (Sp 



x const. ||i ( ;f u (-)|| X 2 i2(c)(ZOo) (||^-(-) 



|r2 /y-o x -t- | ( 1 1 / 2 IT! 



-M 2 (C)^ 



o)) ; 



using the fact that (established above) ||(id-(id-C° „, )- 1 (id-C° r0 )" 1 C v0 C° r0 r 1 
gets that 



a; o 



o\ — n— too 



0(1), one 



to,Ci 



< O 



f(n)e 



-(n+|)c 



^n+i dist(z, T°) 

^( n)e -(n+l)c 

(n+|)3dist(z,Zp ; 



/(«)} 



n + 



2 I 



o 



f(n)) 



n+ 



2 I 



o 



f(n)) 



n + 



+0 



2 I 



f(n)e 



Analogously, estimating (as n — > oo) the non-Cauchy contributions (corresponding to the kernel -) 
of the terms on the right-hand side of Equation (5.2) which, too, are 0((n + l/2)~ 2 ), and gathering all 
derived (upper) bounds, one arrives at the result stated in the Lemma. □ 

Lemma 5.3. Let 31° : C \ L° -> SL 2 (C) be the solution of the RHP (ft°(z), v^z), 11°) formulated in Proposi- 
tion 5.2 with the n—><x> integral representation given in Lemma 5.2. Then, uniformly for compact subsets of 

C\Z»9Z, 

1 



T(z) = 1+ 



^(r (z)-^ o( z))^^ , 



n ->oo (n + 4) 

where ftg(z) is defined in Theorem 2.3.1, Equations (2.23)-(2.57), CR°(z) is defined in Theorem 2.3.1, Equa- 
tions (2.14)-(2.20) and (2.70)-(2.74), and f(z;n), where the n-dependence arises due to the n-dependence of 
the associated Riemann theta functions, is a bounded (with respect to z and n), GL2(€.)-valued function which 
is analytic (with respect to z)for z e C \ Z°, and (/(•; n))u =, M0O 0(1), k,l = l, 2. 

Remark 5.1. Note from the formulation of Lemma 5.3 above that (cf. Theorem 2.3.1, Equations 
(2.24)-(2.27)), for ; = 1, . . . , JV+ 1, tr(A°(a )) = trCA ^)) = tr(S°(fl°)) = trCB ^)) = 0. ■ 

Proof. Recall the integral representation for 31° : C \ Z° — » SL2(C) given in Lemma 5.2: 



T(z) = 1+ 



r zw?{s) ds vQ 

L s(s-z) 2ra 



(n+i) 2 min{l,dist(z,Zp) ) 



where Z° := U7+ 1 (dU° 5 U dU° ), and (f(n)) u =„_«, 0(1), k, I = 1,2. Recalling that the radii of the open 
discs , Ug , j — 1, . . . , N+l, are chosen, amongst other factors (cf . Lemmae 4.6 and 4.7), such that 
U° nU° = 0, j, k— 1, . . . , N+ 1, it follows from the above integral representation that 

N+l( 



t( Z ) = i-Y £ +£ 

;-i I 6 4 a. 



zzvl°(s) ds 



s(s-z) 2ra 



/(«) 



[(n + i) 2 min{l,dist(z,Zp} J 



, zeC\Z", 



where (jS^, /^ uo / ) = 1,...,N+1, are counter-clockwise-oriented, closed (contour) integrals (Fig- 
ure 10) about the end-points of the support of the 'odd' equilibrium measure, [b°-_ v fl"}^ 1 - Noting the 
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partial fraction decomposition s ^ z __^ = - |+jrj/ the evaluation of these 4(N+1) contour integrals requires 
the application of the Cauchy and Residue Theorems; and, since the evaluation of the respective in- 
tegrals entails analogous calculations, consider, say, and without loss of generality, the evaluation of 
the integrals corresponding to the (standard) Cauchy kernel, about the right-most end-points 

if., j = 1, . . . , N, namely: 



r zv + °(s) ds 

J dV o s-z 2ni' 



Recalling from Lemma 4.7 that £° (z) = (z- a°) 3/2 G°. (z), zgU° \ (-co, a°), ;' = !,.. .,N, it follows from 



yo 



item (5) of Proposition 5.1 that, since w + u (z) — v%(z)— I, for / = !,.. .,N, 



wf°(z) = 



srt(z) 



(« + |)(z-«p 3/2 G° ; (2) l±i(si-fi)e 



--{st + h) 



±i(si - h)e 



i(«+|)on 



-i(«+i)Q° 



:(Sl + fl) 



x(9Jr(z))" 1 +0 



^(n+i)2(z-flp3(G°.( Z )) 



-9jr(z)/;.(n)(9Jr(z))- 1 



where 9Ji°°(z) and Q° are defined in Lemma 4.5, and (/^(n))m = n -m 0(1), k,l = 1,2. A matrix- 

oo / 

multiplication argument shows that 9)1 (z) 



i(n+i)£3° \ o 

T(Sl+ :;Lo» ±i(Sl "' l)e ' (?Jr ( z))-Ms given by 

±i(s a -il)e ! ' ' ±(si+fi) / 



■ , , ./ (y°( 2 )) 2 +(y"(Q)) 2 \ 
^Wl" 1 " 1 !^ y°(0)y(z) j 



m° (z)nrL(z) 



-i/„ , f J (r°(z)) 2 -(>'"(Q)) 2 \ m o Mrn0 M 

-4{Sl+h)[ r (0)y°(z) j m i 2 ( Z ) 1n 2l( Z ) 



.1/. _ f x/ ()'°(z)) 4 -(r°(Q)) 4 V»n( 2 Ki( : 
- 4 ^l ti;^ () ,»( ) r »(2)) 2 j i( n+ i)o° 



: 5 (si + fi)^ () „ (0)r(z)) 2 jm u (z)m 12 (z) 

y°(0)y°(z) j e -i(*+i>i« 
3 =4W1 '1^ y»(0)y»(z) j io.+ ^o" 



l/„ , , N/ (v°(2)) 4 -(v°(0)) 4 \ m0 / 



z)m° (z) 



|(Sl-fl) 

=i(si-fi) 



(/(z)) 2_ (> ., (0)) 2 

>' (o)y(z) 

(/(z)) 2 +(/(0)) 
)'°(0)v»(z) 



\ ("^(z)) 2 

\ 2 (m° 2 (z)) 2 
'I K«+J)Q? 



4( S l + fl^ r »(0)v»(z) j m il( Z ) m 22^ 

) m« 2 (z)m» 1 (z) 



:|(Sl + fl) 



(y°(z)) 2 -( r "(0)) 2 

y°(0)y°(z) 

i/ e _ f ^/ (y°(2)) 4 -(>-°(0)) 4 \ m n( z ) m 2i( z ) 

? w (r(o)}'°(z)) 2 j e -i(»+ 2 )tf 

i/ s _ f \/ (y°(2)) 4 -(y°(0)) 4 \ m'; 2 (z)m^(z) 

4^1 l Vy (y»(0)y»(z))2 j 



i(»+A)£K 



where Sj and fi are given in Theorem 2.3.1, Equations (2.28), y°(z) and y°(0) are defined in Lemma 4.4, 
and m° kl (z), k,l = l, 2, are defined in Theorem 2.3.1, Equations (2.17)-(2.20). Recall that, for / = 1, . . . , N, 
• = Lk=i c° k (R (z))- V2 z N - k dz, where c° /c , j,k=l,...,N, are obtained from Equations (Ol) and (02), 



and (the multi-valued function) (R (z)) 1 ^ 2 is defined in Theorem 2.3.1, Equation (2.8). One shows that 



z->«v 

J 

j=i N 



(foK)) 



=(pl(«P+^(«p(z-«P+rl(ap( Z -flp 2 +0((z-flp 3 ))dz, m = l,...,N, 



z-a. 



where 



fo(0 = (-l) 



1/2 



TO) 
f (9/' 
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" A -> ^ mki ( 2 f (Q +4 [U(£)j 2f (|) 



with(-l)- N+ ^- 1 f o (flp>0 / 



f^)=-f (£) 



y/ 1 1 \ 1 1 1 



f" (9 = - 2«£) 



£ — 



fc 



1 \ 1 1 1 
+ TT^ + TZ -„ T^ + - 



l\{Z,-W k Y (5-<) 2 / {i,-bf {t-a° N+l f (£-6g) 

y 

y/ 1 1 \ 1 1 1 



Recall (cf. Lemma 4.5), also, that u° = fl (0° (e Jac(J/ )), where = denotes congruence modulo the 
period lattice, with Q)° := of z , ... , co N ); hence, via the above expansion (as z—>a°,j = l,...,N) for 



a>° m = 1, . . . , N, one arrives at 



r z 2p^(a°) 2q) n (a°) 2r^(a°) 



From the definition of va'Uz), k,l = l, 2, given in Theorem 2.3.1, Equations (2.17)-(2.20), the definition 
of the 'odd' Riemann theta function given by Equation (2.1), and recalling that m° ; (z), k,l — l, 2, satisfy 
the jump relation (cf. Lemma 4.5) m+(z) = rrt°(z)(exp(-i(n+ j)D,")o- + exp(i(n + j)Q°)a+), via the above 

asymptotic expansion (as z—>a°,j=l,...,N) for Jl co" m , m - 1, . . . , N, one arrives at 

j 

j=l,...,N 

+ 0((z-a°f 2 )), 
m° u (z) = Kl{<f}(\-iX-\<f}{z-a°fl 2 +^^ 



i 

+ 



6>((z-^p))exp(i(n + i)Q°), 
m° 21 (z) = o K°(flp(l + iNl 1 (flp(z-flp 1 / 2 + li 1 ( fl p(z- fl p + ai 1 (flp(z- fl p 3 / 2 + 3l 1 ( fl p(z- fl p 2 



z->a" 

I 



+ 0((z-a°f 2 )), 

m° 2 (z) = o X»( fl p(l-iN:J( fl p(z- fl p 1 / 2 + Tl(«p(z- fl p-a:l( fl p(z- fl p 3 / 2 +3:]( fl p(z- ( 7p 2 



/=1,...,N 
+ 



0((z-af /2 ))exp(i(n+^af), 



where, for e\, £2 - ±1, 



1 o «(O)+d o )0 o «(5)-5L-(n + i)Q o +d o ) 



E9°(«:(O)-i(n+l)Q» +( i„)0"(«:(9+i)' 
0°(-««(O)-d o )0 o «(a-^(n+i)Q°-d o ) 



=E— — I 

2V w fl<7_„o 



d\-uuo)-±(n+m°-d )d o (K(z)-d y 



108 



K. T.-R. McLaughlin, A. H. Vartanian, and X. Zhou 



K e »(0- u°(£i,£ 2/ 0;£) , u°(e tr e 2 ,0?;Z) 



e°{e l u° + ^) + e 1 d ) e (e 1 ul(Z)-±(n+l)Q°+£ 2 d )' 



0°(£ lM °(a+£2d o ) o (£iU o + (£)-^-(n+i)Q o + £ 2 d o ) i0°(£iM° + (a+£2d o ) 



+ ■ 



2n^ 1 2- 1 

u°(e 1 ,e 2 ,0;Z)u°(e 1 ,e 2 ,Cl o ;!;) 



d (e 1 ul(Q+ £2 d )d (e,u + (Q-^(n+ 1 1 )Cl° + e 2 d o y 

w°(£ lr £ 2l Q;Q | ro°(£i,£2,fl°;£) lineueiASWieueiAS) 

e°(etU° + (Z)+e 2 d ) dP(e 1 u° + (Z)-±(n+±)Q +E 2 d ) (e°( £l u° + (Z)+e 2 d )) 2 



V(ei,£ 2 ,0;Qn (ei,e 2 ,a';^ ( u°(ei,e 2 ,0;9 



o (£ 1 <(4) + £ 2 d o )0 o (£ 1 <(,£)-i(n + i)Q o + £ 2 d o ) \0°(£lU o + (4) + £ 2 d o ) 
u°(ei, £ 2/ 0; QB°(ei, £ 2/ Q°; Q (u°(ei, £ 2 , 0; £)) 2 



o (£ 1 « o + (5)+£ 2 d o )0"(£ 1 <(4)-i(n+i)Q o + £ 2 d o ) (^(fiUU^+eado)) 2 
x u (£ 1/£2/ Q ;4) 
0°(£ 1 « o + (5)-^(n+i)Q° + £ 2 d o )' 

. £lf£ , 3°(£i,£ 2/ 0;g) | 3°(£i,g2,Q°;4) / o o (ei,g 2 ,0;S) 

e^fiM^a+^do) 0°(£iU o + (£)-i(n+i)Q o + £ 2 d o ) \0 o (£ lM ° + (5)+£ 2 d o ) 

o°(£i, £ 2 , 0; Qv°( £l , £ 2/ Q°; E) 2u (ei, £ 2 , 0; £ 2/ 0; 4) 



o (£ 1 M o + (5)+£ 2 d o )0°(£i« o + (5)- 2 i F («+|)O o + £ 2 d o ) (0°(£aM o + (a+£24)) 2 

tt>"(£i, £ 2 , 0; 5)u"(£i, e 2 , Q°; £) + _3(u°(£i / £ 2/ 0; £))V( £l , £ 2/ 0; 5) 



o (£ 1 M t ;(5)+£ 2 d„)0 o (£ 1 M o + ( l £)-i( M +i)Q o + £2d o ) (0°(eiii° (Q+ez*)) 3 



2nV" 1 2' 

\4 



u°(£ 1/ £ 2 ,0;atD (£i,£2,Q < ';«r) / ^(^,£2,0; Q 



O (£ 1 <(5) + £2d„)0 O (£l<(5)-^(n + i)Q O + £ 2 d o ) \0°(£lM O + («) + £24) 

2u"(£i, £ 2 , 0; £K( £l; £ 2 , 0; £)u"(£ 1/ £ 2/ Q°; 5) (u"(£i, £ 2 , 0; £)) 2 



(0 o (£ 1 M o + (^)+£ 2 d o ))20 o (£ 1 M o + (a- 2 ^(n+|)Q o +e 2 d o ) (e (£i«° + («£)+£ 2 4)) 2 
D°(£ a , £ 2/ Q°; E) (u°(£i, £ 2 , 0; £))V(ei, e 2 , Q°; £) 



o (£ 1 u o + (5)-^(n+i)Q o + £ 2 i o ) (e {e l u + ^)+ £2 d )fe {e l u + (E)-^(n+\)Q° + e 2 d )' 
withO:=(0,0,...,0) T (eR N ), 

u°( £l/ £ 2/ Q°; £) :=2nA5(£i, £ 2 , Q°; 4), jffa, £ 2 , Q°; 5) := -2ti 2 Ao(£i, £ 2 , Q°; 5), 

(° n 27T 2 3 \ 

A?( £l , £ 2 , Q°; — Aq(£i, £ 2 , Q°; £) , 



3 (£!, £ 2 , Q°; := -(2ti) 2 ( Aj( £l/ £ 2/ Q°; -^A^j, £ 2 , Q°; E) I , 



2 

6~ 

27d(m,£i Bj ({)- i («+ 5 ) Q ° +f 2<* )+m(m,T m) 

*o\s// VOW/, *- 

m€Z N 



A j (£i, £ 2 , Q°; €) = £ (to&r (%(0)> 2 e 2 



_ 2(m,dbfe)) /c% _ 2{m,i 2 \E)) 

m ' [ ~ sua ' 



-»0 



Recall the definition of y°(z) given in Lemma 4.4: a careful analysis of the branch cuts shows that, 
for 7 = 1,. ..,N, 



(y°(z)) 2 = 
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(Q o(flp+Q?(«p(z-flp+|Q^(^)(z-«p 2 +C((2-«p 3 )) 



where Q° (a°), Qj(«y), j=l,...,N, are given in Theorem 2.3.1, Equations (2.35) and (2.36), and 



k 



AUf.-KY (a°-a ,) 2 (a -K) 2 (a°-a") 2 (a°.-V.f 

1 V v ; k> v j k' J v j 0' v / N+l' v ; /' 



vp U. 

L-\a°-Vi a°-a° 

k=l\ 1 k ] k) 



\2 



a°-b° a°.-a° a . -If. 

, j N+l j j 



, / = !,.. -,N. 



_ i(ii+l)Q° \ o 

T(sl+ |; n ) +1)Q0 ±i(Sl " tl)e ' (S>f (z))" 1 . Substituting the above 



Recall the formula above for 90? (z) 

\±i(s 1 -t 1 )e 2 "'i ±(si+fi) 

expansions (as z — > a ., j = 1, . . . , N) into this formula, equating coefficients of like powers of (z - 
ap~ p/2 (nG°.(z)) _1 , pe{4, 3,2, 1,0}, with n:=n+j, and considering, say, the (1 l)-element of the resulting 
(asymptotic) expansions, one arrives at (modulo a minus sign, this result is equally applicable to the 

(2 2)-element, since tr(a;f (z)) = 0), up to terms that are 0((^(z-flp 3 (G° ; (z)) 2 )- 1 9Jr(z)/°(n)(9K°°(z))- 1 ), 
upon setting, for economy of notation, Q°(a°) =: Q q , q = 0, 1,2, y°(0) =: y°, xj(fl°) =: x", x^a") =: x°, 
^(«P=:N|, n|(flp=:^, 3Z(a°)=:3tl, and 3g(«J)=:3£: 



f (z-a«) 



e 



«G°(z) 



f( z -ap-3/2 e l " Q n 
«G°(z) 



(si + fi)x;x°Q (si+fi)x|x|Qo (si-fi)x|x|Qo (si-fi)xjx|Qo 
4(y«)2 4(y«)2 4(y ) 2 4(y°) 2 ; 

i(s 1 +f 1 )x»x«Qo(Ni-K:J) i^+fOx^Qo^-N" 1 ) 



4(/') 2 



4(y°) 



o^2 



i(s 1 -f 1 )x»x»Q (Ni 1 +Xj) i(s 1 -f 1 )x°x»Qo(Nli+K- 1 ) 



,o\2 



4(7°) 



4(y°) 



o\2 



'(z-flp" 1 e 
«G°.(z) 



1 i«Q° \ 



(9 



'( z - fl p-i/2e ffa r 



nGUz) 



<s,+ " ),<;,<5 -(Q, + Qc(Ti + ,! + KiK:i))-<? +f '^^^ 



4(y o)2 



4Qo 



(S 1 + ^)X°X° + !5!W? 



(Q 1 +Qo(t 1 +l 1 -NiNi 1 ))+ 



(si-fi)x;x° 

4(r) 2 

(si-h)x°x° 

4(r) 2 

i(s X + fi)X°X°, , i(S! + ti)X°X» 



(Qx+QotTj+l- 1 -^ 1 ^))^- 



4Qo 

( Sl -^)x»x°(/) 2 
4Qo 

(si-ti)x°x°(y ) 2 



4Qo 



i(s 1+ h)x°x° 

4(r) 2 

i(si + h)x»x° 

4(y ) 2 
i( Sl -fi)x»x» 

4(y ) 2 



(Qi(«l-«:l)+Qo(3}-3:l+NlTi-K:lTJ)) 

(Qi(^ -Nj 1 ) + Q (2i 1 1 V -N-hiJ) 
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+ i(Sl : h) ?^ (Q 1 (N:l + N- 1 ) + Q (D:l + D- 1 + K- 1 Tl + N = lV)) 



4(y")2 
i(s 1 + t 1 )K 1 K° 2 (y ) 2 
4Qo 

i(si+h)x»x°Q/') 2 



(si+ti)x;x° 



0\ 



nG° a .{z)) 



4Qo 



2 Q2 ) 4(yV (Qo( 3 - 1 +3 r 1 + Vt 1 + S r 1 J 1+ Ki 1 J r 1 ) + -Q 2 



-K:^- 1 )+iQ 2+ Q 1 (T{+V-Nr 1 ^:0)- 



(s 1 + fi)x°x°(7 ) 2 



4 Q „ ■("cl+"'! +!< ! !< =! 

-Q 1 (Q,)i- (S - + '-^; y)2 (^ + V + N r W 1 -Q,(Q„ ) -^-!jf^ 
(:,;- 3 ; !t N!T!-s:!n!) + *l^«(3l 1 -3 r ' + Ni I V-Nr'iI 1 ) 



X 



( Sl -h)x»x»(/) 2 , ( Sl - fl )x°x°(y^ 

5a P-i +1 i- N i N -i-Qi(Qo) J+ P-i +1 i 

-K-^lJ-QxCQo)- 1 ). 

Repeating the above analysis, mutatis mutandis, for the (1 2)- and (2 l)-elements, substituting N" 1 = Kj, 

^ll = K^, V = % "'-l = "'-l' 3 i 1 = 3 i' 3 -i = ] i 1 = 3 i' and 3 -i = 3 -i 1111:0 the above resulting) 
'coefficient equations', and simplifying, one shows that: (i) the coefficients of the terms that are 
O{{z-a°)~ vll ((n+^)G aj {z))~ l exp(i(n+j)Op), p = 1, 3, are equal to zero; and (ii) recalling from Lemma 4.7 

that, for zeU;_ \ (-oo,a% j = 1,...,N, G° a .(z) = z ^ a + a 1 (z-a°) + a 2 {z-a° j ) 2 + 0((z-a° j ) 3 ), where 

a =^(«») := §/(a°), a a =2^) := §/'(«»), and a 2 =^(«°) := f /"(«»), with /(a"), and /"(«") given 

in Lemma 4.7, substituting the expansion for G°. (z) (as z—>a°.,j=l,...,N) into the remaining non-zero 
coefficient equations, collecting coefficients of like powers of (z-a°)~ p , p = 0,1,2, and continuing, 

analytically, the resulting (rational) expressions to <9U° , j = 1, . . . , N, one arrives at, after a lengthy 

"i 

algebraic calculation and reinserting explicit a ., j = 1, . . . , N, dependencies, 



w^{z) = 



1 


( A°(a°) 


n + \ 


a°Aa°){z-a ) 2 



10/ nOVXti ( rfi\ 



(2? (fl»)) 2 (z- fl p 



+ 



««)) 2 



+ o 



fLr=i/ fc o (")(z-«p 



o\/c \ 



+0 



^"(zjyyxnj^cz))- 1 



(5.3) 



{n + \) 2 {z-af{G%{z)) 2 

where A°(fl°), B°(^), j = l,...,N, are defined in Theorem 2.3.1, Equations (2.25), (2.27), (2.28), (2.35) 
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(2.45), (2.49), (2.56), and (2.57), 



e°(ap 

i(n+i)Q° 



+ W N i (fl / )N - l(fl / ) 



+ h 
+ 

X 



(y0(0))2 [Ni l( «p^) 
NHfl )^ 1 (a°)l + ^ 



(r"(Q)) : 
') 

'2QS(«° 



Q o («°) ^V 8 /" + 2(,,»(0))2 



+ (r(o»2 <>V a ,w + o° («p 
^-21^)j}-2 (si -f a ) 
3j(flp+Nj(flp^(aJ)}) 



(^(^)) 2 (is 1 {(^[23i 1 (ap 

,n 2Q';(fl°) , 

+o^p) 2 ]+(^l 1 (*p 



Q°K) 



_ Q£ (S 1 (a )) 2 + 

QS(«°) ^-lV";^ + 2(j.»(0)F 



+ iti 



2Qg(«°) 



(r(o)) : 



0" 



+2(si-*i) 



1 ! -21 1 Ca 01 ) 
Q° («°) z '-i^V 

□l 1 (flJ)+Ni 1 (tfpT!: 1 (flJ)}) 



x ? (apx«(«°)( Sl {^[^(«°) 
+ 3j(a«) + lJ(apii 1 (a°)] + |g 



»(0)) 2 



(f(Q)) 2 



+ h 

x 



+ i( Sl + f 1 )j^(flp+Kj( fl pli 1 (flp 



(with tr(e°(a°)) = 0), and (/"(n));; =„^oo 0(1), fceN, z, ;' = 1, 2. (The expression for e°(a°) is necessary for 
obtaining asymptotics at the end-points {a .}^, as well as for Remark 5.2 below.) Returning to the 

f* TV ( S*) r\ " 

counter-clockwise-oriented integrals <fy v „ +_ z z e C \ E°, it follows, via the Residue and Cauchy 
Theorems, that, for j — l,...,N, 



JdU° 



w + u (s) ds 
s-z 2m n- 



A°{a°) 



( 



+0 



{n+\){z-a°f (n+±)(z-a°) {{n+\f) 



f°(z;n) 



zeU '*, 

On,' 



A°(a°) 



B°(fl°) 



K°(z) 



/°(z;») 
(n+i)2 



zeU 



6.,.' 



(n+I)(z- fl p2 (n+i)(z-«J) n+i 
where U°'* :=C \ (lU^ U ), A (flp := (5: o Q {a j ))- l A {a° j ) l 2°(ap := (2v°(flp)- 2 (S°(flpS^(flp-yi (flpa° (a°)), 

ft°„(z) is given in Theorem 2.3.1, Equations (2.73) and (2.74), and f°(z;n), where the n-dependence 

i 

arises due to the n-dependence of the associated Riemann theta functions, denote some bounded (with 
respect to both z and n), analytic (for C \ Z° 3 z), GL 2 (C)-valued functions for which (/°(z; n))y =„- 

0(1), k,l = l, 2. Similarly, one shows that, for j = 1, . . . , N, 



-1 L °u, x ds 

S (s) 2^uV 



(S o (flpS D (flp-yL o ( fl p(^(flp+(ap- 1 a«( fl p)) 



(n+i)ffi(a»))V 



+<9 



K"+3) 2 J 
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where (/)(«))« = n -»oo 0(1), k,l = l, 2. Repeating the above analysis for the remaining end-points of the 
support of the 'odd' equilibrium measure, that is, {b° Q , . . . , b° N , a° N+1 ], one arrives at the result stated in 
the Lemma. □ 

Remark 5.2. A brisk perusing of the asymptotic (as n — » oo) result for 3£°(z) stated in Lemma 5.3 seems 
to imply that, at first glance, there are second-order poles at \if,_yCf.}.^; however, this is not the case. 
As the proof of Lemma 5.3 demonstrates (cf . the analysis leading up to Equations (5.3)), Laurent series 
expansions about {b°_y fl"}^ 1 show that, as n — > oo, all expansions are, indeed, analytic; in particular: 
(i) for z e U° , / = 1, . . . , N+ 1 (all contour integrals are counter-clockwise oriented), 



§ 

JdV° 



ajHp ds_ 
s—z 2m »->< 

ZEU? 



^(«p^o(«p((^) 2 -||)-« («P^(«P + e o («p^(«P 

(n + |)K( a p) 2 



(n+ 



T Y${n){z-af+0 



2> k=l 



f°(z;n) 



where, for / = l,...,N, A°{a ^), £°(a<0, C ^), a° Q (a°), c^iff), and oS^cC) are given in (the proof of) 

Lemma 5.3, A°{a° N+l ), £°(a^ +1 ) are given in Theorem 2.3.1, Equations (2.25), (2.27), (2.28), (2.31), 

(2.32), (2.37)-(2.45), (2.47), (2.52), and (2.53), og^) := f /K +a ), ^(a° N+1 ) := lf'{a° N+1 ), and c%$, +1 ) := 

jf"K + J' with /(°n + i)' /'( fl N t i)' and /"( fl N + i) § iven in Lemma 4.7, C°(^ +1 ) is given by the same 
expression as e°(a°) above subject to the modifications Q° -> 0, a". -> a° N+1 , Q° Q (a°) -» Qg(a^ +1 ), Qj(fl ) -» 

QiK + i)' with Q&kr+i)' Qi(°n + i) § iven in Theorem 2.3.1, Equations (2.31) and (2.32), and Q° 2 (a°) -> 
Q»(fl^ +1 ), where 



(3° 2 (< r+1 ) = -^(3 nK + i) 



E 



^) 2 



«m-<) 2 



V"n+1 V 



f°(z;n) is characterised completely at the end of the proof of Lemma 5.3, (f k '(n))hi 2 = n ^ 00 0(l), fceN, 
h,l2 = l,2, and 



s -1 ip+°(s) 



, ds_ = (23°(^ +1 )5° (^ +1 )-^(^ +1 )(5° 1 (a^ +1 ) + (^ +1 )- 1 5° Q (^ +1 ))) 
2m 



(" + 2)K(«N + l)) 2 «N +1 



+ (9 



/(") ' 



where (f (n)) H =„-+oo 0(1), k, 1 = 1, 2: and (ii) f or z e U» ; '= 0, . . . , N, 



JdU° 



w+ u (s) ds 
s-z 2ra 

ZEIS 



W(*5)|l^) 2 -^)-® e (*5)2!a , 5) + e B W^ 

(n+i)(S° (bp)2 



-£/-'(« )( z-^ + o 



2^ jt=i 



f(z;n) 



I (n + i) 2 



where, for ;' = 1, . . . ,N+1, A {jf. x ), ^"(b ^) are given in Theorem 2.3.1, Equations (2.24), (2.26), (2.28), 
(2.29), (2.30), (2.33), (2.34), (2.37)-(2.45), (2.46), (2.48), (2.50), (2.51), (2.54), and (2.55), ^(2^) := | f(b° hl ), 
:= V'(W h i), and 3^) := f/"^), with /(b ^), /'(J^), and f"{V._^) given in Lemma 4.6, 
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for / = !,. ..,N, 



3 i(n+l)£2» 



! (Q;(fc°);-"(Q)) 2 t Q^(b°)(y°(Q)) 2 
X K -l( b j> (QS(W)) : 
Q?(6°)(7°(0)>" 



+ 



(r°(Q)) 2 
Q°„(&°) 



(QS(W)) 2 

x[3}(K)+3i 1 (^)+T}(6jni 1 (fep]) 



dm 



<3S<*?) 



(r(o)) 2 (r(o» : 

Q^')(/(0)) 2 x ! (y °(0))= 



(QS(6°)) 2 



+i(si+i 1 )[^ 1 (W)-sj(bpni 1 (W) 

+ Si 1 (feJ)T}(6p-3}(6J)]) 



(^(^)) 2 ( i ^{(^(^- 1 (^)) 

(Q;(fc°)y°(0)) 2 j Q°(b°)(y D (0)) 2 



(QS(b°)) : 

2Q;(b°)(/(0)) : 



(QS(W)) 2 



iTi^i™.^ ^ (y°(Q)) 2 
(QS(fep) 2 -i v QS( fc ° 

:[23i 1 (&-)+ni 1 (&°)) 2 ]}+if 1 



2Qg(fc°) 

[(r(o)) 2 

Q°(6°)( y °(0)) : 



(0)) 2 

2(y°(0)) 2 



QS(b°) 

:Nl 1 (^Pl 1 (^)j-2( Sl -f 1 ) 
xf^p+N^)-^))) 



0°ft") 

(y(0)) 2 ^1^;^ 

(Q;(fc°)y°(o» J j Q°(fe°)(y°(0)) 2 



(x°(bp) 2 i Sl 



(Q° (b°)) 3 



2 (Q° (b°)) 2 

(QS(b°)) 2 l^V Q° (6°) 
x \(r(0)) 2 'i l V 

gg^W ,^,, 2 2(/(0)) 2 

+ (QS(t°)) 2 ^l^'^ QS(W) 
xX](fc»):|(K))+2( Sl -fi) 



I { o°(if) 
-x«(bpx«(bp( Sl {-^Sj(fcp 

vvi ^ (Qi< ; '°)?'°(°)) 2 i Q;(b°)(y°(Q)) 2 

(QS(W)) 2 L 'l^V '-t^JJ QgfbJ) 

x [3^+3^+1^)1^]} 



C3?(&p QSC'°) 



+ 



()'°(o)) 2 (r(o)) 2 
gg)W ^ t 

+ i(s 1 +f 1 )[J 1 (bp-K{(fcpi 1 _ 1 (bp 



(with tr(e°(W)) = 0), where Qg(^), QJ(^) are given in Theorem 2.3.1, Equations (2.33) and (2.34), 



E 



k=l 

u*y 



E fc^ 



(6J-6g)2 (W-^ +1 ) 2 (W-fl«) 2 



\2 



N 

k=l\ ] k j k) 



u>_U> h°-n° h°-a° 
V j U Q V j U N+1 °j U j 



C(b ) is given by the same expression as C(b°) above subject to the modifications Q° — » 0, b°. — » fog, 
Q° (W) -» Qg(feg), Q ^) -» Q? (^° ), with Q° (6g), Q°'(&g) givenin Theorem 2.3.1, Equations (229) and (2.30), 
andQ°(^)-»Q»(fc»), where 



+ W/fp L_) 1 — 



(fk H (n))hk =n-x» 0(1), j = 1, ■ ■ ■ , N+1, fceN, h, k = 1, 2, and, f or ; = 1, . . . , N+ 1, 



L 1 l d ds 

Jkr; 2711 



(S'X^_ 1 )S D (^_ 1 )-^°(^_ 1 )(^(^_ 1 ) + (^_ 1 )- 1 S D (^_ 1 ))) 
(" + i)(3° (b»_ 1 )) 2 W_ 1 
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+ 



where (fj(n)) kl 0(1), k, 1 = 1, 2. ■ 

Re-tracing the finite sequence of RHP transformations (all of which are invertible) and definitions, 
namely, ft°(z) (Lemmae 5.3 and 4.8) and §°(z) (Lemma 4.8) -> X°(z) (Lemmae 4.6 and 4.7) -» m°°(z) 

(Lemma 4.5) -» M,\z) (Lemma 4.2) -» M b (z) (Proposition 4.1) -> M(z) (Lemma 4.1) -> Y(z) (Lemma 3.4), 

— 

the asymptotic (as n — » oo) solution of the original RHP2, that is, (Y(z),I + exp(-nV(z))cr+, R), in the 
various bounded and unbounded regions (Figure 7), is given by: 

(1) forzeT", 

Y(z) = e^ ad(ff3) 3?°(z)m 0o (z)E' l3 e" ( « J,(2) - Q ^ ) ' J3 , 



and, for zeY°, 



Y(z) = e^ ad ( <l3 ^°(z)m 0o (z)E- ,j3 e" ( «" (2) - Q ^ )<j3 , 



where g°(z) and Q* , l 0l E, m°°(z), and ft°(z) are given in Lemma 3.4, Lemma 3.6, Proposition 4.1, 
Lemma 4.5, and Lemma 5.3, respectively; 

(2) forzeT", 

Y(z) = e^ ad(ff3) 3? (z)m oo (z)(l+e- 4( "^ ) ™r ? ' +1 ^M^^e^^**, 
where ipy(z) is given in Lemma 3.5, and, for ze Y°, 

Y(z) = e ^ ad( ° 3 > 3?" (z)m°° (z)|l - e 4(n+ J )7li £' ft ( s ) ds a _ jjE" 03 e n( «° (z) " c ^ )<j3 ; 

(3) forzeQ^ U j=l, . . . ,N+1, 

Y(z) = e^ ad (" 3 ^°(z),Y (z)E' l3 e" ( ^ (z) - G ^ )O3 , 
and, for z e Q°' 4 U Q^ 4 , ; : = 1, . . . , N+ 1, 

Y(z) = e^ ad ( fl3 ^ (z) ( Y (z)E- <73 e" ( ^ (2) - Q ^ ) ' j3 , 

where, for z e U° h (d U Q^ 4 ), *°(z) is given by Lemma 4.6, and, for z € U° n (d Q^ 1 U Q°f), 
X°(z) is given by Lemma 4.7; and 

(4) for z e U Q°; 2 , ;'= 1, . . . , N+l, 

Y(z) = e^ ad(O3) ^ t Xz)^ (z)^I+e- 4( " + ^ ni r' ; ' +1 K( s ) ds t j-)lE ff3 e n( s° w ~ * ) ' 73 , 
and, for z e U Q°; 3 , / = 1, . . . ,N+1, 

Y(z) = e i ^ ad(l73) D? (z)^ (z)^I-e 4( " + 2 ) ™r" +1 ^v( s ) ds a _jE" ff3 e" ( ^ (z) " Q ^ )<j3 . 



Multiplying the respective matrices in items (l)-(4) above and collecting (1 1)- and (1 2)-elements, one 

(s))exp(-nV(s)) js. 
s(s-z) 2ni 



arrives at, finally, the asymptotic (as n — > oo) results for Z7i2„+i(z) and J R —^^z^ — — ^ (in the 



entire complex plane) stated in Theorem 2.3.1. 

In order to obtain asymptotics (as n —> oo) for (= ll^n+i^)!!^ 1 = (Ht+i /Hzn+2 ) 1/z ) and 

02«+i(z) (= Ti2n+i(z)) stated in Theorem 2.3.2, small-z asymptotics for Y(z) are necessary. 
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Remark 5.3. Since a tedious algebraic exercise shows that C- 3 z — > asymptotics of m°°(z) are obtained 

o 1 

by multiplying C+ 3 z — > asymptotics of m°°(z) on the right by exp(i(«+ j)Q°o"3) and using the relation 

E~° 3 exp(i(n+ j)Q"a3) = E° 3 , only the asymptotic expansion as C+ 3 z — > of m°°(z) is presented in 
Proposition 5.3 below. ■ 

Proposition 5.3. Let 3?°: C \ L° p -> SL 2 (C) fee f/ie so/ufion o/f/ze RHP (Dl (z),u^(z),Ep formulated in 
Proposition 5.2 wz'f/z n—xxi asymptotics given in Lemma 5.3. Then, 



where, for k = 2, 3, 



tt°(z) = l+^' u («)z + ^ t '' u (n)z 2 +0(z 3 ) / 

z->0 



^L»:= S ^ U ( S )S = -L E Resz-^(z);A 

E o ;=l «re{&»_,,«°) 



ff/z, m particular, 



N+l/ 



f (n) = _J_ y 



(yi (^ 1 )(^(^_ 1 )+^^ 1 )- 1 ^(^_ 1 ))-s o (i-°_ 1 )^(^_ 1 )) 



(yi (flp(^ («°) +fc(flp- 1 5 D (^)) - S°(fl»)^(«J)) 



+0 



(«+i) 2 J 



and all parameters are defined in Lemma 5.3. 

Let m°°: C \ / °° -> SL 2 (C) sofoe f/ze RHP (m co (z),]^,v ca (z)) formulated in Lemma 4.3 wif/z (unique) 
solution given by Lemma 4.5. For ei, e 2 = ±1, set 

0g(ei, £ 2 , Q°) := 0°(ei«° + (O)- ^(n + I)Q° + e 2 d ), 



^( ei/ e 2/ Q ):=2m £l £ (m,a° )e 2 



wtereao = (5^, a^, . . . ,a° w ), witha° Q] := (-l^fflS 1 1^^" l)" 1/2 ^ N , j=l,...,N, where N + e{0,...,N+l} 
is the number of bands to the right of z = 0, and 



f}° Q ( £l ,£ 2 ,n ):=2n £ {iex{m$ )-n{mrf Q fy^ 



meZ N 



= p° 0>N ), with f q . : = K-i^cnS 1 i^x^ir^^+i^ES^K^+c^ir 1 ))' 

j=l, . . . ,N, where c° N , c°- N _ v j = 1, . . . , N, are obtained from Equations (Ol) and (02). Then, 

m°°(z) = E- fl3 +m;z+m°z 2 +0(z 3 ), 



z^O 



where 



(™°)n = " 



eX(0)4(«+^°+i) 



1 f N+1 



1 1 



' 0J5(1, 1, Q°)ag( l, ljfr-agfl, l,O°)0g(l, lj ) ^ 

(es(i,i,d))2 

,<"\TC-1 



o («»(O)+d o )^(-l,l,O°)E 



ffl+1, j , 



/c=l \ fc— 1 fc / J 



0°(M o + (O)-^(n+|)Q°+d o )0°(-l,l,O) 
fl°(u°(0) +4)02(1, -1,Q°)E 



(m?) 22 = 



0°(-<(O)-i(n+i)Q a -d o )0g(l / -l,O) 
?g(-l, -1, Q°K(-1, -l,g)-ag(-l / -l,Q")eg(-l, -1,0 )1 
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e°(u° + (0)+do)E 



0°(-<(O)-3>+i)Q"-<i o )' 
(m°) u = (d° (l, 1, Q°)(-/3°(l, 1,0)^(1, l,6)+(a° (l, l,6)) 2 )-a°(l, 1,Q<X(1, l,0)e°(l, 1,0) 



-^ o (l,l,Q")(0«(l,l ; d)) 2 )4^- 



(0 o o (l,l / O))- 3 o (M»(O)+d o )E- 1 



+ — 



d°{u° + {0)-±{n + \)Cl° + d o ) 32 



E 



-i 



(m% 2 



0°( M ° + (O)+d o )E- 1 (( 9° (-l r 1, Q°K(-1, l,0)-a°(-l, 1, Q°)0g(-1, 1,0) 



0°«(O)-^(n+i)Q o +d o )| 



(0°(-l,l,O)) 2 
0°(-l,l,Q )) 



6>°«(0)+d o )E 



0°(-« o + (O)-i(n+i)Q o -d o ) 



0° O (-1,1,O) J 

egg, -l, Q>° (i, -i,o)-ag(i, -l, Q°)eg(i, -i,oV 

(0°(1,-1,O)) 2 

05(1,-1, cyy 



(m° 2 ) 2 2 = (8° (-l, -l,Q°)(-iS° (-l, -1,O)0»(-1, -1,0)+K(-1, -l,0)) 2 )-a»(-l, -1,Q°) 
x ag(-l, -l,O)0g(-l, -l,0)+^(-l, -1,Q°)(0°(-1, -l,0)) 2 )(eg(-l, -l,d))" 3 



eV + (o)+4)E 



0°(-« o + (O)-i(n+i)Q o -d o ) 32 



V/c=l \ fc 



E, 



zf/z (*);;, i, 7 = 1, 2, denoting the (z j)-element of*, E defined in Proposition 4.1, and := (0, 0, . . . , 0) T (e R N ). 
Let Y: C \ R->SL 2 (C) be tTze soZuhon o/RHP2. ITzen, 



Y(z)z"° 3 = I+zYf +z 2 Yf +0(z 3 ), 



z^O 



where 



(Yf) u = -(2n+l) f s-y y (s)ds+(m°) u E+(ftf (n)) u , 

•/jo 

(Yf) 12 = e^((m?) 12 E- 1 +(3lf(n)) 12 ) / 
(Yf ) 21 = e-" f "((m?) 21 E + (IRfV)) 21 ), 

(Yf = (2n+l) f s- 1 ^(s)ds+(;«;) 22 E- 1 + (^°(n)) 22 , 

(Yf ) ai = l(2n + l) 2 |jVy(s)dsJ -i(2n + l) J^ S - 2 ^(s)ds-(2n + l)((m5 , ) 11 E + (^ ( M ))ii) 
x f S -y y (s)ds + (m°) n E + (:Rf(«))n + ((^ 

"Jo 

(Yf )u = e^^n + l^mO^E-^D^ 

+ ((<(n)) 11 (^) 1 2 + (<(H)) 12 (^) 22 )E- 1 ) , 
(Yf )ai = e-" f °|-(2n + l)((m;) 21 E + (^f(n)) 21 ) jT s"y(s) ds+(m°) 21 E+(:Rf («)) 21 

+ ((Kf(n)) 2a (m;) 11 +(^f(n)) 22 (m?) 2a )E), 
(Yf) 22 =±(2n + l) 2 |jVy^(s)dsJ +I(2« + 1) J^ S - 2 ^(s)ds + (2n + l)((m;) 22 E- 1 + (^'°(«)) 22 ) 
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x f S -y v (s)ds+(m°) 22 E-^f(n)fe^^ 

•J Jo 

Proof. Let %" : C \ E° -* SL 2 (C) be the solution of the RHP (IR°(z), u^(z), Z°) formulated in Proposi- 
tion 5.2 with n — > oo asymptotics given in Lemma 5.3. For |z| ^miny = i / ... / ]v + i{|b°_j— <f.\], via the expansion 

i=j = - LLo Jn- + s M ( z- s ) / where se {V.^a ^, j=l,.. .,N+1, one obtains the asymptotics for #"(z) 

stated in the Proposition. 

Let m°° : C \ / °° -> SL 2 (C) solve the RHP (m°°(z) 7 u°°(z)) formulated in Lemma 4.3 with (unique) 
solution given by Lemma 4.5. In order to obtain small-z asymptotics of m 0o (z) / one needs small-z 

r / n/ nn + 1 j e°(£lM°(z)-i(n+i)Q +£ 2 <io) ^ ■ i j -,i , i r 

asymptotics of (y°(z)) and g"( £l »"(z)+g 2 rf ) ' £l/£l ~ Consider, say and without loss of 

generality, z — > asymptotics for z e C+ (designated z — > + ), where, by definition, V*(z) := + V*(z): 
equivalently, one may consider z — » asymptotics for z € C_ (designated z — > 0~); however, recalling that 
V*(z) tc+- ~ V*(z) |"c_, one obtains (in either case, and via the sheet-interchange index) the same z — » 
asymptotics (for m°°(z)). Recall the expression for y°(z) given in Lemma 4.4: for |z| <§; miny=i / ... / w+i{|by_ 1 — 
a°.\}, via the expansions ^ = -L' k=0 jtt + s J^- s) , ' e Z+, and ln(s-z) = w _ >0 ln(s)-Efc=i where 
se{^_ 17 fl ; }, / = 1, . . . ,N+1, one shows that, upon setting y° :=y°(0) = (Uk=i 1iK) _1 ) 1/4 ( >0 )' 



«)«(/<*»" „=.1«U 

' N+ Vl 1 



+z 



i 

+ 32 



+C(z 3 ), 



whence 



and 



2((7°o)"V (z)+7o(y (z))- i ) z = 0+ l+z^ 



^2\ 



32 - 

^ V/c=l ^ k k-ll) 



+0(z 3 ), 



I (W) -y w -« /w) -. ) ^ z (l|(I-^))^(l|^-^( 

+ 0(z 3 ). 

Recall from Lemma 4.5 that u°(z) := f„ <y° (e Jac(J/ ), with J/ := {(y,z); y 2 = R (z)}), where <y°, the 
associated normalised basis of holomorphic one-forms of J/ , is given by 0)° = (a£, (o° 2 , . . . , (0° N ), with 
u° ■= Lk=i c° jk (Uf=i\z-b i _ 1 )(z-a° j ))-^ 2 z N - k dz, j = l,...,N, where c° v = 1, . . . ,N, are obtained from 
Equations (Ol) and (02). Writing 

«°(z)=f r + r w°=m° + (o)+ r <y°, 



rO 

where u+(0) := „ <k/' (cf. Lemma 4.5), for |z| «: min, = i n+iP°_i — via the expansions -3- 



1 _ 



^=0 s t+1 s' +I (z-s) 

shows that, for = 1, . . . , N, 



, / e Z+, and ln(z-s) =, zh0 ln(s) - L£° =1 ±(f ) fc , where s e W k _ v a° k }, k= 1, . . . ,N+1, one 



W+l 



-1/2, 



r° N+l 



c° jN dz+ 



r + 
C ;N-1 + 2 



v7J_ I 



zdz+0(z 2 dz) 



where N+ e {0, . . . , N+l} is the number of bands to the right of z = 0, whence 

r* f N+1 Y 1/2 f 1 ( c° N+1 / 1 1 

^ u \i=l J V V Ar=l v kl ) 



z 2 +0(z 3 ) 
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=:^z + ^/+0{z% 

Defining 6° Q (£\, £ 2 , Q"), cd(£i, £2, &°), and p° (£i, £2, ), E\, £2 =±1, as in the Proposition, recalling that 
co° = (co°, o)° 2 , co° N ), and that the associated NxJV Riemann matrix of /f -periods, t° = (t ),',^^...,^ := 

(<£ (^°)i,j=i,...,N, is non-degenerate, symmetric, and — ii° is positive definite, via the above asymptotic 

Pj 1 

(as z — > + ) expansion for f Q+ of., j - 1, . . . , N, one shows that 



where 



F° 



& , {£ l u°{z)-Un+\)a , + £ 1 d ) 
V \,; 271 )- ^— - = F°+F°z+F° 2 z 2 +0(z 3 ), 
d°(£ 1 u°(z)+£ 2 d ) 2^0+ 012 v ; ' 

6»( £l ,£ 2 ,Q°) 

e° (£i,£ 2 ,o) ' 

ag(£i, £2, Q a )0^(£i, £ 2 ,O)-0«(£i, £ 2 , Q°)ag(£i, £ 2 ,0) 



(0«(£l,£ 2 ,O))2 

^2 == (05(ei/ £2, Q°)((« t o(£i, £ 2 ,^)) 2 -jS o (£i, £ 2 ,tf)0° o (£i, £2,0))-^( £l , £ 2 , Q°) 
x fl»(£i, £ 2 ,O)0»(£ 1 , £ 2 ,fi)+ffi(ei, £2, Q")(0° o (£i, £2,0)) 2 ) (0g(ei, £ 2 ,0))- 3 , 
with := (0,0, ...,0) T (e R N ). Via the above asymptotic (as z -> + ) expansions for j((y o )~ 1 y"(z) + 

yKyW), ^((ySrVW-yS^W)" 1 )/ and y(£l X^S) +fA) ' one arrives at ' u P on recallin § the 
expression for m°° (z) given in Lemma 4.5, the asymptotic expansion for m°°(z) stated in the Proposition. 

Let Y : C \R— >SL 2 (C) be the (unique) solution of RHP2, that is, (Y(z), I+exp(-n V(z))cr + , R). Recall, 
also, that, for zeTJ (Figure 7), 

Y(z) = e ^ ad(ff3) ft {z)m°° (z)E° 3 e n{g ° (z) - a * )ff3 , 

and, for zeT^ (Figure 7), 

Y(z) = e i! 5 !iad(O3) ^ (z)m oo (z)E- <73 e" ( ^ (z) - C! ^ ) ' J3 : 



consider, say, and without loss of generality, small-z asymptotics for Y(z) for z e T?. Recalling 
from Lemma 3.4 that g°(z) := f ln((z - s) 2+ » (zs) _1 )i/>^(s) ds, z e C \ (-oo,max{0,fl^ +1 }), for |z| «: 
min ; '=i / ... / N + i{|K_ 1 - a°\], in particular, |z/s| «; 1 with s e J 0/ and noting that f xp v (s)ds = 1 and 
f h s- m xp° v (s) ds < 00, m e N, via the expansions ^ = - £,[=0 pnr + s , + f' ( + z !_ s) / Z e Z+, and ln(s - z) =| zH0 
m ( s ) _ Ljtli Kf)^' one shows that 

#°(z) = -ln( z )+(l+I) f ln(|s|)^ v (s)ds-i7i f ^(s)ds±i7t(2+i) f </>° y (s)ds 
c ±3z ^o V n/J ]v J /onR V «/J /o nR + 

+ z(-(2+i) J 8-^(8) dsj+z 2 |-i(2+i) JT s - 2 f v (s) ds)+0(z 3 ), 

where n]R ^(s) ds are given in Lemma 3.4. (Explicit expressions for L s~ k \p v {s) ds, k = 1,2, are 

given in Remark 3.2.) Using the asymptotic (as z — > 0) expansions for g°(z), IR (z), and m°°(z) derived 



above, upon recalling the formula for Y(z), one arrives at, after a matrix-multiplication argument, the 



asymptotic expansion for Y(z)z" ff3 stated in the Proposition. □ 



Proposition 5.4. LetY: C \ R— >SL2(C) be the solution o/RHP2 with z (eC \ R) — > asymptotics given in 
Proposition 5.3. Then, 



r(2«+l) _ 



tt(-2») 
H 2n+1 



n 2 „ + i(-)\\c ~ \ H { ~ 2 "~ 2) (27d(yf) 12 ) 



1/2 

(>0), 
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where (Y°{°)i2 = e"M(m°)i2E -1 + ($%°(n))n), with {m\) 12 and (^'°(n)) 12 given in Proposition 5.3. 



Proof. Recall from Lemma 2.2.2 that Z7i 2 „ + i(z) := (Y(z))u and (Y(z)) 12 = z f K 



s(s-z) 



~. Using (for |z/s| 1) the expansion ^ = - £,[ =0 ^r+^f^,, leZJ, and recalling that {ii2n+\,ri)& = 0, 



j--n, ...,n, and <^2n+i(z) = (z)7I2b+i( z )/ one proceeds as follows: 



4») v f^ 



'1 + - + --- + — - + — + ■■■ e ns> 

s s" _1 s" 



_ds_ 
27ii 



Z' 

,0 JP 



2 ^0 t\"^h Jin 

+ 0(z" +2 ) 



i+l r 

I r (2n+l) , s 



-nV(s) 



r(2»+l) 
"»-n-l 



f rpn+1) ^ 

r(2n+l) „ , 



ds 
27ii 



= 02n+l(s) 



= <f>2u+l(s) 



v n+l 



$2711(^)2 



f c/>2„ + i(s)</)2, 1+ i(s)e-" v ( s » ds + 0(z" +2 ) 
Jr 



(y(z)z" 173 ) = 

V /l2 z^O 

zeC\K 



+C(z 2 ); 



but, noting from Proposition 5.3 that 



upon equating the above two asymptotic expansions for (Y(z)z"° 3 )i 2 , one arrives at the result stated 
in the Proposition. □ 
Using the results of Propositions 5.3 and 5.4, one obtains n — > oo asymptotics for and (p2n+i ( z ) 
(in the entire complex plane) stated in Theorem 2.3.2. 



Large-z asymptotics for Y(z) are given in the Appendix (see Lemma A.l): these latter asymptotics 
are necessary for the results of [40]. 
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Appendix: Large-z Asymptotics for Y(z) 



Even though the results of Lemma A.l below, namely, large-z asymptotics (as (C \ K3) z — » oo) of Y(z), 
are not necessary in order to prove Theorems 2.3.1 and 2.3.2, they are essential for the results of [40], 
related to asymptotics of the coefficients of the system of three- and five-term recurrence relations 
and the corresponding Laurent-Jacobi matrices (cf . Section 1). For the sake of completeness, therefore, 
and in order to eschew any duplication of the analysis of this paper, (C \ 1R 3) z— > oo asymptotics for 



Y(z) are presented here. 

Lemma A.l. Let %°:C\L° p ^ SL 2 (C) be the solution of the RHP (R°(z), u^(z), E°) formulated in Proposi- 
tion 5.2 with n— >oo asymptotics given in Lemma 5.3. Then, 

Z— »oo u Z Z 



where, for k = -1, 0, 1, 



r d N+1 \ 

^OOo^rE £ Resz^(z) ;<? , 



zpzf/i, in particular, 



1 ^Y (S°(^- 1 )5 P o(^- 1 )-^ (^- 1 )(y i (^- 1 )+(^- 1 )- 1 y o (fe°- 1 ))) 



(S°(^)«g(flJ) -^°(flp(^(flp + («J)-^(8J))) 



fl°(2? ( fl p) 2 



+0 



! ^| (S»(b»_ 1 )y (b»_ 1 )-yi»(^_ 1 )5° 1 (b»_ 1 )) 



K( fo /-i)) 2 



ma^ia^-A^a^ia^ 
(5° («p) 2 



(n + i)2j 



! ^ (3°(^_ 1 )^ (^ 1 )^ 1 -^°(^_ 1 )(^(^ 1 )-^ (^ 1 ))) 



K(^-i)) 2 





r i i 









and aZZ parameters are defined in Lemma 5.3. 

Let C \ / °° -» SL 2 (C) sofoe f/ze RHP (m°°(z), /~, i>(z)) formulated in Lemma 4.3 roz'f/t (unique) 
solution given by Lemma 4.5. For ej, e 2 = ±1, set 

0° oo (e 1 , £2 ,Q o )-0 o (e 1 <(cx 3 )-i(n + I)Q o + £2 d o ), 

where 17 u° + (oo) = J^" <y°, 

a^(£i, £ 2 , Q°) : = 2ra£i £ (m7 -^ o ) e 2m(m, £l <(oo)-i(„ + |)Q» +£2 d ) + m(m,T»m) ; 

meZ' v 

whereof = (5L 1 ,< 2 , . . .,«L /N ), roz'f/za^-c^, j = l, ...,N, 

Pl( £l , £ 2 , Q°) :=2tz £ (i£i(rrf,/j + 7i(m,^J 2 )e 2ni(m ' El < (M) ^ 



17 For 3 :=(i/ / 2)e((z 1/ Z2); z^R^)!, y^oo± oz^co, y~±z A 
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where £, = {^ v ^ 2 , .... with fa. := \{c° j2 + \d> n Z™Kr +a °»' / = 1 N ' rotere ^ 7 = 

1,...,N, are obtained from Equations (Ol) and (02). Set y° :=y°(0) = (n^ 1 &SU(«p -1 ) 1/4 (> °)- 



1 o, 



m°°(z) = ;7;~ + -m? + — m^+Ofz -3 ), 



where 
(m~)n 

(m~)l2 
(™~) 2 1 
(^) 22 



0°(M°(O)+d o )E- 1 




0^(1,1,0°) 


o («»(O)-^(n+i)Q o +d o ) 




% (1,1,0) ' 

ei(-i,i,a°) 


o («»(O)-i(n + l)Q o +d o ) 


I 2i j 


02o(-l,l,O) ' 



e°«(0)+d o )E 




^(1,-1,0°) 


0°(-M o + (O)-^(n+i)Q o -d o ) 
0°«(O)+d o )E J 1 


I 2i 


j 0^(1,-1,0) 
0S.(-1,-1,Q°) 


a°(-«»(0)-^(n+l)Q o -d o )[ 


2 


e°,(-i,-i,<& 



ePWM+doW- 1 (( ai(i, 1,6)010-, i, ar)-c&(i, i, Q°)0£,(i, i4) 



0°(«»(O)-^(n+i)Q"+d o ) 



/N+l 



{&L{l,l,0)f 
ffLilXQP) 



e°co(i,i,o) J 



K°°)l2 



(OJ+^E- 1 ff 5^(-l, 1,0)0^-1, l,Q a )-^ M (-l, 1, Q a )0£,(-1, 1,0) 



0°(« o + (O)-^(n+l)Q"+d o ) 



2tt 



2i 



K+(7°o) 



8i 



'N+l 



(0^-1, 1,0)) 2 

es.(-i,i,Q°)' 



,(-1,1,0) J 



(m 1 °°)2i = 



e°(u° + (o)+d )E 



d°{-u%{Q)-Un + m°-d ) 



%(1, -1,0)0^(1, -l,Q°)-^(l,-l,n o )0^(l, -1,0)) 



2i 



K+(7°o) 



8i 



(N+l 



Efe-£-0 



(0^(1, -1,0)) 2 
0^(1,-1,0°)' 



0°co(l,-l,O) 



('«r)22 



0°«(O)+d o )E 



0°(-<(O)-^(n + i)Q°-d o ) 



-1^0^-1, -l,QVa^-l,-l,Q o )0° M (-l, -1,0)1 



7o-(y°o)" 



'N+l 



Ete-^-O 



,jt=i 



(0£,(-l,-l,O)) 2 



,(-1,-1,0) 



- 52.(1, 1, Q°R,(1, 1,0)0^(1, 1,0)-/C(1, 1, Q O )(0° OO (1, 1,0)) 2 )^ 

K+C/o)" 1 ! ,f ^(l,l,O)0 o co (l,l,Q o )-ago(l,l,Q")0 t [ L(l, 1,0 )1 

(02,(1, 1,0)) 2 



(N+l 
U=l 



To Oo) ),(f)o CX5) iQ^) 2 -^) 2 ) 



64 



'N+l 



^2^ 



Ete- 1 ^) 



(W^)l2 = 

V 2 fl°C„o 



A-l 



16 



0^(1,1,0") 



0°(M«(O)-^(n+|)Q o +d o ) 



% (1,1,0) 

((0° M (-l,l,Q a )((5L(-14,O)) 2 +iS^(-l,l,O)0^(-l,l,O)) 
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■al(-l, 1, n°)al(-l, lA&Li-l, lA-PK-h 1,0°)(6£,(-1, ^f) ^^ 



2i 



%,(-!, 1,0)0^-1, 1, Q°)-a^(-l, 1, Q°)0° oo (-1, 1,0) ) 



(0^(-l ; l,O))2 



E(<-^-i) 



64i 



8i 



16i 



E(K) 2 -(^!) 2 ) 

fc=l 



v2\ 



(<) 2 1 



U=i 
0°«(O)+d„)E 



0£,(-l,l,Q°) 



0°(-u o + (O)-i(« + I)Q o -d o ) 



02o(-l,l,O) 

((^(1, -1, Q°)((&(1, -1,5)) 2 +^(1, -1,0)0^(1, -1,0)) 



a^a-^Q^a, -1,0)0^(1, -li)-^^ -i,q°)(0°„(i, -i,d)) 2 )— i 



(e°„(i-i/o)) 3 



Yo-iny 1 ) ( cPJX, -1,0)0^(1, -1, Q°)-a^(l, -1, Qf)0S B (l / -1,0)) 



2i 



/c=l 



8i 



(0^(1, -1,0)) 2 

ffyo+O^)" 1 ^ 1 



16i 



E(k) 2 -(^-!) 2 ) 

fc=a 



^2^ 



64i 



.k=l 



£,(1,-1,0°) 



02,(1,-1,0) 



( ^ )22 = ¥£$^^ 

-%.(-!, -l,Q°Ko(-l, -1,O)0° OO (-1, -l,0)-/£,(-l, -1, Q°)(0g o (-1, -l^ 2 ^,^ 



2 

V / 

E(^-<) 

t=l 



-i4es.(-i, -i, n°)-au-h -i, Q a )0°oo(-i, -i,o)) 



(0^(-l,-l,O)) 2 



'yS-(ySr n 



/?-,,o /',,o\-l\N+l 



64 



V fc=i 



y° -(y° ) 

16 



E((^-!) 2 -K) 2 ) 



Jk=l 

0^-1,-1,0°)' 



£,(-1,-1,0) 



wn'f/z (■*•);;, z, 7 = 1,2, denoting the (ij)-element of*, E defined in Proposition 4.1, andO:=(0, 0, . . .,0) T (eR N ). 
Sef 

(QS)n := (m-) 11 (l + (^' 00 ( M ))") + ( :R o 00 ("))i2('«o K, )2i' 
(Q8)i2 := (m-) 12 (l + (^ oo (n)) 11 ) + (^' K, ("))i2('«0 Oa )22' 
(Q») 21 := (m-) 21 (l + (^ 00 (n)) 22 ) + (^ 00 (n)) 21 (m-) 11 , 

(Qg)22 := (^)22(l + (^' K '( M ))22) + ^0 K, ("))2l('»0 K, )l2, 

(Q°.)u :=(m-)n(l + (^( n ))ii) + (^r("))i2(«r)2i + (^r("))ii('^)ii 
+ (^'°°(n)) 12 (m-) 21 , 

(Q») 12 :=(m-) 1 2(l + (^' M (n)) 11 ) + (^(n)) 12 (mr)22 + (^r("))ii(^)i2 

+ (^ 00 (n)) 1 2(m-) 2 2, 
(Q°) 21 := (m~) 21 (l + (^(nfla) + CKo'°»)2i (m~)n + (^H*)^ 

+ (^'°°(n)) 22 (m-) 21 , 



Asymptotics of Odd Degree Orthogonal Laurent Polynomials 



123 



{Q\)22 := (1T^)22(1 + (»))22) + (^r("))21 + (*? °°(»))21 )l2 

+ (^°°(n)) 22 (m-) 22 , 

(Qg)u :=(m-) 11 (l+(^(n)) 11 )+(^ M (n)) 12 (m-) 21 +(^ M (n)) u (mr)ii 
+ (^(n)) 12 (m-) 21 + (^(n)) 11 (m-) 11 + (^(n)) 12 (m-) 21/ 

(Q 2 ) 12 :=(m-) 12 (l + (^(n))n) + (r M (n)) 12 (m-) 22 + (^ oo (n)) 11 0nr)i2 

+ (^(n)) 12 (m-) 22 + (^(«)) 11 0«-) 12 + (^(n)) 12 (m-) 22/ 
(Q°) 21 :=(m-) 21 (l + (^(n)) 22 ) + (^(«)) 21 (m-) 11 + (^(n)) 21 (m^ 

+(^r( n ))22(«r)2i+(^r("))2i('"")ii+( :R 2 oo ( n ))22(mo K, )2i' 

(Q° 2 )22 ■= {^) 22 (l + W »)22) + (*0 K, ("))21 (W?)l2 + (^H*))* (*? 

+ (^' M (n)) 22 (m-) 22 +(^(n)) 2a (m-) 12 +(^(n)) 22 (m-)^ 
Let Y: C \ M^SL 2 (C) fee f/ze so/ufz'on o/RHP2. Then, 

Y( z ) z -(»+i)"3 = Y^ + iY^ + ^Yr+^z" 3 ), 

Z~ »CO ^ Z Z 



where 



(Yo'°°)ii = (Q^) 11 e- 2(n+ 5 ) i ln(|s|) ^ (s)ds , 
(Y°'°°)i2 = (Q») 12 e n(f ° +2(1+ s)i In fl s IW(«)^) / 
(Y°'°°) 21 = (Q^ie""^ 2 ^ 5 ^ 
(Yo'°°) 22 = (Q°) 22 e 2( " + 2 ) i ln(|s|) ^ (s)ds / 



(Yr)u = pi)n-(2n+l)(Q°)n^srv(s)dsje 
(Yp 12 = ((Q> 2 +(2n+l)(QS) 12 J^^ 

(YT)2i - ((Q?)2i-(2n + l)(Q b ) 21 j^ S ^( S )d S )e-" (4+2(1+ ^ ) 4 ln(|s|) « (s)ds) , 
(n ro )22 - ((Qi)22 + (2n + l)(Q^) 22 J^dsJe^^i^'^W^ 
(Y^' M ) 11 =p 2 ) 11 -(2n+l)(Q°) 11 J^s^(s)ds+(Q^ 

- |(2n+l) s 2 r v (s) d S ))e- 2( " + ^l ^W-W* 

(Y 2 '°°)i2 =^(Q^)i2 + (2n + l)(Q°) 12 ^ S ^ y ( S )d S + (Q°) 12 ^(2« + l) 2 | jT s^sjds 

+ §(2n+l) s 2 </> K (s) ds))e^ +2(1+ ^ WWM*>\ 
Off)*. = (Q 2 ) 2 i-(2n+l)(Q°) 21 ^sr v (s)ds+(Q° ) 21 I(2n + l) 2 (j|V y (s) ds^ 

- i(2n + l)J^ S 2 ^ y (s)ds))e-' ,(f ° +2(1+ ^ ) i ln(|s|) ^ (s)d ^ 

W°f)22 = ^)22 + (2n + l)(Q°) 22 JT s^(s) ds + (Qg) 22 ^(2n + l) 2 (^ S ^ y (s) ds^ 



2 
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+ 



|(2n+l) ^ s 2 r v (s) ds))e 2( " + ^ h(,s| W (s)di . 



Proof. Let 3?° : C \ E° -* SL 2 (C) be the solution of the RHP (#°(z), u^(z), L°) formulated in Proposi- 
tion 5.2 with n— > oo asymptotics given in Lemma 5.3. For |z|»maXj=i / ... / N+i{|W_ 1 — fl°|}, via the expansion 

J_-_v' i. i 

c_ 7 — Zj*:=0 yt+i 



z ,+1 (s-z) 



, leZJ, where se{fc°_j,d, )=■%•• .,N+1, one obtains the asymptotics for 3?°(z) 
stated in the Proposition. 

Let m°° : C \ / °° -> SL 2 (C) solve the RHP (m°°(z), J?, u°°(z)) formulated in Lemma 4.3 with (unique) 
solution given by Lemma 4.5. In order to obtain large-z asymptotics of 7«°°(z), one needs large-z 
asymptotics of (y°(z)) ±l and - ^~^^^f~jr~^ / £ i/ £ 2 = ±1. Consider, say and without loss of 

generality z — > oo asymptotics for z e C+, that is, z — » oo + , where, by definition, V*(z) := + V*(z): 
equivalently, one may consider z — > oo asymptotics for z e C_, that is, z — » oo~; however, recalling that 
V*(z) tc+- _ V*(z) |"c_, one obtains (in either case, and via the sheet-interchange index) the same z — > oo 
asymptotics (for m°°(z)). Recall the expression for y°(z) given in Lemma 4.4: for |z| »max/=i,..,N+i{|& t !_ 1 — 

via the expansions ^ = - Z[=o + Wfc3j> le ^' and m ( z " s ) =|z|-»°° Mz)~Lk=i \(lf> where 
se{W_ 1 ,fl°}, /=!,.. . ,N+1, one shows that, upon defining y°(0) as in the Proposition, 



(/(*)) 



±i 



l + i 

z 



32 



/c=i y V fc=a 





2 } 










U=l J 


) 





whence 



((yS)"V(2)+/o(/(2)) 4 ) 



(yg+tyg)" 1 ) , i[fyg-(yg) 

Z-KX+ 2 z 



-\ n+i 





16 



I>Li) 2 -«) 2 )+ 



E(^-i-<) 



2\ 



64 



E(t,-»;) - 

U=i J J 



and 




Recall from Lemma 4.5 that «°(z) := f' co° (e Jac(J/ ), with J/ := {(y,z); y 2 = R (z)}), where G>°, the 

fl N+l 

associated normalised basis of holomorphic one-forms of J/ , is given by 0)° = (g£,(o° z , . . . , <if N ), with 
" := Lk=i c° k (Uf= + i\z-b i _ 1 )(z~a° i ))-^ 2 z N - k dz, ; = 1, . . . ,N, where c\., ;,Jfc = 1, . . . ,N, are obtained from 



Equations (Ol) and (02). Writing 

u°(z)=[ f + r 

l Jo?,., Joo+ 



<y° = <(co) + 



Jco + 
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where U° + (oo) := jT of, for |z| » max J=1 n+iP^j via the expansions ^ = ~ ZLo g£r ' 



2 ,+1 (s-z)' 

°° l/s\/c 



I e Z+, and ln(z-s) =| 2 |^oo ln(z)- Y*k=\ ^Cf ) / where s e Wv_ v lVs, k = l,...,N + l, one shows that, for 

;'=i,...,N, 

^ , (c" 2 +|c«ES 1 K+^ 1 )) , /dz 



o,» = ^dz+ j2 2 g Y - ' ' dz+q 



dz\ 



whence 



<U; = ' " ; +0 



(?) 



z z 2 \z 3 / 



Defining d^ei, E2,0.°), cf 00 (£i,E2,QP), and /3£,(£i,£2/Q )/ £i/£2 = ±1/ as in the Proposition, recalling 
that co° = (of., co° 2 , ... , co° N ), and that the associated NxN Riemann matrix of /T-periods, t° = (t ),^^...^ := 

(<£> (utyij^.jj, is non-degenerate, symmetric, and —it is positive definite, via the above asymptotic 

Pj 

(as z — > oo + ) expansion for _£ o+ w°, j=l,...,N, one shows that 
8 ( £l « (z)-i(«+i)Q + £2 d ) 



where 



f)0 



e ( £l u°(z)+e 2 d ) 
e oo(£i,£2,0) ' 

£ 2 , £ 2 ,0)-a^(£i, £ 2 , Q°)0^(£l, £ 2 ,0) 



(0S.(ei / e 2 /O)) 2 

0° := (0^(£i, £2, Q°)(ft,(ei, £2,O)0 o oo ( £l , e^dj+^fo, £ 2 ,0)) 2 )-a^(£i, £ 2/ Of) 

X a^( £l , E^^fo, £2,0)- i 3° K} (£ 1 , £2, Q°)(0°oo(£l, £2,0)) 2 ) (^(£1, £ 2 ,0))- 3 , 

with := (0,0, . . .,0) T (e R N ). Via the above asymptotic (as z — » oo + ) expansions for \((y ^)~ 1 y°{z) + 

r {Y{z)T r ), kWoTVM-foifWT 1 )' and ^^X^S+l?)^^ one arrives at ' u P° n recallin § the 

expression for m°° (z) given in Lemma 4.5, the asymptotic expansion for m°° (z) stated in the Proposition. 

Let Y : C \ R^ SL 2 (C) be the (unique) solution of RHP2, that is, (Y(z), l+exp(-nV(z))o + , R). Recall, 
also, that, for zeY°, 

Y(z) = e^ ad(,T3) ^ (z)m oo (z)E ,J3 e" te0(2) - Q ^ ) ' J3 , 

and, for z 6 T^, 



consider, say, and without loss of generality, large-z asymptotics for Y(z) for z e T?. Recalling 
from Lemma 3.4 that g°(z) := f ln((z - s) 2+ » (zs)" 1 )i/'^(s) ds, z e C \ (-oo,max{0,fl^ +1 }), for |z| » 
max; = i -fl°|}, in particular, |s/z| <sc 1 with s e /„, and noting that f i£;° (s)ds = 1 and 

f s m ip° v (s) ds < co, m e N, via the expansions ^ = - £[ =0 + jnf^j, / e Z+, and ln(z - s) =| Z |_> M 
ln(z)-7_]^! :1 j(| one shows that 

g°(z) z = (l+i)ln(z)- f ln(|s|)^(s)ds-i7t f t/z^ds+if-k+i) f s^(s)ds] 

4(4( 2+ ^)I s2 ^ (s)ds ) +0(z " 3) ' 
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where nR ipy(s) ds is given in Lemma 3.4. (Explicit expressions for J s k ipy(s) ds, k = 1,2, are given 
in Remark 3.2.) Using the asymptotic (as z — » oo) expansions for g"(z), 3?"( z )/ an d m c °(z) derived 



above, upon recalling the formula for Y(z), one arrives at, after a matrix-multiplication argument, the 



asymptotic expansion for Y(z)z~'" +1)t73 stated in the Proposition. □ 
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